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§ 1. KomIieKcHbIE YncJIa

Bo3aukHOBeHNE KOMIIJIEKCHOTO aHAJIN3a [T€PBOHAYAJBHO ObLIO CBSI3aHO C pere-
HueM ajrebpamdeckux ypaBHeHuil. B majbHeiieM BBISCHUIOCH, YTO AHAJIU3 HAJ,
MOJIeM KOMILTIEKCHBIX 9rCe ODJIAaeT PSIOM IIPEMMYINECTB U SIBJIS€TCS OCHOBOIM
MHOTHX METOJIOB UCCJIEIOBAHUI B PA3IHIHBIX 00IACTIX MATEMATUKH.

1.1. Asrebpa kommiaekcHbIX ynces. C TOYKY 3peHus pA3PENIuMOCTH aJIred-
pamdeckoro ypasHenns 2 + 1 = 0 mogpigerca HeOOXOIIMOCTE PACIINPEHHS IO/
BeIleCTBEeHHBbIX yuces. I[lycTh ¢ —HOBOe uucio (MmHumas eOuHuya), KOTOpoe yio-
BJIETBOPsIET yCJIOBUIO i2 = 4 - i = —1. Ecau mpon3BOANTH OLNEpAaNUn CIOKEHHs 1
YMHOXKEHUS HAJI BEIIECTBEHHBIMU YUCIAMUA M MHUMOU €IMHUIIEH, TO Mbl €CTECTBEH-
HbIM 00pPa30M NPUXOIUM K 3AILUCU KOMNAEKCHWT “uces z = T + iy, rue ¢,y € R.
B 3To0it 3anmcy © HA3LIBAIOT BENIECTBEHHON YACTHI0O KOMTIJIEKCHOTO YHNCJIa Z M 000-
3Haual0T r = Rez, a y — MHUMOIT 9acThio ¢ obo3Hauennem y = Imz. Eciu z = 0,
TO KOMILJIEKCHOE YHCJIO Z HA3BIBAIOT YWCTO MHUMBIM, & B ciaydae y = ( roBopsr,
9TO z BEIecTBeHHO. Hysb siBIsieTCsi € IMHCTBEHHBIM KOMIIJIEKCHBIM YHCJIOM, KOTO-
poe OTHOBPEMEHHO U BelecTBeHHOoe 1 4ucTo MEHUMOe. Ilon pasencmeom nByx KOM-
IJIEKCHBIX 9UCEJT TOHMMAETCs] OMTHOBPEMEHHOE PABEHCTBO BEIECTBEHHBIX W MHUMBIX
qacTei.

Apudmernyeckue onepanyuu CIOXKEHUST U YMHOKEHHUsI HE BBIBOIAT 38 PAMKU KOM-
IJIEKCHBIX YUCEJ, €CJIU MPEI0JaraTh, 9T0 JJisi HUX BBINOJIHSIOTCS T€ XKe apudme-
THYECKHEe 3aKOHBI, KAK U JIJIsl BEIIECTBEHHBIX YHCEJT, & TAKYKE BBIMOIHIETCS TPABUIIO

i2 = —1. JelicTBUTENBHO,

(a+iB)+ (y+id) = (a+7)+i(B+9), (a+iB)(y+id) = (ay—B8)+i(ad+57).

Menee 04€BUIHO, YTO B pAMKaX KOMIIJIEKCHBIX YHCEJI BO3MOXKHO Jejienue. Ilycrb
v +i8 # 0, T.e. v2+ 6% # 0. Toraa wacrnoe (a + i)/ (v + i6) = x + iy monAHO
onpeenarbes u3 paseacrea a+if = (y+id)(x+1iy). C yuerom yciaoBusi paBeHCTBA
KOMILJIEKCHBIX 9HCET £ U Y JOJKHBI ABJIATHCA PEIIEHHEM CHCTEMBI JBYX JTHHEHHBIX
ypaBHEHUN

yr — 0y = a,
B.

ITockonbky 72 + 62 # 0, 10 91a CucTeMa UMeeT eUHCTBEHHOe PeLIeHHe

ox + vy

ay+ (6 _ By—ad
A2 1482 y = 212
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B wactrOCTH, OOpaTHOe K dnciy « + i # 0 ompemensieTcsi paBeHCTBOM

1 a—if a . B

— = = —3 )
a+ifB o2 + B2 a2+ p2 a2+ p2
MO}KHO TaK>Ke Hoﬂqu/ITL HBHBIﬁ BU/I KBa,ILpaTHOI‘O KOpHH N3 KOMIIJIEKCHOT'O 9YUC-

Jaa a+if. JleificTBUTEIbHO, HAM HYKHO HAWTH 9HUCJIO T + 1Y, KOTOPOE yIOBIETBOPSET
PaBeHCTBY

(z +iy)? = a+1ip.

CHOBa PaBEHCTBO KOMILJIEKCHBIX YHUCEJT MPUBOIUT K CUCTEME JBYX BEIIECTBEHHBIX
ypaBHEHUN

2 —y? = a,
2zy = 5.

Ee perrtenne Takxke [0IKHO y/IOBIETBOPATH CUCTEME YDABHEHUN

(1.1)

2 — y2 = q,
2 2\2 2 2
(* +y°)* = a” + B7,
13 KOTOPO# CJETYIOT PABEHCTBA

z? %( a2+52+0¢), yQZ%(\/m—a).

Takum 06pa3om, BOSMOXKHBI JIUIIb 1O ABA 3HAYEHUS JJI T U JJIS Y:

Bri6op 3HAKOB MOYKHO OCYIIIECTBUATH C yueToM paBeHnctsa 2zy = . Ecau § =0,
TO pereHnsiMu cucreMbl (1.1) ABasAIOTCSA

r = £/, y =0

npu o > 0 n
z =0, Yy = £V/—-a

upu a < 0. B cayuae § # 0 3Hadenust & 1 Y AOJKHDBL ObITH OAHOIO 3HaKa 1pu 5 > 0
u uMeTh pasubie 3Haku mpu S < 0. CremoBarenbHO, A7 JHOOOTO KOMIIJIEKCHOTO
quciaa o + i # 0 cymecTByeT poOBHO JIBa, KBAIPATHBIX KOPHS:

N e e

ecim 3 # 0, a ipu 3 = 0 3TMMM KOpHAMU ABJIAIOTCA ++/ar, ecn o > 0, u Fiv/—a,
ecim « < 0. Oba 3TM KOpHSI, KAK U B CJIydae U3BJICUYEHUs] KBAJIPATHOrO KOPHS W3
MOJIOKATETHHOTO YUCIA, OTIHYAIOTCS APYT OT JAPYTa TOJIHKO 3HAKOM.

OrMeruM TakKe, 9TO BBEJEHHOE BBIINIE PABEHCTBO KOMILIEKCHBIX YHCET MOYKHO
HNOJKPENHTH CJEAYIOIMUME PACCyKAeHuAMA. Ilyctb o+ i = v+ 140, T. €. MbI UMEEM
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JIBe 3aIICH OJHOTO KOMTITeKCHOro wmcna. Torma o — v = (6 — 3) u mocme Bo3Be-
JEHUA B KBaJpaT O6eI/IX gacTeit PaBEHCTBa TPUXOAUM K PABEHCTBY BEHIECCTBEHHBIX
ancen (a —v)? = —(6 — 3)?, KoTopoe BO3MOXKHO UMb B ciIydae o =y 1 3 = §
onroBpeMerHo. COBOKYIHOCTH BCeX KOMILIEKCHBIX drices 0603Hagaior cuMpBoaom C.
VI3 mpoBeseHHBIX BBIE PaCCyKaeHuii caemyer, 9o C ABIsgeTcs 9uCIOBbIM TOIEeM.

Ilon KomnAEKCHVLM CcONpANCEHUEM TIOHUMACTCH ONEpallis, KOTOPAs KarKIOMy
KOMILIEKCHOMY YHCIY G = « + i3 CTaBUT B COOTBETCTBHE CONPANCEHHOE TUCIIO
a = a — i8. KoMIIekcHOe ConpszKeHHue ABJIAeTCd MHBOIIONMEH, 9TO BBIPAXKAECT-
Cd PAaBEHCTBOM a = a. BeHleCTBeHHaH U MHUMAasAd YYaCTHU KOMILJIEKCHOI'O YUCJIa G
anrebpamIecKy BHIPAYKAIOTCS Tepe3 a U a:

1

1
Rea = §(a+a), Ima = %(a—a).

DyHIAMEHTATBHBIM CBOWCTBOM COIPSMKEHUS SIBJISETCSA TO, YTO
a+b=a+b, ab = ab.

OTHU PABEHCTBA JIETKO [IPOBEPSIOTCS HEMOCPEJICTBEHHBIM CDABHEHUEM JIEBBIX U ITPa-
BbIx vacreii. Jlasee, 10CKOIbKY YacTHOE z = a/b onpejessiercs Kak peleHue ypas-
HeHus a = bz, TO B CUJIy IPEJBIAYIINX CBOUCTB @ = bZ, OTKy1a [OJIy4aeM

()
b
3aMeTnM Temepb, 9TO JJIs JIIOOOT0 KOMILJIEKCHOTO 9HCIa a = « + i3 mpou3se-

germe a@ = o + (2 Bcerma IPUHIMAET HEOTPHIATEILHOE 3HAYMEeHHEe U PABHAETCS
HYJTI0 Julih B cay4dae a = 0. HeorpunarenbHbiil KOpeHb v/ 4G HA3BIBACTCA MOJYAEM

<l Rl

KOMILIEKCHOTO 4HCIa ¢ U obo3Hadaercs |a. OTMeTHM OCHOBHBIE CBOMCTBA MOJIY-
ng. Hemocpescrsenno u3 onpejesnenus cieayer, 4o ad = |al? u |a| = |a|. dna
LPOM3BEACHUA ABYX KOMILIEKCHBIX YUCEN ¢ U b IOIydaem

lab> = abab = abab = aabb = |a|?|b|?,

T.e. |ab| = |a||b]. Ecam b # 0, To nyst 9actHOro a/b GyAeT BHITOIHATHCSI PABEHCTBO
b(a/b) = a. Ucnonb3ys CBOHCTBO MOJIYJs sl MPOM3BEIEHUS YUCEJ, MOJYYaeM
|blla/b] = |a|, orkyzna cremyer paBeHCTBO

-4

bl ol

B ornmuwme or BemecTBEHHBIX 9MCET KOMILIEKCHBIE YHCJIa HE CBSI3aHbI OTHOIIEHU-
eMm nopsaka. 1losromy Bce HEpaBeHCTBA 3AMUCHLIBAIOTCS TOJIBKO JIJIsI BEIIECTBEHHBIX
qucesn. U3 onpesesenus MOLyis Cpady 2Ke CJIEAyIOT HEPABEHCTBA

—la] € Rea < |al, —la| € Ima < |a.

Pasenctso Re a = |a| umeer MecToO B TOM 1 TOJIBKO TOM CJIydae, €CJIU ¢ BEIIECTBEHHO
u Heorpunareabuo. Jlamee, as 00bIX IBYX KOMILJIEKCHBIX 9UCET a U b nmeem

la+bf* = (a+b)(a+b) = |a|* + [b]* + 2Re{ab} < |a®| + [b* + 2[al[b] = (la| + [b])*.
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OTCIO,H& cjlieayeT HEPaBEHCTBO TPEYrOJIbHUKA AJIAd KOMIIJIEKCHBIX YHCeJI
la+b] < laf + [B].

3aMeruM, 4TO B 3TOM HEPABEHCTBE 3HAK PABEHCTBA JOCTUIAETCH JIUIIbL B CIIydae,
ecau ab > 0.
[Ipumensis HEPABEHCTBO TPEYIOJIbHUKA, II0JIy4aeM

lal = [(a =) +b] < [a—0bl+]b],
orkyza caenyer, 4o |a| — |b| < |a — b|. Anasoruuno nosydyaem
o] = [(b—a)+a| < [b—al+]d
u |b] — |a| < |a — b|. TlosyuenHble HEPABEHCTBA MPUBOIAAT K CJIE/LYIOIIEMY
lla| = [b]] < la —b].

1.2. I‘eoMeTpI/I‘IeCKOG nmpeacraBjieHrne KOMIIJIEKCHBIX YUCeJI. Ha KOOpau-
HATHOH TIJIOCKOCTH KOMILIEKCHOE UHUCJIO @ = &+ i3 MOYKHO HWHTEPIPETHPOBATEH JIHOO
KaK TOYKY ¢ KoopauHaramu («, ), 1ub0 Kak BEKTOD, BLIXOASIIMI U3 Hadasa KO-
opauHAT B 3Ty TOUKy. CaMy IIOCKOCTH TPHU 3TOM OyeM HA3BIBATH KOMNAEKCHOU
NAOCKOCMDBIO.

CHO}KBHI/IG KOMIIJIEKCHBIX YHCEJI BIIOJIHE COIJIaCyeTCd C BEKTOPHBIM CJIOZKEHHEM.
Kpome TOro, nmpocroe reoMerpuyeckoe COAEpKAHUE IIOJy4aloT B PAMKaX BEKTOP-
HO¥ MHTEPIPETAIMI KOMILIEKCHBIX IUCeJ MOYJb |a| (A/MHa BEKTOPA), HEPABEHCTBO
TpeyronbHuKa |a + b| < |a| 4 |b| m ToXKIECTBO MapasIenorpaMmMa

la +b)* + |a—b]* = 2(|a]* + |b]?).

KowMmiekcHoe 9ucyio @ U ero KOMIIJIEKCHOE COMPSI’KEHHE ¢ IPECTABIAIOT HA KOM-
IIJIEKCHOM MJIOCKOCTU TOYKHU, CHMMETPUIHBIE OTHOCUTEJILHO BenlecTBeHHoit ocu. Tod-
Ka, CHMMETPUYHAsT K @ OTHOCHTEIHHO MHUMOI OCH, BHIPAYKAETCS B KOMIIJIEKCHOM
3alUCh KaK —a.

isi reOMeTprUYecKoit MHTEPTIPETAINY TTPOU3BEIEHIST KOMIIJIEKCHBIX YHCEST BBE-
JIeM B KOMILJIEKCHOM IIJIOCKOCTH MOJISpHbIE KoopauHarsl. Ecau (1, ) — mojgpHbie
KOODJAMHATHI TOYKH (v, ), KOTOPYIO MbI ACCOLMUPYEM C KOMILJIEKCHBIM YHCJIOM @ =
a+ i, To

o = oS P, B = rsin .

9TO IPUBOIUT HAC K MPULOHOMEMPUUECKOT Bopme 3IMUCH KOMILUIEKCHOTO THCIA A
a = r(cosp+isiny).

ITpu srom 7 = |a|, a moaspHBIil yroa ¢ (yros, KoTopblii 06pa3yer BEKTOD a C TMO-
JIOXKUTE/IbHBIM HAIPABJIEHAEM BEIECTBEHHON OCH) HA3BIBAETCH GP2YMEHTOM KOM-
miaekcHoro wuciaa a # 0. Hymamo apryMeHT He TPUNHUCHLIBAETCA. B OCTAIbHBIX
CIAydasx apryMeHT ONpenesercs HeoJAHO3HA4dHO. JleficTBUTEHHO, 3aMeHa ¢ Ha
@+ 2km, k € Z, B TpuroHomMeTpuveckoii (popme 3ammcu IaeT TO XKE CAMOE KOM-
IJIEKCHOE 9uCa0. B ¢Ba3u € 9TUM yCJaOBUMCH 4epe3 arga 0003HAYATH HEKOTOPOEe
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BBIJIEJIEHHOE 3HAYEHWE apryMeHTa, HANpUMep W3 MPOMeXyTKa (—m, 7], a MHOXKe-
CTBO BCEX 3HAYEHUI apryMeHTa 0003HAYATH

Arg{a} = {arga +2kn: k € Z}.

PaccMorpum Temephb JiBa KOMIUIEKCHBIX Yncaa a1 = 11(cos ¢y + isingy) u ag =
ro(cos g + isiny). Vx npousBeneHue 3auchBAETCA B BUIE

aray = rira[(cos 1 cos o — sin @y sin pa) + i(sin 1 cos Ya + sin s cos ¢1)].
Vcnonb3ysa TeopeMbl KOCHHYCOB U CHHYCOB CyMMBI YTJIOB, HOJIy9aeM

aras = r1r2(cos(p1 + @2) + isin(e1 + p2)).

To, ¥TO MOAY/N TTEPEMHOXKAIOTCS TPU YMHOYKEHUN KOMILIEKCHBIX UHCEJI, MBI BHJIE-
Ji U3 anredbpamvdecKoro onpeaeenns Moays. IlomydenHnoe Bbiiie PABEHCTBO 1aeT
TaK2Ke IIPABUJIO CJIOKEHHUs apI'yMeHTOB:

Arg{aias} = Arg{a1} + Arg{as},
WA B JIPYroil 3anucu
arg(ajas) = arga; + argas (mod 27).

JIpyruMu cJIoBaMu, IIPU IIPOU3BEICHAN KOMILTEKCHBIX YHCENT HX apUyMEHTBI CKJla-
JILIBAIOTCS.
ITycrs reueps a = r(cos ¢ + ising) # 0. Torua

1 1 1

1 . 1 ..
a = ;m = ;(COS(IO—’LSIH()Q) = T(COS(-@)“‘ZSIH(—Q&)).

OTCIO,IIa n U3 JOKA3aHHOI'O CBOHCTBA apryMeHTa JJjId TPOU3BEACHUA TTOJIYyIaeM

Arg {%} = Arg{a} — Arg{d},

T.€. TTPU JeJIeHNU KOMTIJIEKCHBIX YHCes apryMEHTHI BHIYTATAIOTCH.
Tpuronomerpuueckas Gpopma 3anucyu KOMIIJIEKCHOTO YUC/IA TO3BOJISIET TaTh MOJI-
HBIl aHAJIN3 PEIeHuH OUHOMUAAbHOZO YDABHEHUSA

a# 0,n € N. Ilycrb a = r(cosp + isiny). Pemenue z Gynem uckarb B Buie
z = p(cosf + isinf). VI3 npaBuna yMHOXKEHHs KOMILJIEKCHBIX YHUCEJl CPa3y Ke
HOJTY 93€M

2" = p"(cosnf + isinnd).

B caydgae p = 1 370 paBeHCTBO MPUHUMAET BUJL
(cosf + isinf)" = cosnf + isinnd
n Hocut uma Myaepa. Takum obpaszom, ypaBHeHue 2" = @ IKBUBAJEHTHO CHCTEME

pt =1, nb = p+ 2km, ke,
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U3 KOTOPO# CJeJIyeT, UTO BCE DPeIleHusl YpaBHEHUS z"' = a MOXKHO IMPEICTABUTH

dopmytoit
2k 2k
z = W(cos (SO—F?T) —|—sin<<p+ﬂ-)>,
n n n n

k=0,1,...,n— 1. 910 — BCe KOpHU n-0i cremenu u3 uncia a # 0. OHU pacmoso-
JKEHBI Ha OKPYXKHOCTHU C IEHTPOM B Havaje KOOpAWHAT u paauyca ¥/r. B ciyuae

a = 1 nojiy4aemM KOpHU n-Oif CTEeNeHu U3 eJIuHUIBL 1, Wy, w2, ... w1 e

2t .. 2w
W, = COS — +18In —.
n n

1.3. IlociuenoBaTesibHOCTH U pAabl. PacimmupeHHass KOMOJIEKCHas MJI0C-
KOCTh. AHAJOMMYHO BEIIECTBEHHOMY CJIy9Yal0 B KOMILJIEKCHOM aHAJIM3€ BBOIATCS
HNOHATHSA OKPECTHOCTHU U IIpeJIea YUCJIOBOR MOCIeN0BATEIbHOCTH HA OCHOBE MOJY-
sist KomiutekcHoro dncia. st @ € C u r > 0 1nos 0KpecTHOCTBIO TOUKU ¢ PAJINYyCa
r Oy/seM MOHMMATh MHOYXKECTBO

Or(a) = {z€C: |z—a| <1}

Ouesnno, uro B miockocTu C, KOTOPYIO MOJKHO OTOXKIeCTBUTH ¢ R?, OKpecTHOCTD
O, (a) upezacrasisier coboil OTKPBITHI KPYI' C IEHTPOM B TOYKE ¢ U PAUYCOM T.

Yepes O,.(a) 6yaem 0603Ha4aTh 3aMKHYTBINH KPYI, T. €.
O,(a) = {z€C: |z —a|l <7},

a gepes O,(a) = {z € C: 0 < |z — a| < r} — IPOKOJIOTYIO OKPECTHOCTH TOUYKH d.

IMycrs ay, = o + 00, n = 1,2, ..., — IOCIEIOBATENEHOCTD KOMILIEKCHBIX TUCEIL.
Bynem roBopuTh, UTO KOMIUIEKCHOE 9HCJIO @ = & + i ABIAETCA NPedesom moce-
nosaresbuoct {ay, }, eciu mis aoboro € > 0 cymecrsyer nomep N (g) Takoii, 4ro
lan, — a] < € npu Bcex n > N(g). Hpyrumu ciaosamu, upu n > N(g) T04KH Gy,
Byayr nonanars B e-okpectaocts O (a) Touku a. B ciayuae cymecrsoBanus npeae-
JIa @ TOCIIeIOBATETLHOCTH {ay, } 9Ty TOCTIeA0BATEILHOCTh HA3KIBAIOT cLodAuelcA 1
TIHATITY'T

lim a, = a.
n—oo

3aMeruM, 4TO B CHJLy HEPABEHCTB
ln — af < an —al, |Bn — Bl < lan — al, |an — a] <oy —al + (8, — B
ycioBue lim,, o @, = G SKBUBAJIEHTHO CJIEAYIOIIUM IBYM:

lim o, = «a, lim 8, = B.

n—oo n—oo
TaxkuM 06pa3oM, TOCIEIO0BATENBHOCTD {dy, } KOMIUIEKCHBIX YUCEIT 4y = Qi 4143, CXO-
JIUTCS B TOM M TOJBKO TOM CJIydae, €CJIN CXOAATCS TOCIEIOBATEIbHOCTH BEIIECTBEH-
ubix gacreit {, } u muumbIx yacreit {5, } oqnoBpemento. Kpome Toro, npumenenue
kpurepusa Komm 1 mociesoBaTebHOCTel BeIeCTBEHHBIX 1 MHUMBIX 9aCTel IpH-
BOJUT K cJiejyioiiemy pesyibrary. [locienoBarenboctsb {a, } KOMILIEKCHBIX YUCE
ABJIAETCA CXONAIIEca B TOM M TOJBLKO TOM CIydae, €CIH OHa (hyHlamenmanrbha,
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T. e. Juisi moboro € > 0 cymecrsyer HoMep N (€) Takoif, 9To |a, — 4y, | < € TpU Beex
n,m > N(g). AHAJOTHYHO TIEPEHOCATCS BCe CBOMCTBA CXOMSIIUXCS TTOCTIET0BATEb-
HOCTEH W3 BEemeCTBEHHOTO aHAJIN3a Ha KOMIUIEKCHBIE TTOCIEI0BATEIHHOCTH.

Cpean paczodauwyuxca nociaenoBareabrocteil {a,} B KOMIUIEKCHOM aHAJN3€ BbI-
JIEJISIOT Te, JIIs KOTOPBIX |a,| — +00 npu n — co. Bosee Touno, Gynem roBopuTh,
49TO OCJIEeN0BATEIbHOCTL {a,} cTpemurcs K GECKOHEYHOCTH U HHUCATH G, — OO
(wmu lim,,— o0 @y, = 00), ecau Jgis Joboro R > 0 maitnercs nomep N (R) Takoii, uro
|an| > R upu Bcex n > N(R). B cBga3u c 3ruM, a TakzxKe 10 IPYIUM LPUIUHAM,
KOMILTEKCHAs 110cKocTh C nonoansemcs 6ECKOHEYHO yJAMEHHON TOYKOM 2 = 00.
TTom OKpecTHOCTHI0 6ECKOHEYHO yAAIEHHONH TOYKN MMOHNMAETCA BHENTHOCTH KPYyTa C
[IEHTPOM B HaJaJsle KOOPIWHAT, T. €. MHOXKeCTBO Touek z € C, nyist KoTophix |z| > R,
rae R > 0. Ilononnennasa (Wiu pacuupennas) KOMILIEKCHAs MJIOCKOCTH OOO3HA-
gaerca uepes C. B pacmmpennoii kommiexcroii miockocrn C npunnun Bosbia-
no—BeitepmTpacca yrounserca ciaeayomuM obpaszom. I3 moboit mocaenoBaTeb-
Hocru {a,} C C MOXKHO BBLIEJIUTH CXOAMAILYIOCH (B COOCTBEHHOM WJIM DPACIIUPEH-
HOM CMBICJI€) HOJIIOC/IeI0BATENbHOCTDb. JeficTBUTeIbHO, €Ci T0C/IeA0BATEIbHOCTD
{a,} orpanmuena, To K Heil (Kak K MOC/IeI0BATETLHOCTH TOYeK B R?) MOKHO mpH-
MeHuTh Kiaccudeckuil upunuun Bonbuano—Beiiepurpacca. (JIubo upumenurs ero
K TIOCJIEJIOBATEILHOCTSM BEIIECTBEHHBIX U MHUMBIX 4acreil.) B ciyuae mHeorpamu-
YEHHOI TIOCIIeI0BATEILHOCTH {ay, } MOXKHO BBIIEINTH TIOATIOCIEI0BATENEHOCTD Gy,
YZIOBJIETBODSIIOIILY O YCJIOBHUIO |ay, | >k, k=1,2,.. ..

Harnsamoe mpeacraBieHue TOMOJOTHYIECKUX CBOWCTB PACITUPEHHON KOMILIEKC-
HOH TUTOCKOCTH JaeT cmepeozpaduueckasn npoexyus. Paccmorpum cdepy S, xoro-
pas B TPEXMEPHOM MPOCTPAHCTBE 3a1aeTcs ypasaennem rs +x3+22 = 1. C kaxoit
TOYKOU (X1, x2,x3) Ha cdepe S, uckiouas Touky (0,0, 1), MOXKHO accOLUMPOBATH
komitekcHoe yucio z € C mo dgpopmyne

$1+i$2
1—373

z =

DT0 paBeHCTRO OMpeIeNsieT B3anMHO-0IHO3HaTHOoe cooTrercTrre Mexkay S\{(0,0,1)}
u C. JIefiCTBUTEIBHO, MCTIOMB3YsT OU9EBUIHOE COOTHOTICHNE

(1—1‘3)2 - 1—:1)3’

| |2: x%+:c% 14 z3

JIETKO HAXOIUTCS 00paTHOE OTOOparKeHme

22 -1 z2+z 1 z2—2

BT Rpyr T EEEESEE

= — To =
L+ ]2[*’
Bamerum TakzKe, YTO IPH |z| — 0O COOTBETCTBYIOIIAsA TOYKA Ha cdepe S crpemurcs
k Touke (0,0,1). IIpomomxkas orobpazkenue coorsercrsuem (0,0,1) — oo, npuxo-
JIAM K B3aUMHO-OIHO3HAYHOMY cooTBercTBuio S u C. 910 oT0OparkeHne Ha3bIBACTCA
crepeorpadguIecKoil mpoeKIueil u 00Ia1aeT PIIOM 3aMedaTeTbHBIX CBONCTB.

Kak n B BEIIECTBEHHOM aHAJN3E TI0J] YUCIOBBIM PAJIOM IOHAMAaeTCsa (popMaibHAs
o0
cymma y -, ap. C pasoM acconumpyercs IIOC/IeJI0BATEIBHOCTH €r0 YaCTUYHBIX
o0
cymm S, = a1 + ...+ an, n = 1,2,.... Tosopar, pag Y~ G, CXOAUTCHA, €CIH
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Puc. 1. Cdepa Pumana

CXOIIUTCSI TIOCJIEIOBATEIHHOCTD €r0 YacTUYIHBIX cyMM. I[Ipu srom S = lim, o S,
HA3BIBAETCH CyMMO psifia i mumiyT S = > 7 | ayp,.
. (oo}
Ilycrs a, = a, +ifB,, n = 1,2,.... Torga JacTuaHble CyMMBI PAIa Y~ Gy

Oy/LyT UMeThb BUJ,
n n
Se = Yo+ i
k=1 k=1

Ciie10BaTeILHO, PSAL Y | Ay CXOAUTCS B TOM M TOJIBKO TOM CJIy9ae, eCJIN CXOIATCS
ZBa BEIECTBEHHDBIX PANd » o &y Uy 3,. Kpurepuit Komm, npuvenenHbiit
TIOCIEAOBATEIbHOCTU YaCTUYIHBIX CYMM, MOKA3bIBAECT, YTO DAL EZOZI Qyp CXOOUTCA B
TOM W TOJIBKO TOM CJIydae, ecju jjis Jjioboro € > 0 maiigerca takoii Homep N(g),

qTOo
n+m

Z apl < €
k=n

npu Beex n > N(g) n HarypaiapHbix m. W3 kpurepus Komm u HepaBeHCTBA Tpe-
YyTOJBHUKA CPa3y JKe CJIeayeT, YTO abCOJOTHAS CXOAMMOCTDH Psia BJI€YET €ro CXO-
aumocTh. Kak u B BemecTBeHHOM ciryuae u3 Kpurepus Kommu ciemyer Takxke Heob-
XOJUMOE yCJIOBHE CXOAUMOCTH pAfa: G, — 0 mpm n — oo.

§ 2. KommuiekcHasa auddepeHnupyeMocTh

Teopust GyHKIMH KOMILIEKCHOTO MEPEMEHHOIO PACIIUPSET MCIUCIEHNE HA, KOM-
mIekcHyto obnacte. [lpu aTom u muddeperupoBanne 1 HHTErPUPOBAHUE TIPUOOPE-
TAIOT HEKOTOPOE HOBOE 3HadeHue. Vx 06,1acTh NpUMEHEeHUs CyIIECTBEHHO CyXKaeT-
CSl M €CTECTBEHHBIM 0OPA30M BO3HWKAET KJIACC TOJOMOPMHBIX WIH AHAJIUTHIECKAX
byHKIWMIA.

IMox, byuknueit komiiekcHoro nepemennoro w = f(z) GyzeM moHUMAaTh 0TOOpa-
sKerne MHOKecTBa D C C B KOMIITEKCHOH 2-TITOCKoCTH B MHOKecTBO f(D) = G C C
KOMILTEKCHOH w-TIOCKOCTH. Ecmm mpeacraButh 2z = x + iy, w = u + v, TO 3a7a-
Hue GyHKIuK [ SKBUBAJIEHTHO OIPEIEIEHHIO ABYX BEIIECTBeHHbIX (MyHKIMiA u(z,y)
u v(Z,y) BEIECTBEHHBIX NEPEMEeHHbIX T u Y, T.e. w = f(z) = u(x,y) + w(zx,y).
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Hpyruvn cnosavu, dyukimn u(x,y) n v(x,y) Jar0T 3amuch orobpaxkenus [ B Be-
IIECTBEHHBIX TepMUHAX. Kak mpaBuio, Mbl OyZeM paccMaTpuBaTh CIydail, KOTIa
dbyuknus f onpeneeHa HA OTKPHITOM MHOXKECTBE.

OUPEJEJNEHUE 2.1. Byzem roBoputh, uro dbyukius f(z) umeer npegen A npu
Z — a ¥ THCATH

lim f(z) = A, (2.1)

z—a

ecan A Kaxkzgoro € > 0 maiinerca takoe 6 > 0, uro |f(z) — A| < € npu Bcex
z € Os(a), r.e. upu 0 < |z —al < 4.

DopMyIMPOBKA OTpEIeTeHUs JIETKO BUIOU3MEHSETCS B CJIydadx, KOTJIa a = 0O
um A = oo (wmm 06a Bmecte). Hampumep, npu ¢ = oo HyKHO (hpasy ,lIpu Bcex
z € Os(a)* 3amenuTs Ha dpasy ,JIpu |z| > 6. XopoIo n3BecTHbIe U3 BEIIECTBEH-
HOTO aHAJIM3a Pe3yJbTAThI, KACAIOIIUECA IPEIEIOB CyMMBbI, TPOM3BEICHU U IaCT-
HOT'O, OCTAIOTCA BEPHBIMHA U B KOMILIEKCHOM CJIy4dae, IIOCKOJIbKY IIPDU UX JOKa3aTeJIb-
CTBE KCIIOJIb3YIOTCS JIUIb CBOHCTBA MOJyJsd. 3aMeTUM TakxKe, 4ro ycjosue (2.1)
9KBHUBAJICHTHO CJeayronemy

lim f(z) = A. (2.2)

z—a

U3 (2.1) u (2.2) cpasy ke CHEAYIOT COOTHOIIECHUS

lim Re f(z) = Re A, lim Im f(z) = Im A.

z—a z—a
O6paTHO, ecyid BBINOJHEHbI [OC/IEIHUE B COOTHOIIEHUs, TO BbinoaHA0TCH (2.1)
u (2.2). ®yukuus f(z) Ha3bIBACTCH HENPEPHIBHOT 6 MOYKE @, €CIIH

lim f(z) = f(a).

z—a

Tepmun wenpepveras GyHryus OyneM ynorpebiisaTs B caydae, Korjaa f HeIpepbIBHA
BO BCEX TOYKAX, IJIe OHA ompejeseHa. V3 cBOWCTB mpejena CJIEIyeT, 9T0 CyMMa U
[POU3BEJIEHNE JIBYX HENPEPBIBHBIX (DYHKIUN ABJIAIOTCS HEMPEPBIBHBIMU (DYHKITUSI-
Mu. HacrHoe JBYX HEHpepbIBHbIX (DYHKIUI f U g TaKyKe HeIPEPLIBHO B HEKOTOPOU
OKPECTHOCTH TOYKW @, €CJIM B ITON TOYKE He OOpAINAeTCs B HYJb 3HAMEHATED.
Kpowme Toro, n3 HepaBeHCTB

|Re f(2) — Re f(20)]
[Tm f(2) —Tm f(z0)[ p < |f(2) = f(20)]
1F ()] = 1F (z0)l

csiepyer, 4To eciu [ HenpepbiBHA, TO TakoBbiMU sBistorcd Re f, Im f u | f].

[Tpouseonnas GbyHKIUYN OLPEIETAETCs KAK IPee OTHOIEHH! IPUPAIIEHUH He3a-
BUCUMOIT M 3aBUCUMOIT TIEPEMEHHBIX, T. €. To (opMe KOMILIEKCHOe anddepeHImpo-
BaHWE BIOJIHE aHAJOTHYHO BEIIECTBEHHOMY:

. f(z) = fla
fla) = tim 2E = F(@)

z—a zZ—a
DTO ompejiesIeHne MPOU3BOIHON U HIEHTUIHOCTH ApPUMMETHIECKUX 3aKOHOB JIJisi
KOMIIJIEKCHBIX U BEIIECTBEHHBIX YUCEJ MOKA3BIBAIOT, YTO OObIYHbIE TpaBuia nudde-
PEHIIMPOBAaHUA CyMMbl, IIDOU3BE/IEHUA U YACTHOI'O BBIIOJIHAIOTCA U B KOMILJIEKCHOM
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ciaydae. OJHAKO, B OTJUYHE OT MOHATHS HEIPEPBIBHOCTH, KOTOPOE IIPOCTO CBOIUTCS
K HEIIPEPBIBHOCTHU BEMIECTBEHHON 1 MHUMOI Yacreil, ycioBue auddepeHnapyeMoCcTi
BJIEYET COBEPIIIEHHO HEOXKWIAHHBIE CBONCTBA, (DYHKIIHH.

TEOPEMA 2.1. Jasn dupdepenuyupyemocmu pynryuu f(z) = u(z,y) + iv(z,y)

6 mouke z = T + iy 6 KOMNAEKCHOM CMBICAE HEOOTOOUMO U JOCTNAMOUHO, 4MOObL

ona bwina duddepenuyupyema 6 seusecmeernom cmouicae (m.e. duddepenyupyemo
dynryuu w(x,y) u v(x,y)) U BUNOAHAIUCH PABEHCNEA
Ju ov ou ov

— = —, — = - (2.3)
Ox oy dy Ox

JIOKABATEJILCTBO. BemecrBennas auddepennupyemocts GyHKIUU f B TOUKE

z = x + iy 03HaYaAeT mpeicTaBieHue npupaliennii Gyakumii u(x,y) u v(r,y) B Buge

u(z + &y +n) —u(x,y) = uy - &+ uy -0+ o([¢]),
v(z+&y+n) —v(x,y) = v, - &+, -1+ o(C]),

rJle YacCTHbIe IIPOU3BOJHbIE BbIUUCJIeHbI B Touke (z,y) u ( = & + in. C upyroii
CTOPOHBI, KOMILTEKCHas Jud depeHnupyeMoctsb (DYHKIUU [ B TOYKE 2 IKBUBAJICHTHA
LIPEJICTaBJICHUIO ee IIpUPAIIEHUdA B BUJE

fz4¢) = f(2) = f(2)¢ +Ca(C),

rae 0(¢) = 0 mpu ¢ — 0. Iycrs f/'(2) = a4+ iB. Torma, orienssa B MOCIEIHEM
PABEHCTBE BEIECTBEHHYIO U MHUMYIO YaCTH, MOJTY9aeM

u(z +&y+n) —u(r,y)=a-§—5-n+o(]),
v(x+&y+n) —v(zy) =B-§+a-n+o([C])

Hpyruvmu cinoBavu, du = adx — Bdy, dv = Bdz + ady. B cuiny emmHCTBEHHOCTH
muddepeHIuaa mojay4aeM PaBeHCTBA

u, = a, w, = -0, v,=p8 v, =aq,

U3 KOTOpbIX cienyior coorHouienus (2.3). Takum 06pa3om, u3 KOMILIEKCHO# Jud-
depeHnupyeMoCTr CIe/yeT BemecTBeHHas AudOEepeHnupyeMoCTb U BbITOJHEHNE
coorrommenwii (2.3). ITpn sTom

_Ou  Ov  Ov . 0Ou

!

Z2) = — +i— = — —j—. 2.4
') or Ox oy y (24)
Oo6paruo, gomyctum, uto f auddepeHmupyeMa B BEIECTBEHHOM CMBICJE U BbI-
nosasrorcsa coornomenus (2.3). Torma, ymuoxas npupaiiesue HyHKIMEA v HA § U
CKJIAZIbIBAsI €r0 C IpuparneHneM QyHKINNA U, TOJyIaeM Ipupaiienne QyHKInn f u3

KOTOPOTO CJIeAyeT ee KOMILIEKCHas AuddepeHupyeMoCThb. a

ONPEAENEHUE 2.2. ®yuKuio f, ONpe/ieleHHy 0 Ha OTKPBHITOM MHOXKecTBe D C
C Oynem HasbBaTbh 2040MOpPHOT (anasumnmuyeckol, peeyasprot) B D, eciu ona
nuddepernupyeMa B KOMILIEKCHOM CMBICTE B Kaxk10it Touke [D. Bymem roBoputs,
qro f romomopdua Ha npou3BoabHOM MHOXKecTBe F C C, eciim ona ronmoMopdHa Ha
HEKOTOPOM OTKPBITOM MHOXKecTBe D, comepxkarem F.
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Coornormenus (2.3), KOTOPBIM YIOBJIETBOPSIOT BEIIECTBEHHAS W MHUMAs YaCTH
rosioMopdHOii DYHKINI, HABBIBAIOTCH YCAOBUAMYU (UAU cucmemoti ypashenut) Ko-
wu—Pumana. C ydgerom paseHcTs (2.3) MOXKHO 3aIMCATh YETHIPE PAIUYHBIX BbI-
paxkenus niug f'(z) B TepMHHAX YACTHBIX MPOM3BOAHBLIX. B X0Ie 10Ka3areabcTBa
TeOpeMbl OBbLIN TTOIYY€HbI CIEIYIONINE 1BA

g _Ou  Ov  Ov 5‘u Bf

/( _
[z =5 = 5-+ig-
or or or Oy ay 8y
Camu ycnoBust Komu—PumaHna MOXKHO 3aucaTh OJHIM KOMILIEKCHBIM PABEHCTBOM

of _ _.of
A b
ox dy
Harnsanetit ciocod BbIAETUTH TOJ0MOP(dHBE (DYHKIMH U3 KJIACCa HEMPEPHIBHO
muddepernupyemMbx 0oTo0pakeHuil qaer ucaucienne B repmunax 0f /0z u 0f 0z,
KOTOPBIE €CTECTBEHHBIM 0OPA30M BO3HUKAIOT B MPEICTABICHUN

df (z) = %d g{d*

rae dz = dx + idy, dz = dx — idy. Iycrs f(z,y) = u(z,y) + iv(z,y) asiagercs
HernpepoIBHO JuddepeHmpyemMoii B BEIIECTBEHHOM CMbICJIE. ¥ YUThIBAsI PABEHCTBA

1

21(2—2)

1
T = 5(2—&—2), y =

MOxkHO f(x,y) paccMarpuBarh Kak (DYHKIHIO IEPEMEHHbIX 2z U Z. Ilpu sTOM

df = gf +g£y
_1of af
=352 (dz +dz) + 2—8—( —dz)

_ljof Of of  .of
- (a‘ay) T3 (a*ay>

1 MbI IPDUXOJUM K DaBE€HCTBaAM

o _1(or_ory o (s ory
0z ox Oy)’ 0z ox Oy

B sTux Tepmunax yciaosus Komum—Pumana mpuHUMAIOT BU,

of
o

YTO IO3BOJIET CKa3aTh, YTO roJoMOpdHas (QyHKIUsS HE 3aBUCAT OT Z A SABJISAETCH
TosbKo byHKumei or z. Wcuucnenne B Tepmunax 0f /0z w 0f /0Z cpa3y xe maer
BaxHBI (akT 3amMkHyTOCTH M depernnansHoil bopmbl f(z)dz, ecin f apasercs
rosiomopdHO dyHKImei. /leficTBUTEILHO, B 3TOM CJIydae

of of

d(f(z)dz) = o ——dz /\dz—|—a dzNdz = 0.
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Cucrema ypasuenuit Komu—Pumana, (2.3) 06/1a7aeT ps1oM HHTEPECHBIX CBONRCTB.
B uwacTHOCTH, €CIIM MPEANOoNOKUTh, 9T0 hyHKImU u(z,y) n v(x,y) ABIIIOTCT IBa-
JKJBI HenpepbiBHO nuddepeHnupyeMbiMu, T0 13 (2.3) mosydaem
0u 0%v 0%u 0%v

oz Oxdy’ oy Ozdy’

OTciofa U U3 PABEeHCTBA CMENIAHHBIX MPOU3BOHBIX Ciieayer, 9ro (dyukuusa u(zx,y)
YAOBJIETBOPAET yPaBHEHHUIO

u  0%u
YT a2 + oy?
JuddepennnaabHblii OmepaTop
0? 0?
A= —+—
ox? * Oy?

HazbiBaercs oneparopom Jlamnaca, a muddepennuanbaoe ypasuenne Au = 0—
ypasHenueM Jlamnaca. AHAJOrMYHO OpeAbLIyIeMy Toaydaem, 9To GyHknms v(z, y)
TaK’Ke yIOBJIeTBOpsieT ypaBHenwuio Jlammaca.

ONPEJEJEHUE 2.3. ®@yukuus u(x,y) AelCTBUTEIHHBIX [IEPEMEHHBIX T, Y, TP~
HUMAIOIAs BEIIECTBEHHBIE 3HAMEHHUS W JIBAaXKIbI HEPephIBHO auddhepeHnupyemast,
HA3BIBAETCS 20PMOHUNECKOT B 0OIACTH onpeienienns (Ha OTKPBITOM MHOKeCTBe D),
eciim Au = 0 Berony B D. [Ise rapmonuyeckue byukiuu u(x,y) u v(z,y), cBsa3an-
uble coorHouenusivmu Komm—Pumana (2.3), HA3bIBAIOTCH CONPANCEHHBLMU FAPMO-
HUYECKUMHU QYHKIMSAMU.

Kak yxe ormedasoch Bbiiie, npasusa AudepeHimpoBanus CyMMbI, TIPOU3BE-
JIeHUsI U YaCTHOrO rojioMOpGHBIX (DYHKIHMI COBIAJAIOT C AHAJOIMYHBIMU MPABU-
samu qudbdepeHnupoBaHus U3 BELIECTBEHHOro aHajm3a. JlOomyCcTuM Ternepb, 9To
w = f(z) —ronomopduas B okpecrroctu O, (zp) byHKIMs, KOTOPAd NPUHUMAET
suadenns B okpectaoctn O,(wo) u f(20) = wo. Ilycrs Taxkxke dbyukmus ( = g(w)
rosmomopdua B okpectaoct O,(wp). Torma xomnosumus ( = h(z) = g(f(z)) aBas-
ercs rosomopduoit B O, (zg) dyHKuuel u umeer MECTO PABEHCTBO

W (z0) = g'(wo)f'(20) = ¢'(f(20))f'(20)-

Heiicreurenbro, myctb Az = z — 2o 1 Aw = f(z) — f(29). B cuiay KoMIuiekcHoi
muddepeniiupyemoctu byHkImuii f u g umeem

Aw = f'(20)Az +o(|Az]), g(w) —g(wo) = ¢'(wo) - Aw + Aw - n(Aw),

rae 1n(Aw) — 0 mpu Aw — 0. Ho rorma

) ) _ DIy B0 B0 g
mpu Az — 0.

ONPEAEIEHUE 2.4. Muoxkectso E C C nasplBaeTcs CBA3HBIM, €CJIH He Cylie-
CTBYeT JIBYyX OTKDPBITHIX MHOXKeCTB (G1 U G2, YAOBJIETBOPSIONIUX YCIOBUSIM:
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(1) E Cc G1UGy;
(11) ENGi NGy = @
(iii) GiyNE # @, GaNE # @.

VIHTYNTHBHO CBA3HOCTH O3HAYAET, YTO MHOXKECTBO F COCTOMT W3 OJHOIO ,KYC-
ka“. B cayuae, korga E sBjseTCs OTKDPBITHIM MHOXKECTBOM, yCJioBue (i) MOMKHO
chopmynuposars B Buge G1 NGy = I, MOCKOIBKY B 9TOM Ciiydae MHO)ecTBA (G 1
G2, ynosnersopsitorue ycaosusaM (i) — (i44) MoxHO 3amenuts Ha EN Gy u ENGs.

TEOPEMA 2.2. Ompe3ox npamoti — ceasnoe muootcecmeo. Ilpu smom donycka-
emcs, 4mobvt 00un U3 KOHY08 ompeska Ovia beckoneuno ydarennotli mouwkot, a cam
ompe3ok ObLa OMEPBIMbBIM, 3CMEHYMBLM UAY NOAYOMEDDLINBLM.

JIOKABATEJIBCTBO. lomycTuM MPOTUBHOE, T.€. HANIYTCS B OTKPBITHIX MHO-
skectBa G1 m Ga, JUist KOTOPBIX BBINOJHEHbI yeiaoBus (i) — (4ii), rne F — Hamm oT-
pe3ok. Torma ma E maiigyrcs aBe KoHedHble TOUKU a € Gy u b € Go. OueBuaHo,
4T0 ycsoBus (i) — (441) Takzke BBIIONHAIOTCA Ipu 3aMere E Ha orpesok Ey = [a, b].
Pazobrem E; momosiam u BeIOEpEM Ty €ro 9acThb Fo, KOTOpas MPEICTABIIsIeT COOOi
OTPE30K € KOHIIAMH B Pa3HBIX MHOXKecTBaX (1 u Go. IIpomomkas sToT mpomecc, mo-
JIy9UM IIOCJIE€I0BATEILHOCTD 3aMKHY ThIX BJIOXKEHHBIX OTPE3KOB 1 D Fo D ..., min-
HbI KOTOPBIX CcTpeMATcd K Hyao. ITo Teopeme Kanropa, cyimecrByer eqMHCTBEHHAS
TovKa &, TPUHAJIENKAIIAs BCeM OTpe3KaMm mnocienoparenbuoctn {E,}. W3 yerosnii
(1), (#4) cmemyer, uTo & MPUHAIIEKUT OTHOMY M3 MHOKecTB G mian Gs. Ilycrs 910
s onpenenernnoctu Oyaer Gy. B cuny orkpeitoctu (G m crpemienus avH E,
K HYJIIO caeayer, aro F,, C G npu mocraTrodno 0osbimux HOMEpax n. OmHAKO 3TO
IPOTHBOPEYHT yCJIOBUAM BhIOopa F,. O

ONPEAENEHUE 2.5. Hemycroe OTKPBITOE CBA3HOE MHOXKECTBO HA3bIBAECTCS 0040~
cmbi0.

Cuteiyroniuii pe3yabrar JaeT XapaKTepUCTUIECKOe CBOMCTBO OBJIACTH.

TEOPEMA 2.3. Henycmoe omxpwimoe muosicecmeo D C C seasemes ceasmvim
8 TOM U MOABKO MOM CAYHGE, eCAU A100ble J6e €20 MOUKU MONHCHO COEIUHUMD A0~
Manot, pacnososcennot 6 D. Ipu amom A0MAHYIO MOHCHO 6bOPAD MAK, 4MOOBL
ee 36eHbA ObLAY NAPAANENDHB KOOPOIUHATNHOM OCAM.

JOKA3ATEJIBLCTBO. Ilycts D cBasuo u a € D. Obo3naunm 4depes (G; MHOXKe-
CTBO TOYeK B [, KOTOPBbIE MOXKHO COEIWHUTH C @ JIOMAHOM, PACHIOIOKEHHONH B D u
UMeIoNeil 3BeHbs, MapajlyieJIbHble KOOPAMHATHBIM OcsiM. Uepe3 (G3 0003HAYMM Te
Touku u3 [, KOTOpbIE HE YAOBIETBOPHAIOT 3TOMY ycjiaoBuio. Ecim HEKOTOPYIO TOUYKY
b € D MOXHO COeMHUTD C @ YKA3aHHON JIOMAHOM, TO U TOYKU KPYIOBOW OKPECTHO-
crm O, (b) C D Takke MOXKHO COEJMHUTH TAKOH JIOMaHOW. JT0 03Havaer, 1to G —
OTKPBITOE MHOYKECTBO. AHAJIOTMUYHO yOexkmaeMcst, 9T0 Go — OTKPBITOE MHOXKECTRO.
B cuny Toro, uro D CBA3HO, OZHO W3 OTKPBHITHIX MHOXKeCTB (G mwian Gy HOJIKHO
ObrTh mycTro. Ilockosbky TOUKa a comepKUTCs B [) ¢ HEKOTOPOl OKPECTHOCTHIO,
to G1 # &. Cuenosarenpio, Go = @ u Bce TOYKM U3 [ MOXKHO COEIUHHUTH C @
JIOMAHOH CO 3BEHbSMU, MAPAJLICTbHBIMI KOOPAMHATHBIM OCSIM.

Ob6parHo, myctbh D — OTKPBITOE MHOMKECTBO U JIIOOBIE JBE TOYKH ITOIO MHOXKE-
CTBa MOKHO COEIMHHUTDL JIOMaHO#, pacnomoxkennoit 8 D. Torga cBasnocts [ j1erko
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YCTAHABIUBAETCS PACCYKICHUSIME OT IPOTUBHOTO. JlefiCTBUTENBHO, IOIYCTUM, YTO
G1 u G — OTKPBITbIE MHOXKECTBa, yAOBIeTBOpsiomue ycaosusam: Gy U Gy = D,
GiNGy, =2 uG) # 9, Gy # J. Boeibepem nBe Touku a € Gy u b € Go. Tlo
YCJIOBHUIO UX MOYKHO coeTMHUTHL B D jmomanoii. Ha 3Toit tomamoit Haiimercst oTpe3ok
E, KOHITBI KOTOPOTO PACTIONIOXKEHBI B PA3HBIX MHOXKecTBax (G u Go. Ho Torma s
E n G1,G2 6yayr BeimosnHeHs! yciaoBust (i) — (444), 9T0 MPOTHBOPEYUT CBSA3HOCTH
OTpe3Ka. O

OnPEAEIEHUE 2.6. O6macts D C C nasbiBaeTcss 0010c6A3HOT, €CITH ee JIOTOJI-
uerre C\ D apnsiercst cBsa3HbIM MHOXKecTBOM B C.

3aMeTnM, 9TO B 3TOM OIPEIeJIeHUN IOTMOJTHEHNEe PACCMATPUBACTCI B PACIINPEH-
Hoit komrtekcHo# mimockoctr C. B ¢BsA3M ¢ 9TMM onpemeieHneM MOJI0Ca ABJISIETCS
OJHOCBA3HOM 00JIaCTDIO.

TEOPEMA 2.4. ITycmo [ — zonomoppran 6 obaacmu D C C dynryus u f'(z) =
0 dasn scex z € D. Tozda f(z) = const 6 D.

JLOKA3ATEJNBCTBO. Ecam f(z) = u(x,y) + iv(x,y), TO U3 ycIoBHA TEOPEMBI
cnenyer, aro uw, = 0, uy, = 0, v, = 0w vy, = 08 D. [lomyctnm, 9T0 OTPE3OK
E={z=z+1iyo: z1 < x < 22} couepxkurca B D. Ilockonbky u/ (x,y9) = 0 npu
x € [x1,X2], TO 11O TEOPEME U3 BELIECTBEHHOIO aHam3a u(x,yp) = const na [z1, Ta).
Opyrumu caosamu, Gysruus w(z,y) sABIAETCH MOCTOAHHONW HA MOPU3OHTAJIBHBIX
oTpe3Kax, pacunosiokenubix B D. VYcioBue u; = 0 maer mOCTOSHCTBO (DYHKIIAH
u(x,y) Ha BEPTUKAIBHBIX OTPE3KAX. AHAJIOTHYHBIM CBOHCTBOM 06anaer byHKIMs
v(x,y). CrnenoBarensHo, byHKuus f(z) ABISETCS MOCTOSHHON HA TOPU30HTAIBHBIX
U BEPTUKAJBHBIX OTPE3KaX, PACIOJIOKEeHHbIX B obaactu D.

Ilycts Temepsb 21 U zo — npom3BosbHbIEe TOUKH obactu D. Ilo mpeabiayimeit Teo-
peMe UX MOXKHO COeJIMHUTH B [ JIOMAHOH CO 3BEHbSIMU, HAPAJLIETHLHBIMU KOODPIU-
HATHBIM OcsM. B cuity nokasannoro csoiicrsa dbyukuuu f nonyuaem f(z1) = f(22).

O

TEOPEMA 2.5 (OB OBPATHOW ®VHKIUM). [Tycmo 6 obaacmu D dymnxyus w =
f(z) 2onomopdna u umeem nenpepwuenyo npoussodnyto. onycmum, wmo mouke
z0 € D npu omobpasicenuu f coomeememeyem mouxa wy = f(z0) u f'(20) # 0.
Tozda natidymea maxue okpecrnnocms U mouku zg (0MEDBIMOE MHOJICECTEO, CO-
depoicawsee zg) u oxpecmuocmos Vo mouku wo, wmo [ 63aumMHO 00HO3HAUHO 0TMO0-
pascaem U na V. u obpamnoe omobpasicenue g = f~1 asaaemca 2040MmopProt

dpymxyuet 6 V. Ilpu smom
1
/
g'(wo) = o—-
f'(z0)

JIOKA3ATEJILCTBO. 3aMeTuM mpezK/ie BCEro, 9TO MOCKONbKY npousBomnasa f'(z)
HenpepbIBHA, TO ee Monyab |f/(z)| Takzke Gyaer HenpepwiBHOit Gynkmeii. o ycmo-
Buo |f'(z0)| > 0 u, cinenorarenbHo, Haiizercs Kpyrosas okpectHocTh Op(zg), B
KOTOpO# BBIMOJHSAETCS HepaseHcTso |f/(z)] > 0.

Jainee, BBIIEIASA B IEPEMEHHBIX 2 = T-+4y U W = U+ 4V BEIIECTBEHHbIC K MHAMBIE
gacru, GyHkuuio w = f(z) MOXKHO npeacTaBuTh Kak orobpaxkenue f: (z,y) +—
(u,v), meiicreyromee B R?. Ucnomssys ycnosusa Komm — Puvana, sko6man 3T0ro
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oToOpakeHus Mpeodpa3yeTcs CIeAYONUM 00pa3oM

= - —uf = (ul)?+ (L) = | (2))

orkyzna BuHO, 4T0 B O,.(20) BBIIOJIHEHDI YCIOBUs TEOPEMbI 00 00paTHOM OTOOpazKe-
HUU U3 BEIeCTBEHHOro aHaiu3a. CoriacHo 9Toit Teopeme HallyTcsi TaKue OKPecT-
wocru U rouku zg u V TouKE wp, 970 f B3aMMHO OJHO3HAYHO orobpaxkaer U Ha
V u obparnoe orobpaxkenne g = f~! simisiercss mernpepuiBHO 1uddepeHIpyeMbIM
(B BemecTBeHHOM CcMbIcie). st Hac ceffuac BaxHO TO, 4o f: U +— V sBnser-
CST MONOA0UNECKUM OTOOPAYKEHNEM, T.€. B3ANMHO OJHO3HAYHBIM M HENPEPHIBHBIM
B 00e cToponbl. IlockosbKy V sBiIsieTCsl OTKPBITHIM MHOYKECTBOM, TO HAaWIeTCs
e > 0 rmakoe, uro O (wg) C V. Ilycrb Teneps w € (’)E(wo) n Aw = w — wy,
Az = g(w) — g(wg) = z— 2zp. Torma Az # 0u Az — 0 B TOM ¥ TOJBKO TOM CIIy4ae,
korma Aw — 0. Bameuast, yro Aw = f(z) — f(20), nonyuaem
g(wo + Aw) — g(wo) Az 1 1

Alffgo Aw - Alggofw - Alggo Aw/Az - I(z0)

Taxum obpaszom, dbyuknus g auddepeHnupyeMa B KOMILJIEKCHOM CMBIC/IE B TOYKE
wg. OpnpHako, Ajst a000# mapbl Todek z € U m w € V, CBA3aHHBIX PABEHCTBOM
w = f(z), BbIIOJHEHBI BCE YCJOBHs, YTO U JJId MAPbl Zg, wo. CiiemoBaTeabHo,
z = g(w) aBasercsa quddepeHnupyeMoil B KOMILIEKCHOM CMbIC/IE Ha BCEM OTKPbITOM
MHOKecTBe V 1

O

ONPEAENEHUE 2.7. Tonomopduyio B obmactu D dyHKnuio f HA3BIBAIOT 00HO-
aucmuot B D, eciu f(z1) = f(2z2) nuiub B coyvae zq = 2o g j11060f napbl TOYEK
21,720 W3 D.

Hpyruvmu ciroBamu, yrKiusg f ogHOoaucTHA B D, ecim oHa oTobpakaer D B3a-
UMHO OnHO3HA4YHO. Teopema 06 0OpaTHON DYHKIME yTBEPKIAET, 9TO ecjau f roJo-
MopdHA U ee MPOU3BOIHAS HEe OOPAIAETCS B HYJb, TO OHA A0KAALHO OTHOIUCTHA,
T.e. B HEKOTOPOil okpecTHOCTH. IlpuMep dyHKIHH w = 2 MOKA3bIBAET, 9TO (DYHK-
s MOYKET OBITh JIOKAJTHHO OJHOJHMCTHON, HO He ObITh OJHOJHUCTHOHN B obsactu. B
kauecrse obactu D MoxKHO paccmorpers Koubno {z € C: 1 < |z| < 2},

§ 3. CrenmeHHbIe pAdbl U 3JiIeMeHTapHble DPYHKITNN

IIpocreitimum npumepom roaoMopdHO (PYHKIUU SIBIASETCS TOXKIECTBEHHO IIO-
crosinHas (PYHKIMs € IPOU3BOHON, TOXKIECTBEHHO PABHOM Hys10. Ipyrum npume-
pom rosomopdHoit dbyukunu seasercs f(z) = z ¢ mpomsoguoit f'(z) = 1. Tlo-
CKOJIbKY CYMMa ¥ TPOU3BeIeHNe ToJoMOPQMHBIX (DYHKIMHA TaKKe SIBISIOTCS TOJIO-
MopdubME bYHKIMAME, TO M060i mojunom P(z) = a,2"™ + ... + ag npeacrasis-
er coboit ronomopduyio B C dynknuoo. st pacmmpennsi KJIacca roJoMOPdOHBIX
GbYHKIWIT €CTECTBEHHO TepeidTi K OECKOHEYHBIM CYyMMAaM, T. €. K PIIaM.

Mycrs { f, } — nocaenoBarensrocTs dbyHKIMIA, ONpeIeIeHHbIX Ha MHOXKecTBE F C
C. Byaem roBOPUTH, YTO 3Ta MOCIEIOBATEIHHOCTH CXOIUTCS B TOYKE zg € F K



JIEKLIUUA 110 TOKII 17

dyuxpn f, ecam mus moboro € > 0 Hafimercs takoit Homep N = N(g, zg), uTo
npu Beex n > N(g,zp) BmomHseTcs HepasencTBo |f(z0) — fn(z0)| < €. Ilocme-
JIOBATEILHOCTD [, cxomuTcsa K PyHKIyM f HA MHOXKECTBEe F, eciium OHa CXOIUTCS B
Kaxk10it Touke mHOXKectBa E. B ciyuae, eciu agis jroboro € > 0 nomep N = N(e)
MOXKHO BBIOPATH TaK, 9TO0BI HepaBeHCTBO |f(2) — f(2)] < € BrmomHsanocs mis Beex
n = N(e)u z € E, 10 10CI€10BATEIILHOCTD [, HA3BIBAETCA PABHOMEDPHO CXO/SIIEHCs
Ha MHO)KecTBe F. BakHe#lmum CBOMCTBOM PABHOMEPHOI CXOAUMOCTH SIBJISIETCS TO,
YTO MPEJESOM PABHOMEDPHO CXOASIIEHCS MOCIeI0BATENBHOCTH HENPEPHIBHBIX (DYHK-
uuii siBasiercs HenpepbiBHas QyHkius. COBEPIIEHHO aHAJIOIMYHO BEIIECTBEHHOMY
CIy9alo ycraHapamBaercs kputepuit Komm mis paproMeproii cxogumoctn: ,ITocie-
JIOBATEILHOCTH { fr, } cxomurest papHoMepHo Ha E C C B TOM M TOJIBKO TOM CIIydae,
ecan [t Jioboro € > 0 Haitgerca vHomep N (€) Takoit, 9ro | f,(2) — fm(2)| < & mua
Bcex z € Eun,m > N(g)“.

Kpurepnit Komm, mpuMeHEHHBIH K 9aCTUYHBIM CyMMaM (DYHKIMOHAIBHOTO Psi-
na > o2 fu(z), maer npusnak Befiepmrpacca pasrOMepHOil cxomumocTn. Ecim
YHCIIOBOR PAS Y oo | (4 C HEOTPHIATEIBHBIMHA (v, MAsKOPHPYeT Ha MHOxkecTBe F
byHKIHOHATBHBL pax Y oo fn(2), Te. | fr(2)] < oy ans Beex z € E u Beex n, 3a
MCKJTIOUEHHEM, ObITb MOZKET, KOHETHOrO HCIA, B TUCIOBOMA DAL Y | (v, CXOIUTCH,
T0 DYHKUMOHATBHBIL Pzt Yoo fn(2) cxomures Ha E paBHOMEPHO.

Iox cmenennvim padom nonnmaercs GYHKIUOHAIBHBIA DA BUIA

o0
g anz™ = ag+ a1z + a2’ + ..., (3.1)
n=0

e an, n =0,1,2,..., — KOMIJIEKCHbIE YHUCJIa, HA3bIBaeMble KO MUInEHTAMY Psi-

1a, a z — KOMILTeKCHas mepeMentnasi. MoxkHO paccmorperns 6osee oOruit B cre-
LIEHHOTO Psifa » - o an(2 — 29)", HO ero u3yuenue csoaurcs K (3.1) myrem 3aMmenbl
TmepeMenHoi ( = z — 2.

Paccmorpum ofue mpocToil, HO BayKHBII, IPUMED TaK HA3BIBAEMOIO reOMeTprIe-
ckoro pana 1+ z + 22 + .. .. Ero gactudnble cyMMbI IPH 2z # 1 MOXKHO 3aIlHCaTh B
B BUJE
1— Zn+1

1-=2

Bamernm, 9TO B cayuae |z| < 1 npemes 9acTHUHBIX CYyMM CYIIECTBYET U

Sp(z) =1+z+...42" =

S(z) = lim S,(z) = !

n— 00 1—2°

B cayuae |z| > 1 He BBITONHAETCS HEOOXOAMMOE YCJIOBHE CXOMUMOCTH DS/ M T€0-
MeTpudecKkuii ps pacxoqutcs. OKa3bIBAETCS, ITO TaKas CUTYAIUS B OMPEIETIEHHOM
CMBICJIE TUTTUYHA JJI CTENEHHBIX PSAIOB.

TEOPEMA 3.1. Jlas waotcdozo cmenennozo pada (3.1) wucao
R =1/ lim {/|a,|, 0< R < +oo, (3.2)
n—oo

HA3VLBAEMOE PAIUYCOM CTOOUMOCTNU, YOOBACTNEOPAETM, CAEIYIOULUM YCAOBUAM.:

(i) B xaosicdom kpyze |z| < < R pad (3.1) cxodumea abcoatommo u pasHomepHo;
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(i) Ecau |z| > R, mo pad (3.1) paczodumcs;

(iii) Cymma pada S(z) = > 07 anz"™ asasemca zoromopdmot 6 kpyee |z| < R
Pynryuet, a ee npoussodnas S'(z) npedcmasasem cobol cymmy NOUAEHHO
npodugdepenyuposannozo pada (3.1), m.e. pada o na,z" " .

JLOKA3ATENBCTBO. (i) IIycts R > 0 u 0 < r < R. BuiGepem ¢ m3 mHTEpBaAIa
(r,R), .e. 7 < p < R. TTockombKy
— 1 1
o Vdan| = 5 <2

10 Haiizerca Takoit Homep N, uro {/|a,| < 1/0 npu Bcex n > N. Ho Torna mjs
n > N u 2z u3 kpyra |z| < r OyAyT BBINOTHATHCS HEPABEHCTBA

n n r "
lanz" = lan|-|2" < (=) -

Y

9ro o3mauaer, uTo B Kpyre |z| < 7 wiaensr paga (3.1) MaxKOpUPYHOTCS T€OMETPU-
aeckoif mporpeccueit (r/0)", n > N. Ilockomeky r/o < 1, 1o pax > .- (r/o)"
CXOIIUTCS W 1O Mpu3HaKy Bediepmrpacca crenennoit psas (3.1) cxoaurcsa abCoIOTHO
U paBHOMEpPHO B Kpyre |z| < r. Taknm obpasom, yreep:K/ieHue (i) T0Ka3aHO.

Hna mokasarenbersa (i4) 3amerum, 9To eciu |z| > R, To B cuily onpeneseHus
BEPXHEro IpeJesia HaiileTcs MOANOoC/IeI0BaTeIbHOCTh HOMEPOB Ny, k = 1,2,.. .,
TaKas, 9To |ay, 2| > 1, HOCKOIBKY

1
|2

= lim {/|a,|.

n—oo

<

==

OTO 03HAYAET, YTO JJIsl PAIa ZZOZO G, 2" He BBINOJHIAETCH HEOOXOIUMOE YCJIOBHE
CXOJMMOCTHU U yTBepzKJeHue (ii) J0Ka3aHo.
Ipucrynas xk mokasareabcTBy (4i7), 3aMETUM IIPEKIE BCETO, ITO Pl

oo
E na,z" 1,
n=1

noJtyYeHublii mousenubiM auddepennuposanuem psa (3.1), uMeer TOT xKe paguyc
CXOJIUMOCTHU, UYTO U PAJ 220:1 na,z". OaHaxko, NoCKOIbKY lim, o, ¥/n =1, T0

— — 1
lim /nla,| = nh_{rgo Ve = =

n—00 R’

M PaJIyC CXO/UMOCTH 3TUX psiios Takxke pasen R. Ilycrs g(z) = Yoo na,z" '

Jist KaxK/10ro HarypasibHOro n 0603Hauum uepes S, (z) = ap+ar1z+...+an—12
qacTuunyio cymmy paza (3.1), a uepes Q,,(2) = > o, ayz* obosnaunm ocraTox sTO-
ro psaa. ITockonabKy S, MpeacTaBasier coboil TIOIMHOM, TO ABIAETCS TOJIOMOP(MHON
dyHKImeil, a ero mponsBoHast S, (z) sABAsSETCS YacTHIHON cyMMoit mpomuddepeH-
nupoBanHOro paga (3.1). Caenosarensro, S, (z) — g(z) npu n — oo 1 1060r0
z m3 kpyra |z| < R.

®dukcupyeM MPOW3BOILHO 2y, |29| < R, W IMyCTh T yIOBIETBOPAET HEPABEHCTBY
|20 < r < R. Hna z # zp u3 Kpyra |z| < T 4 HATYPaJbHOIO N UMEET MECTO

n—1
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PaBEHCTBO
HIZI) e - [W S )
z 20 > o
+ (S7.(20) — 9(20)) + %ZQOTL(ZO).

ITycts € > 0 dbukcuposano. Ilockonbky |z], |z0| < r, TO
— 2k
- [Sautzd
zZ— 20
oo
Zak =l b2+ 28| < Zk|ak\rk_1.
k=n

TIpaBas gacTh mocIeTHETO HEPABEHCTBA MPEACTABIAECT COO0H OCTATOK CXOIATIErOCs

Qn(z) - Qn (ZO)

zZ— 20

psma. ITosromy Haiigerca Takoit Homep Np, ITO

' Qn(2) — Qn(20)| _ €

< J—
zZ— 20 3
npu n > Ny, |z| < r. Hasnee, Haiifercs Takoii Homep Na, 4To
, 5
1S5 (20) — g(20)| < 3

upu n > Ny, Ilycrb renepp n > max{Ni, No}. U3 oupenesnenust npousBomHOil
S/ (z0) cremyer, uro maiinerca takoe § > 0, uro mpu 0 < |z — 29| < & Gymer
BbIIOJHATLCS HEPABEHCTBO

Sn(z) — Sn(z0) , 5
z— 2z Sn(20) 3
Takum obpasom, ecin |z| < ru 0 < |z — 2| < d, TO
S(z)— S
’(Z) (20) —g(20)| < e.
Z— 20

9ro nokaswviBaer quddepenuupyemocrs byuknuu S(z) u pasencrso S'(z) = g(z)
JUIs BCeX z U3 Kpyra |z| < R. O

3AMEYAHUE 3.1. Pasencrso (3.2) ussectno B nurTeparype kak dopmyna Ko-
i — A jamapa.

3AMEYAHUE 3.2. ITox Teopemoii Abesst (uim mepBoii Teopemoit AGesis) dacTo
nozpasymeBaercs yrsepxkaenue: ,Fciau pax (3.1) cxomurest B TOUKe 2g, TO OH CXO-
JIUTCsL aDCOJIFOTHO ¥ PABHOMEPHO B JII000M Kpyre |z| < r < |zg].“ D10 yTBepKIeHue
OYEBHHBIM 00Pa30M CJIELyeT U3 JOKA3AHHOTO BBILIE.

SAMEYAHUE 3.3. Ilpumensis JOKa3aHHYIO TEOPEMY K MPOU3BOJHON CYMMBI CTe-
HEHHOTO psifia, MojIydaeM roJoMopdHOcTh S’ (2) U pasjoxkeHue /i ee TPOU3BOIHOI

S"(z) = 2as + 6azz +....
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IloBTOpsig 3TOT MpOIECC, MPUXOAUM K OeCKOHEUHONH nmuddepEeHITUPYEMOCTH CyMMBbI
cTenenHoro psza (3.1) B Kpyre CXOAMMOCTH U PABEHCTBAM

1)! 2)!
S(")(z) = nla, + %anﬂz + %;')anﬁzg + ..,
n =1,2,.... B gactHOCTH, NIMEIOT MeCTO (POPMYJIbI

_ 5M)(0) S(2) = i S (0) n

Qg 1 5 ] z
n. n:

n=0
Hpyrumu cioBamu, S(z) umeer paszsoxenue B pan Teiinopa — Makjopena.

OkcnonenTa. Baxkueilimmvn cpoiictrBammu GyHKIMM €¥ B BEIIECTBEHHOM AHA-
JIu3€ SBJAIOTC MHBAPMAHTHOCTH OTHOCUTEIHHO JIubDEPEHIMPOBAHNS U YCJIOBUE
€*|z=0 = 1. Ilycrs dyukuus f ompexesnena Kak cymma CrerneHHOro pana f(z) =
ZZOZO anz™. Tompobyem momobparh KO3(PUIMEHTDI d, TAK, 9TOOBI BBIMOIHAINCH
yemosusi:  f'(z) = f(z) m f(0) = 1. Bropoe ycioBHe SKBUBAJIEHTHO DABEHCTBY
ap = 1. 3amedas TakxKe, 9TO B KPyre CXOJAMMOCTH CTEINEHHOIO PAJIa BBIIOJHAECT-
ca pasercrso f'(2) = Y07 na,2""!, UPUXOAUM K COOTHOLIEHUAM: Gp_1 = N,

n=1,2,.... 9T0 BMecTe C yCIOBHEeM ag = 1 MPUBOIMT K PaBEHCTBAM a, = 1/nl,
n=1,2,.... Takum 00pa3oM, €CTECTBEHHO MOKA3ATEIHHYIO (DYHKIIMIO OMPEIETUTh
KaK CyMMY CTENEeHHOTO DA
o0 Zn
e’ = g —. (3.3)
n!
n=0

Hockombky ¥/n! — co mpum n — oo, 10 pazx (3.3), Kak ciaegyer m3 TeopeMbr 3.1
CXOIUTCS BO BCeli KoMILIekcHO# miockocru. CrenoBaresibHO, paBeHCTBO (3.3) ompe-
nesier e kak rojmomopduyio B C dyukmuio. B ciaydae, korma z = x BemecTBeHHO,
Mbl mostyaaeMm psnx Teitnopa dyukiuu e u3 BemecTrBeHHOrO aHammsa. JIpyruvu
cjioBaMu, omnpejiesiennas paBeHcTBoM (3.3) dyHKuus e® sBisgercs MpPOAOJIZKEHUEM
BeIeCTBEHHOH (pyHKIHH €” B KOMILIEKCHYTO ILIOCKOCTD. BerecTBeHHOCTh K03 du-
LMEHTOB CTEIEeHHOro psja (3.3) NpUBOJAUT K paBeHCTBY €2 = ¢ OTMEeTUM elle OJHO
BazKHOE CBOHCTBO (PYHKIUU €7,
Teopema cioxenusi. [Ijist 100bIX 21, 2o € C BBITIOIHSIETCS PABEHCTBO

ef1tze — prip%2
JTOKABATEJILCTBO. @ukcupyem npousBoiabHO a € C u paccmorpum QyHKITHIO

g(z) = e*e®%. TlockombKy

g Beex z € C, 1o g(z) = const. 3amerum rakxke, uro g(0) = e®. CienoBaresbHO,
e’e?™% = e®. Iloyarast B 3TOM TOXKJIECTBE @ = 21+ 29 U 2 = z1, IPUXOIUM K TEOpeMe

CJIOZKeHudd. O

W3 Teopembl CI0KEHNsT, B YACTHOCTH, CJIEIYET TOXKIECTBO e“e” % = 1. D710 03Ha-
qaer, uro e* # 0 uu npu kKakom z € C u e™% = 1/e*. Jlanee, npuMeHeHrE TEOPEMbI
CIIOJKEHUA W TIpeACTaBlIeHne z = T + iy Jaer e = e%e”. C apyroit CTOpOHBI,
€l = e~y [e¥|? = eWe~W = 1. Cnenosarensho, |¢*| = ® = elfe2,
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Tpuronomerpudeckue dbyuknuu. OmHUM W3 TPEUMYIIECTB KOMILIEKCHOTO
aHAIN3a HABJISETCS TO, 9TO B HEM HAmDOJI€E MOJIHO PACKPBIBAIOTCS CBI3H MEKIY
ssleMeHTapHbIMU GyHKImsgMU. Mbl yke ormerusiu, 9To crenenHoit pss (3.3) saBis-
ercsd mpojokKenneM pana Teisopa s e® B KOMIJIEKCHYIO IJIOCKOCTb. B cBs3m
C 3TUM OIPABIAHO TAKXKE BBEJEHHE TPUTOHOMETPUYECKHUX (DYHKIWII [IOCPEICTBOM
PaBEHCTB

1 1% —1iz . 1 1% —1iz
cosz = —(e e , sinz = —(e” —e .
S ) 5 )
IIpu sToMm
=1 Z2 24 . o 23 2’5
Ccosz = _5—’_1_"" smz-z—g—i—ﬁ—

JIJ1s1 BEIIECTBEHHBIX 2z = & MBI MOJIy4YaeM psaabl Teitjopa cooTBeTCTBYIOMUX (HyHK-
Uil BEIECTBEHHOrO MepeMeHHoro. HemocpencTBeHHO U3 OnpeesieHusl KOCUHYCa U
cuHyca ciaeayer gopmyaa Iisepa

e'” = cosz +1isinz,
a TaKyKe OCHOBHOE TPHTOHOMETPHIECKOe TOXKIECTBO cos? z + sin? z = 1. Vcnomb3ys
TEOPEMY CJIOKEHUS JIJIsi SKCIIOHEHTHI, JIETKO BBIBOASATCSA (hOPMYJIBI

cos(a+b) = cosacosb—sinasinb, sin(a+b) = sinacosb + sinbcosa.

U3 pasjioxkenus B CTENEHHON st (MIM HEMOCPEACTBEHHO U3 OIPEIEICHHUSI ) CIEAYIOT
bOPMYIIBL JJIs TPOU3BOIHBIX

(sinz) = cosz, (cosz) = —sinz.

Kak u B BemecTBeHHOM aHAJIN3E, Yepe3 CHHYC W KOCHHYC BBOISATCS APYTHE TPHUTO-
HoMerpuueckue pyHKIWN: tg 2, ctg 2, . ... AHAJIOIrMYHO Yepe3 IKCIOHEHTY BBOIATCS
runepbosimdeckrne QyHKIUN

1 1
chz = i(ez +e7%), shz = E(ez —e 7).

Ilepuoaumanoctb. Bygaem rosoputh, uro dysnus f umeer nepuox ( € C,
ecan f(z+ () = f(2) mua Becex z € C. YenoBue Ha ¢ ObITb LEPUOAOM IKCIIOHEHTbI
BBIpaskaeTca paBeHcTBOM ¢ = e% mam e¢ = 1. Tomaras ¢ = & + i, monyJaem
yeaoust € = 0 m cosn + isinny = 1, orkyna waxomum 1 = 2km, k € Z. Taxkum
obpa3om, mepuoabl GYHKINN e Ompenenstorcs paBencTBoM ( = i2km, k € Z.

Jlorapudm. B BerecTBeHHOM aHAMM3E (DYHKIHS €¥ SIBIAETCA CTPOTO MOHOTOH-
HO BO3pACTAOIIell W MPUHUMAET MOJOKUTENbHbIe 3HadeHus. llosromy Inz ompe-
JIEeJISIeTCsl OJHO3HAYHO [Tl TIOJIOKUTEIHHBIX & U SBJISETCs MOHOTOHHOM (DyHKIHEH
HA HOJIOKUTETHHON 1MOIyocu. ECTecTBEHHO U B KOMILUIEKCHOM aHAJM3€ 1Moz In 2 mo-
HUMATH KOpeHb ypasrenmsi €5 = z. ITockombky e$ # 0 mu npu kakom ( € C, 10
norapudM Hynsa we onpegenen. Ilycrs Teneps ¢ = & + in. Torma pasencTso ¢ = 2z
SKBUBAJIEHTHO CHCTEMe

et = |z|, en = =
||
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Tleproe ypaBHeHWe MMeeT eMHCTBEHHOe perenne & = In |z|, rie moHMMaeTcs Berre-
CTBEHHBIH JioraprdM OT TOJOKUTEIHHOTO Yncia |z|. Bropoe ypaBHenne Bbiparaer
PABEHCTBO JBYX KOMILIEKCHBIX YHCEN C eAMHUIHBIM MOayseMm. Ilockosbky mo ¢dhop-
MyaaM Ditmepa € = cosn 4 isin?m, TO ¢ yU4eTOM TPHTOHOMETPHYIECKOH (hOPMEI
3aMuCy KOMILJIEKCHOTO YUCTIA 2 UMEEM

n = argz + 2km, ke,

TIe TO7 arg z TIOHMMAaeTCs HEeKOTOpoe 3Hadenne w3 Arg{z} (mampumep, 3HaueHmne
u3 npomexyTka (—m, 7] uin [0,27)). Takum obpaszom, mis moboro z € C, z # 0,
ypaBHeHHE ¢ = z uMeeT GECKOHEYHO MHOTO pelreHuil. X COBOKYIMHOCTH MOMKHO
MPEICTABUTH (POPMYJIOit

Ln{z} = In|z| + i Arg{z}.

Bce snauenus Ln{z} umeror omHy m Ty 2Ke BEIIECTBEHHYIO 9acTh In |z|, a MEEMBIE
YACTU JIBYX PA3IUYHBIX 3HAUYEHWH jorapudma oTiawdarrcsa Ha 2kw, k € Z. U3
CBOMCTB apryMeHTa KOMILIEKCHOT'O YHCJIa B BEIIeCTBEHHOrO Jiorapudma Cclenyer,
4TO

Ln{z122} = Ln{z1} + Ln{z}

IS TIOOBIX HEHYJIEBLIX KOMILIEKCHBIX 9HCET 2] U 22. DTO PABEHCTBO TAKXKe HEIO-
CPEJICTBEHHO CJIEIyeT U3 TeOPEMbI Coxkenus. JleficTBurensuo, mycts (1 € Ln{z },
(2 € Ln{z}. Torna

eC1tCz — Ciple — 2122,

T. €. (Cl + Cz) S LH{Zl,ZQ}.

Jonyctum Temnepb, 9To B HEKOTOpOi obsractu D C C ompenesiena HempepbIBHAS
dyukus ¢ = f(z), npuHEMaromas B Kaxk10i Touke z € D 3nadenue f(z) € Ln{z}.
Torma ef(¥) = 2 u MBI Gyem mas3eBATL f HEnpepveHol 6eMeEbo (I IPOCTO Gem-
6610) saozapupma 6 obaacmu D. Bynem tmcars f(z) = Ilnz, ecinu sicHo, 0 Kakoit
BeTBU uier peub. Paccmorpum ciygait obmactu D = C\R_, R_ = {z € R: x < 0}.
B 3r0it 061aCcTH MOXKHO BBIIENINTH BETBb arg z, KOTOPas NPUHUMAET 3HAYEHUs U3
unrepsana (—m, ). @yuxmua ¢ = Inz = In |z| 4 i arg z Gyner menpepwsHOl B D 1
obparnoit Kk pynkiuu z = ¢, oupesenennoit s nosoce | Im¢| < 7. o Teopeme 06
obpaTHOil GYHKIINN BBIIEIEHHAsT BETBB In z Oymer rosjomopduoit dyukiueit 8 D u

d ny — 1

20T el T
Bameuas, uro 1 + z pacnonoxeno 8 D = C\ R_ npu |z| < 1, MOxKHO paccMoTperhb
HenpepbiBHYIO BeTBb In(1 + 2) B equuuunom kpyre D = {z € C: |z| < 1}. Hauee,

d 1 oo
L n(1+2) = = S (—1)nan
dz n(l+2) 1+ 2 n=0( ) 2,

n—12z"

I7ie CTENeHHOM psiJi CXOMUTCs B equHuIHOM Kpyre D. Psax Y7 (—1) TaKKe
cxomuresa B D, a ero cymma S(z) aBigerca rojomopduoii dbyukiueit 8 D u S'(z2) =

oo o(—=1)"2™. Takum obpasom,

(In(1+2)—S(2)) =0
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1ist Beex z € D m no Teopeme 2.4 umeem In(1 + z) — S(z) = const B D. Oxnaxo,
In(1+ z)|.=0 = 0 = S(0)

U MBI IPUXOJUM K PABEHCTBY

o0

In(1+z) = > (-1)

n=1

n-12"

" .

KomnuiekcHbie crenieHn. Eciam ¢ u b — KOMIIEKCHBIE ducaa u a # 0, TO mom
a 6ymeM MOHMMATEL 3HAYEHHS W3 MHOYKECTBA

{ab} — ebLn{a}.

Hus b =n,n € Z, Bce 3uavenus n Ln{a} oramuatorcs apyr or apyra na 2kmni, k € 7Z,
U B CWJIy NMEPUOJUIHOCTH IKCIOHEHTHI {a™} COCTOUT M3 €MHCTBEHHOTO KOMILIEKC-
HOrO uncia. B caydae b = m/n tae m u n B3aMMHO IPOCTHIE HATYPAJILHBIE TUCIIA,
{a™/"} = {{/a™} umeer poBHO n pazmwumbIX 3Hawenuii. B obmactm D = C\ R_
MOYKHO PACCMOTPETH BETBb

Zb _ eblnz

)

re B KadecTBe In 2z BhIOpaHa BETBb, OMMCAHHAS BBIIIIE.

§ 4. KomMIuteKcHOoe MHTEerpupoBaHue

4.1. Narerpan m ero csoiicTBa. KoMmImekcHOe MHTErPUPOBAHUE SIBJISETCS
BaKHBIM WHCTPYMEHTOM B M3y4eHHU CBONCTB romomopdubix dyukimii. [Ipu satom,
KAK ¥ B BEIIECTBEHHOM AHAJIM3€, BO3HUKAET /1B HAIPABJIECHUS B MHTEIPUPOBAHUU.
OjiHO cBs3aHO ¢ nmOHsiTHEM CyMM PuMana u Urpaer posib OLpPeeIeHHOIO HHTerpa-
na. Bropoe cBsi3aHO ¢ MOHATHEM TTEPBOOOPA3HON W MOXKET PACCMATPUBATHCS KaK
onepanus, obparHasa auddepeHInpoOBaHIIO.

Haunem stor maparpad ¢ kparkoro o63opa moHsTnsa Kpusoit. Kak oOpasHo BbI-
pasuinca Qenuxc Kmeitn: ,Beakuit 3naer, 9To0 Takoe KpuBasi, MOKA HE BBIYIHUTCS
MaTeMaTUKe HACTOJIBKO, YTO BKOHEIl 3AIlyTAETCs B OECUYUCTEHHBIX UCKJIIOYCHUAX

YpaBHeHne KpuBOii 7y B TIOCKOCTH yAOOHO 33a7aTh B MapaMeTpudeckoil ¢gopme
x = xz(t), y = y(t), rue napamerp ¢t npoberaerT HEKOTOPLIH MPOMEKYTOK o < ¢ < 3,
a x(t) u y(t) aBusgoTcd HENpPepbIBHbIMYU (DYHKIMAMEU. B KOMIUIEKCHON 3amucu
z(t) = z(t) +iy(t). O6pa3 KpuBoOit Kak ToYedHOE MHOXKECTBO {2z = 2(t): a < ¢ < S}
SIBJISIETCS KOMIIAKTHBIM U CBsA3HBIM. OJIHAKO HE CJIelyeT OTOXK/IECTBISITh KPUBYIO C
1TuM MHOKECTBOM. QYeHb CyIIEeCTBEHHO, 9TO €€ TOYKH yIOPSI09E€HbI BO3PACTAHIEM
napamerpa t. Eciu Bozpacramowas neupepbiBuas dynkius t = ¢(7) orobpaxkaer
MPOMERYTOK 1 < 7 < 1 Ha o < ¢ < B, o z = z(p(T)) onpenmensier TOT XKe
HOPSIIOK TOUEK, 4TO z = z(t). B cBaA3m ¢ 3TuM oToOpakenue z = z(t) HA3BIBAIOT
nymem WINA napamempusayueli KpUBOK <y, & MOJ, CaMOW KpHUBOW MOHMMAIOT KJAcC
9KBUBAJIEHTHBIX TyTeii. IBa mytu z = 2(t), oy <t < f1, u ¢ = ((7), ag < 7 < Bo,
CUUTAIOTCSA IKEUBAAEHMHBLMAU, €CITH CYIECTBYET HEIPEPbIBHASI CTPOrO BO3PACTAIO-
was byukuus 7 = 7(t): [aq, B1] — [ag, B2] Takas, uro z(t) = ((7(t)) miua Bcex
te [041, ﬂl]
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Takum 0Opa3omM, 9T0OBI OIPEIeNTh KPUBYIO Y, JOCTATOYHO BHIOPATH MYyTh z =
2(t), a < t < 8, u3 kjacca sxkBuBajeHTHOCTU. Touka z((r) HA3BIBAETCH HAUAAOM
KpUBOIi, a ToUKa 2 () — KOHYOM KPUBO. DTO ONmpeJie/ieHue He 3aBUCUT OT BbIOODaA
nyTu u3 Kaacca sksuasienroctu. Ilyrs z = z(—t), —f < t < —q, uMeer TOT Ke
obpa3, 4ro u uyTh z = 2(t), @ < t < B, HO He saBusiercs KBUBaJEHTHbIM eMy. Co-
OTBETCTBYIOLLYIO KpUBYIO Oysem obo3nadars —7y (MHOLA UCIO/B3YIOT 0003HAUEHUE
~7) ¥ TOBOPUTH, UTO ITA KPUBAS MOJIY9IAETCA U3 Y CMEHOH Opuermayuu. Bymem
TaKKe TOBOPUTb, UTO Y U —7 SBJIAIOTCI NPOTMUCONOAONHCHO OPUEHIMUDPOCEIHHBLMU
kpuBbiMu. KpuBas + Ha3bIBAETCs 2/COPIah0601, €Cliu ee napamerpusanus z = z(t),
a <t < B, ynosnersopsier yciaosuio z(t1) # z(te) upu t # to. Kpusas v HazbiBaeT-
ca samrnymot, ecn z(a) = z(B). BamkHyTas KopAaHoBa KpuBast: z(a) = z(f), HO
2(t1) # z(t2) upm t1,te € [, B) U t1 # to. BaMKHYTYIO YKOPJIAHOBY KPUBYIO MOYKHO
paccMaTrpuBaTh KakK TONOJOTHYECKOE OTOOPAKEHHE OKPY?KHOCTH B IIJIOCKOCTD U IO
teopeme zKopmana oHa pa3dbWBaeT ILTOCKOCTH Ha aABe obmactu. Kpusyro v Oyaem
HA3bIBATH 24a0%K0(, eciu Hafimercs ee mapamerpusamus z = z(t) = z(t) + iy(t),
a < t < B3, KoTopast yaoBieTBopsieT yeaorusiM: x(t) n y(t) Hernpepbiero quddepen-
mupyeMsr Ha [, 8] u 2/(t) = 2/(t) + iy’ (t) # 0 opu Bcex ¢ € [, f]. IIpousBoxnmbie
Z'(a) m 2'() B KOHIIEBBIX TOYKAX TIOHMMAIOTCS KaK OJHOCTOPOHHHUE. 3aMETHM, Y4TO
Z'(t) aBnserca KacaTeJbHBIM BEKTOPDOM K KpuBoil v B Touke z(t). Hampasienue
BekTopa z’(t) cornmacoBano ¢ opuenTanueii Kpusoil. Eciu cymecrsyer napamerpu-
samus z = 2(t), @ < t < B, KpuBoil v u pazbuenne o = tg < t1 < ... < t, =
orpeska [«, ] rakue, uro Kpusble Vi, k = 1,...,n, ¢ napamerpusauueit z = z(t),
th—1 < t < tg, ABILIOTCS IVIAJKUME, TO 7Y HA3BIBAGTCH KYCOUHO-2A00%K0T KPUBOH U
nucarb Yy =41 +. .. + Y. B OCHOBHOM, MbI Oy1€eM UMETH 10 ¢ KyCOYHO-IJIAIKIMHU
KPUBBIMA.

Mycrs v: 2z = 2(t),a < t < B, —nekoropas kpusas B C. Ilox ee miunoii nmonu-
MAeTCA BeJIMYUHA,

Length(y) = sup ¢ D |z(t) — 2(te—1)| ¢
k=1

rIe cympemyM Oepercs mo BceM paszbuenusMm o = tg < t1 < ... < t, = [ oTpe3-
Ka [, f]. DTOT cympemyMm He 3aBHCHT OT BHIOOpA TApAMETPH3AINM W B CIIydae,
KOrJ[a OH KOHEYEH, KPWBAsS 7y HA3BIBAECTCH Cnpamasemoli. JlomycTum Temeph, 94TO
crpsMJsgeMasi KpuBas 7y pacmnojioxkena B obmactu D C C, B KOTOpOii Takke Ompe-
JeeHa HelpepbIBHAs KOMILTEKCHO3HAYHAsT pyHknusa f. Ias kaxmoro pa3bueHns
a=ty <ty <...<t, =/ pacCMOTPHUM [[Ba BHUJAa HUHTEIPATHHBIX CYyMM

SR — 2te1)) S FEE) ) — (b))
k=1

k=1

tae 7 € [tk—1,tk],k = 1,...,n. O6ozrauas z(t) = z(t) + iy(t), Azk = z(ty) —
(tp—1), Ayr = y(tg) — y(te—1), Az = Az +iAyg, k=1,...,n, a takke f(z) =
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u(z,y) + tv(z, y), HHTErpaJIbHBIE CYMMBL MOMKHO 3aIIMCATh B BUJIE

> () Az

k=1

[
M=

(u(z (), y(1h)) Azp — v(2 (%), y(T0)) Ayr)

=

_|_
- I

(u(@(mr), y()) Ayr + v(2(71), y(11) ) Ay ),
1

> FEm)Az] =D (u(x (i), y(7e) |A2k|+lz Y(7k))[Azg].
k=1

k=1

3
Il

3 Teopuyn KpHWBOJIMHEHHBIX WHTErPAJIOB TEPBOTO W BTOPOTO pPOJA CIEIyeT CyIIe-
CTBOBAHME TIPEJIEJIOB MHTErPAIBHBIX CyMM TIPH CTPEMJIEHUH K HYJIIO MaKCAMAJIbHON
JUTMHBI MHTEPBAJIOB pa3buenus [tg_1,tx]. Ilpu sTom

fz(m)) (2(tk) — 2(tk-1) %/uda:—vdy+z/udy+vdx
vy

P 2(t) — 2(t1)| = / uds + i / vds.

Y Y

\gE &MS

=~
Il

1

OTu npeaesbl Mbl OyJaeM 0003HAYATH COOTBETCTBEHHO

JEC I F O]

~

B canyqae, Korma v aBiasgeTcsS KyCOUYHO-TIIAIKON KPUBO, BRITUCIEHNE ITUX WHTETPa-
JIOB MOKHO CBECTH K JIMHEHHBIM MHTErpaJjiaM Mo ITapaMeTpU3yIoleMy ITPOMEeXKYTKY

[ 1z = i F)2( / F(2)ldz] = / F@) (8)dt.

Baxkneimum CBORCTBOM 9THX HHTETPAJIOB ABJISAETCS TO, 9TO UX 3HAYCHHUE HE 3aBUCAT
or BbIOOpa Mapamerpusanuu Kpusoit v. HeiicrBuresnsHo, eciu ¢ = ((7), a1 < 7 <
[1, — 9KBUBaJIEHTHAs IIapaMeTpusanus Kpusoii v, r.e. (1) = z(t(1)), rae t = (1),
a1 < 7 < B, dBisgercs HelnpepbiBHO auddepernnupyeMoil pyHKImeit, To

B B B1
/ F(2(8)2' (1)t = / St () (7)dr = / FC)C ()dr

OTrmeTnM TakKe HEKOTOPBIE CBOMCTBA ITUX MHTEIPAJIOB, KOTOPBIE HETTOCPEICTBEHHO
CIEeAYIOT U3 CBOWCTB KPUBOJUHENHBIX UHTETPAJIOB.
JInueiinoctb. Eciv f u g — aBe nenpepwisibie dyukuuu u a,b € C, 1o

/(af(z)+bg(z))dz - a/f(z)dz+b/g(z)dz

~
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A pguruBHocTh. Eciim v = v + 2, TO

/f(z)dz = /f(z)dz+/f(z)dz.

3aMeTnM, 9TO B paBEHCTBAX, BHIPAYKAIOIINX CBOWCTBA, IUHEHHOCTH W 8 INTHBHOCTH,
MOXKHO dz 3ameHuTb Ha |dz|. OxHaxo,

[ #e1as == [z [ seasl = [ sl

IIpumensisi HEPABEHCTBO TPEYTOJIBHUKA K HHTErPAJIbHBIM CyMMaM U IIePeX0/sd K Ipe-
Jety, Iojly4aeM TaKzKe HePpaBeHCTBO

[ ez < [ 1. (4.1)

Crnemyer oOpaTuTh BHUMAaHUE HA TO, YTO B JIEBOI U PaBOii 4acTsX HepaBeHcTBa (4.1)
CTOAT MHTETrPAJIbl pa3Hble O CTPYKType. Kpome Toro, mockombky

/ |dz| = Length(v),
]

TO

[ #eaz| < [17G)la:) < max] 1] Length(o).

Jpyroit acrekT MHTErpajibHOr0 MCYUCJIEHUST CBSA3AH C PACCMOTPEHUEM WHTETDHU-
poBaHMs Kak omepanuu, ooparHoii mud dbepennupoBannio. B cBs3u ¢ 3tum roso-
Mopduyio B obmactu D dyukimio F' Oyaem Ha3bIBaTh nepeoobpasnoti dyukiuu f,
eciu F'(z) = f(z) ana Beex z € D. JIpyrumu cjaoBamu, CyIIeCTBOBaHUE HEPBOOO-
pasuoil B D ana dyskuuu [ o3Hauaer, uyro f(z)dz asisercs noanoim dugddepen-
yuasom B obractu D. DTo yciioBre OKAa3bIBACTCS SKBUBAJIEHTHBIM HE3aBUCUMOCTH
uHTEerpaja or (pOpMbI IyTU B oOgacTu [, 9T0 MOKHO TakzKe c(OPMYyTUPOBATH KAK
PABEHCTBO HYJ/II0 MHTErpaJia 1o Jiroboil 3aMKHYTO# KpuBoit B obactu D.

TEOPEMA 4.1. ITycmov f — nenpepwisras 6 obaacmu D dynryus. Tozda umerom
MECNO CAEQYULUE YMBEPHCICHUA:

(i) Ecau f(z)dz asasemca noanwwm dupdepenyuarom 6 obaacmu D, mo das
A10601 3amrHymMoti Kycouno-24a0%017 kpusolti v C D ewnoansemca pacen-
cmeo

/f(z)dz = 0; (4.2)

(i) Ecau pasencmeo (4.2) ewnoansemes 0as a10600 3aMEHYMOT A0MaHOT 7,
pacnososicennoti 6 D, mo f(z)dz asasemes noanum dupdepernyuanom 6 06-
aacmu D.
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JLOKA3ATEJBCTBO. (i) Homyctum, uto f(z)dz smasiercss momubM muddepeH-
nuajoM B obnactu D, 1.e. cymecrByer romomopdras B D dyukiusa F Takasi, 9TO
F'(z) = f(2) nnst Beex z € D. Ecim v: z = 2(t), o < t < B, — KycOYHO-IIIaJIKast
KpuBas B obsactu D, To

B B
[z = [ e @i = [ LFG@) = FEE) - F@)

~

B uwacrHocTu, eciu v — 3amkHyTas kpubasi, T0 z(8) = z(«) U BBIIOIHAETCH DABEH-
crBo (4.2).

(#4) Jouycrum renepb, 4ro paBeHCTBO (4.2) BbIIOIHSAETCs [Jls JI000H 3aMKHYTOI
JIOMAHOI 7y, pacionozKennoi B D. 9o o3uauaer, uro uurerpai [, f(z)dz ne 3apucur
ot Bua joManoit A C D, a ompeesisgercs JUIlb HA9aJI0M U KOHIIOM 9TOM JIOMAHOIA.
Qukcupyem TOUKy a € D u onpeneanm byHKIHIO

F(z) = [ f(Q)dg,
/

rae A, — JOMaHasl, COeUuHsoNasa B 001acTi D TOUKY a ¢ TOUKOii 2 (T. €. a — HAYaIo0
9TOil JIOMaHOM, a z — ee KoHer). 3 reopembl 2.3 U CHAEIAHHBIX MPEIIOJIOKEHUIT
CJIeIyeT KOPPEKTHOCTh onpenenenns Gyukmun F. [Tokaxkem, 9To oHa rosomopdHa
B D u Boinosusierca paserctso F'(z) = f(z) mua Beex z € D.

IIycts 29 € D u € > 0. Ilockonbky D — OTKPBITOE MHOXKECTBO U f — HEIPEPHIB-
Hast yHknus, To Haiimercsa Takoe § > 0, uro Os(z9) C D u [f(z) — f(20)| < €
upu z € Os(zp). Torpa mua z € @5(20) B CHJIy CBOMCTBa aIJATHBHOCTH MHTEIPAJIA
Oy1eM UMeThb

F(2) - F(z) = / (O,
[20,2]

re [zg, 2] — OTPE30K, COEMMHSIIONINH TOUKN 2o W z. Jlajiee, ¢ y9eTOM paBeHCTBA

/ Fz0)dC = (= — 20) f(20)

[ZO,Z}
TOJTY 9a€eM
F(z) — F(20) 1 / € /
i Sl o VA = d¢| < d¢| = e.
)| = ey | [ O - feonac| < = [ 1aci =<
20,7] [20,2]
Orcioma ciefyer, 9To
F(z)-F
tim L L) ey,
Z—r20 zZ— 20
U Teopema JIOKa3aHa. O

IIpumep. Paccmorpum BaxKHBIH IpuMep, K KOTOPOMY B JaJdbHEHIIIEM MbI OyaemM
HeoqHOKpaTHO obpamarbed. Ilycrs f(z) = (z — a)”. Ecau n apigercd uenbim u
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HeoTpunareabubM, T0 byukmusa F(z) = (z —a)" ™! /(n + 1) 6yner nepsoobpasHoii
st f(z) Bo Beeit kommtekcHoit mnockoct C. ITosromy

/(z —a)"dz =0 (4.3)

~

Jutst J11000i#t 3aMkHyTOM KpuBoit v C C, eciun = 0,1,2,.... B cayuae n # —1 nesoro
orpunarensroro dbyuakmus f(z) = (z —a)™ 6yner romomopduoit B C\ {a} u F(z) =
(z—a)" "1 /(n+1) 6yner ee neppoobpasnoit B 310it ke obnactu. CienoBaTesnbHO, U
B 9TOM CJIy4ae paBeHCTBO (4.3) OymeT BBIMOTHATHCS JJis JTI000H 3aMKHYTON KPUBOIi
7, He TIpOXoJsIeli yepe3 Touky a. OruenbHo pasbepem caydaii n = —1. Jomycrum
BHAYAJIE, 4TO 3aMKHYTas KpuBas y pacnojioxkena B C\ L, riae L — nyd, BoIXOAAIIHUIL
u3 TOUKM a Ha 6ecKoHeIHOCTh. IlockoibKy B C\ L MOXKHO BBIIEIUTH HENPEPHIBHYIO
BeTBb arg(z — a) u, ciaenoBaresbho, Bersb F(z) = In(z —a), To dz/(z — a) aBngercs
nonubiM guddepenimanom B C\ L. Takum obpasom, Jis Takoit Kpusoit u n = —1
CHOBA BBINOJIHEHO paBeHCTBO (4.3).

Hakonel, paccMorpum B KadecTse 7y OKPY2KHOCTb C LIEHTPOM B TOYKe a. Byuem
CUUTATH, YTO OKPY2KHOCTb Y NOAOHCUMEALHO OPUEHTNUPOBANA, T.€. I[PU JBUZKe-
HUM TOYKH BJIOJb HEE KPYT, OTPAHWYEHHBIH 7, OCTaeTCs cjeBa. B mambHeiimeM B
Cllydae TakuX MPOCTBIX O0JacTeil, KaK KPYT, TPEyroJbHUK, MPAMOYTOJBHUK, O
HOJIOKUTETHHO OPUEHTUPOBAHHON rpanuIieil OyaemM IOHUMATh TaKOi 00X01 rpaHuy-
HOP KpPWBOM, KOIJ/Ia OrPAHAYEHHASA €10 00JIaCTh OCTAeTCs CjIeBa. 1acTo Takoe ompe-
JIeJIEHUE TIOJIOKUTEIHbHO OPUEHTUPOBAHHON PAHUIBI PACIPOCTPAHSIOT BILIOTH 0
JKOD/JIAHOBBIX O0J1acTell, XOTs 9TO HE BIOJHE CTPOro. I10/10KuTeIbHON OpueHTaIuY
OKPY?KHOCTH Y COOTBETCTBYeT mapameTpusanusa z = z(t) = a+re', 0 <t < 27, rae

r — pajimyc OKpyzKHOCTH 7. Ilpu sToM 2/ () = ire' u

27
d
/ c :i/dt:2m
z—a
o 0

4.2. Teopema Komu niis BeimykJoit obsractu. CyliecTByer HECKOIBKO Ba-
puanToB Teopembl Koiu, Koropbie o1/im4aiorcs OoJibliie B TOLOJIOIMYECKOM ILJIAHE,
a He B aHAJINTHYIECKOM KOoHTeKcTe. IloaToMy ecTecTBeHHO HadaTh ¢ Gojee MTPOCTOM
TONOJIOTUYIECKON CUTYAllnH.

TEOPEMA 4.2 (JIEMMA I'ypCA). ITycmo f — 2oaomopdnas 6 obaacmu D dym-
yusa u mpeyzoavhur A codeporcumncs 6 D emecme co ceéoum samvikanuem. Tozda

/f(Z)dz =0, (4.4)
OA

2de OA — NoAOHCUMENDHO OPUEHTNUPOBAHHAA 2PAHULG TPEY20rbHuKa /.

JIOKABATENLCTBO. Beenem s ynobersa obosmadenue I(A) = [, f(2)dz.
CoenuHss CepeMHbI CTOPOH TPEYTOMbHUKA A, Pa3’obbeM €ro Ha YeThIPE KOHTPY-
surabx Tpeyrompamka AL AM®W  Ouesuano, uro

I(A) = I(AW) 4 ...+ 1(AW),
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MMOCKOJIbKY WHTErPUPOBAHUE BJIOJIb KayKI0M OOIIEil CTOPOHBI ABYX CMEXKHBIX TPE-
YTOJILHUKOB MPOBOIUTCS B O0OMX HAMPABJIEHUAX, & MOTOMY COKparaercs. U3 mo-
creHero pasercTsa ciaeayer, uro cpeqm A A® majinercs Tpeyronsuuk, 060-
3HAYUM ero Aq, 1Jisi KOTOPOro

1A > 7).

1 4
Teneps pazobbem A Ha YeTbIPe KOHIPYIHTHBIX TPEYrOJIbHUKA Ag ), ce A(l ) 1t BoI-
O6epeM u3 HUX Ag Tak, 9TOObI BBIIOIHSIIOCH HEPABEHCTBO

1 1
[1(A2)] > Z|I(A1)| > 47|I(A)|

IIpogomzKas 3TOT HPOIecc, HOAYyYUM IOCIeI0BATEIbHOCTL BIIOKEHHBIX TPEyIrOJb-
HukoB A D A1 D As D ..., VIOBIETBOPAOIIAX YCIAOBUIO

1
[H(An)] = IH(A)]-

Jlerko BUIETH, YTO MEHTPHI TPEYTOILHUKOB A, n= 1,2, ..., 00pa3yrT yHIaMEH-
TAJILHYIO MOC/IEI0BATEILHOCTD, & €€ TPEJIET 2% MPUHAJIEKUT BCEM TPEyTOJbHUKAM
A,

g npoussosbaoro € > 0 Boibepem 0 > 0 Tak, 4robbr okpectHOCTE Os(2*)
conepzkanach B obmacti D u npu z € O5(z*) BBIIOIHIIOCH HEPABEHCTBO

f(z) = F(z")

_ / Z* < €
e B CY
NN, 9TO 9KBUBAJIEHTHO,
() = (") = (5 = 20 ()] < el = 2°]

Ilycrs | — nmepumerp tpeyrombauka A. Torma mepumerp Tpeyrojbauka A, Oymer
pasen [ - 27" n = 1,2,..., u Haiimerca takoit Homep N, uro A, C Os(z*) upmu
n > N. Boibepem teneps n > N u, HCIOAB3ys COOTHOIIEHUS

/ dz = 0, /(z—z*)dz:07

oA, 0N,

KOTOpbIE SBJIMIOTCA CAEACTBUEM TOro, u4ro dz u (2 — z*)dz mnpexacraBisior coboil
nonabie quddepennnansl 8 C, momygaem

1@l =| [ £z =| [ (1) - 1) - =il <e [ J-slidal.

Ay, 0Ay

TMockonbky z* pacnosioxkena BuyTpu A,, 10 Jya z € 0A, Beauuuna |z — z*| ne
IPEBBIIIAET IIEPUMETPa TPEYroJabHUKa Ay, T.e. Beamuunsl [ - 27", Ho Torma ms
€110c06a MOCTPOCHH TPEYTONbHUKOB A, U IOJIyYE€HHOIO BbIIIE HEPABEHCTBA UMEEM

1 . el el?
S <e [1e-le < 5 [ 1al= 5
OA, 17ANY

Otcrona cieyer mepaserctso |I(A)| < el?, Kotopoe B cuty TpOU3BOTLHOCTH € > ()
Bieder paseHcrso [(A) = 0. Teopema gokasaHa. ]
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TEOPEMA 4.3 (YCWJIEHWE JEMMBI IVPCA). ITyems D — obaacme 6 Komnaerc-
noti naockocmu C u a € D. Jlonycmum maxoce, wmo pyukyus [ 20s0moppra 6
D\ {a} u nenpepuena 6 D. Tozda dasn 406020 mpeyzorvrura A, pacnosorcennozo
BMECTNE CO C8OUM 3ambikaruem 6 D, umeem mecmo pasencmeo (4.4).

JIOKABATEJIBLCTBO. B ciydae, Korma ToYKa @ JIEXKWT BHE TPEYroJbHUKA A,
yTBep:kIeHue cieayer u3 reopembl 4.2. Ecnu a sBiasgercs BepPIUHONE TPEYTOIBHAKA
A, TO IpoBesieM cieyolue paccykiaenus. IlycTb 21, 2o, 23 — BEPIITHHBL TPEYTOJIb-
Huka A u a = z1. Torna aua A € (0,1) paccmorpum paszbuenue A Ha TPEyrOJbHUKM:
Aj ¢ BeplMHAMY 21, 25, 25, T]e

2h = (1= N\)z1 + Aza, 2 = (1= N)21 + Azs,

Ay ¢ BepUIMHAMU 22, 25, 25 1 A3 C BEPIINHAME 2o, 25, 3. IIOCKONBKY

/f(z)dz: /f(z)dz+/f(z)dz+/f(z)dz
oA

OA, OAo A3

U 110 JIOKA3aHHOMY IIOCJIE/IHUE JIBA WHTerpaJja paBHbL HYJIIO, TO

/ f(2)dz = / £(2)dz.
OA

[27AN1

Onxako
/ f(z)dz| < meai<|f(z)| -Length(0A1) = X~ meai<|f(z)| - Length(0A) — 0
Ay

mpu A — 0.

B cnyuae, Korzma To4Ka @ JIEXKAT Ha OJHOM M3 CTOPOH TPEYTrOJIbHUKA A WM BHYT-
pu ero, J0Ka3aTelbCTBO YTBEPXKJIACHUA CBOJAUTCA K IPEAbLIYIIEMY CJydalo I1oCpe-
CTBOM pa30HMeHHs HCXOJHOIO TPEYrOJbHUKA, COCIUHSAS ¢ C BEPIIMHAME 21, 22, 23.
Teopema moxkasama. a

TEOPEMA 4.4. ITycmv D — swinykaas obaacms 6 Komnaercrot naockocmu C u
a € D. Jonycmum maxoice, wmo dynrkyus f 20aomopdna 6 D\{a} u nenpepwena 6
D. Toeda f(z)dz — noanviii duddepernyuan 6 obaacmu D u das 410600 3amrnymot
KYCOUHO-2Aa0K0T KPUBOYT Y, pacnoaodcennol 6 obaacmu D, 6binosnaemcs pasen-

cmeo
/f(z)dz = 0.
b

JOKABATEJILCTBO. Ilockombky D aBisieTCS BBITYKJIBIM MHOMKECTBOM, TO JJIS
J06oro z € D oTpe3ok [a, z] comep:KuTcest B D 1 MBI MOXKeM ONpeaeanTh BhyHKIINIO

F(z) = [ F(Q)dC.
[a,2]

Tlokaxkem, aro I aBiserca mepBoobOpas3Hoii mias f B oomactu D. JleficTrBUTe bHO,
ecnd zp € D, to maitnerca okpecrnocts Or(z9) C D u ms soboro z € O (zp)
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TPEYTOILHUK A ¢ BepIIUHAMHI B TOYKAX a, 2o, 2 OymeT pacnojoxed B D. ITo Teope-
me 4.3

[ £ =

A

C Jpyroii CTOPOHBI, B CUJIy CBOHCTBA JIMTUBHOCTH WHTEIPATIA

[ #c = /f o+ [ et [ 0 = Py -Fe+ [ 10
A [a.20] 2,a]

[20,2] [20,2]

7, CJIeI0BATEeIhHO, KaK W TPHU JOKA3ATEILCTBE TeopeMbl 4.1 nMeeM pPaBeHCTBO

F(2) - Flz) = / F(Q)dC.

[ZO 72]

TTosToMy, TOBTOpSASE COOTBETCTBYIOIIME PACCYKICHHS W3 JIOKA3ATETHCTBA TEOPE-
Mot 4.1, nonygaem quddepennupyemocrs dbyukiun F u pasencrso F'(z9) = f(z).
Teopema mokazama. a

SAMEYAHUE 4.1. TokazaHHasi TeopeMa O3Ha4daeT, 4ro ecau f rosomopdHa B
obmactu D, To sokambHo f(z)dz sBasieTcs MomHbIM AndbEpeHIanom, ToCKOIbKY
mobast Touka zg u3 D TPUHAIIEKUT OOJACTH BMECTE C HEKOTOPOH OKPECTHOCTHIO
O, (zp), KoTOpasi ABJsieTcs BBIMYKJIOH. Ilo JOKa3aHHON Teopeme B TOI OKPECTHO-
CTH MOYKHO ONpeNe/uTh mepBoobpaszuyio F mus f. C apyroit cTOpoHBI, mpumep
dyukmun f(z) =1/(z — a), ronomopduoii B C\ {a}, nokasbiBaer, 9T0 He s BCEX
3aMKHYTBIX KPUBBIX 7y B 9TOH 06JaCTH WHTErpast f7 dz/(z — a) paBeH HyJ0, T.€. B
9TOM CJIy9ae HEJb3s ONPENETUTD MEPBOOOPA3HYI0 CPady BO Beeil obacTh.

SAMEYAHUE 4.2. Ilpu nokaszareabcTBe TEOPEMbI HCIOJIb30BAIOCH JIUIIH TO, 9TO
obsiacrb D Bblnykaa, pyHkiys f HenpepbiBHa B D 1 MHTErPaJl 110 IPAHULE JIFOOOro
TpeyroibHUKa A, pacmosokeHHoro B D, paBeH HyJIiO.

§ 5. Nurerpan Komm

Kaxk 06n110 okazano B maparpade 3, CyMMa CTeNeHHOTO PSAIa TPEICTABISET CO-
60it TOIOMOPdHYIO (DYHKITNIO B KPyTre CXOAUMOCTH psana. JIpyroi crmocob mosmy deH s
roJIOMOP(MHBIX (DYHKIUH Iaer Caenyiomas KOHCTPYKITUS.

IIycTh v — KycodHO-TUIaIKasi KpUBas U (o — 3aJaHHast HA Hell HenpepbiBHast hyHK-
nus. Torma BbIpakeHue

271'2 sz

Ha3bIBAIOT UHME2PANOM, Kowu ¢ mioTHOCTBIO @.

TEOPEMA 5.1 (CBOWCTBA MHTEIPAJIA Komun). ITyems v — Kycouno-znadkas
KPUBas u o — Henpepuenai Pynxyus, onpedesennas wa y. Tozda dasn kascdozo
n=12,... pynxuyus

Faae) = [ (2

Y
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asasemes 20a0mopdrot 6 C\ 7y, u 66NOAHANMCA PABEHCTNEA
' (. _ .
Fn(za L)O) - nFnJrl(Zv(p)'

JIOKABATEJILCTBO. [lokaxkem BHadJaje HenpepbiBHOCTH (yukiuu Fj. Ilycts
20 — npousBosbHag To9ka u3 C\y u § > 0 BEIOpaHO MEHbIIE MOJIOBUHBI PACCTOSHUS
or 2o 10 v. Torma misa z € Os(2¢) Oyuem umersb

Fy(5:0) — Fieoi )] = |5 — 2ol | [ 295 <o o)k [ 1g(0)llac).
T2 =) 25 |

Y

Orciofa ciejiyer HenpepbiBHOCTL F] B TOUYKe zj.
3aMeruM Ternepb, 9TO OTHOILIEHHUE IIPUPAICHUI

Fi(z9) = Fi(z0,0) _ /(C pQOdC (Z (<) >

z— 2o —2)(¢ — #0) (-2

UMeeT Ty 2Ke CTPYKTypy, 4ro u Fy, uo ¢ nnornocrsio ¢(€)/((—zp). CnenoBareibho,
OHA HENPEpbIBHA B TOYKE 20 H

lim A(zi¢) — Filz0i9) = lim Fy <z; Ld > = F <ZQ;S0 > = Fy(z0;p).
z—20 Z— 29 z2— 20 ¢— 2o ¢ — 2o
Takum o6pasom, rosiomopduocts dyukuuu F(z; ¢) u pasencrso Fy(z;¢) = Fo(z;9)
JTOKA3aHBI.

Bocnonbsyemcest Teneps METOIOM MATEMATUYECKOW MHJIYKIUH M JOILyCTHM, 9TO
romomopduocts Gyukimu F,_1(z; ) n paBercTBo

!

n—1(z9) = (n = 1) Fu(z;9)
JOKazaHbl. Torma m3 mpeacTaBIeHus

1 1
Fn(z’w) 7Fn(20a50) = /<(C—Z>n - (C_Z)n_l(C_ZO)> SD(C)dC

Y

+/(<—2)751 ¢ —20) / ¢—zo)"

Y

_ W(Z B Zo)/ p(C)d¢

(€ =2)™(¢ = 20)

14 '
Foo1| 2 —F,_ j
* 1<ZC—ZO> l(zo C—ZO>

crienyer HenpepbiBHOCTE byHKINN Fy,(z;¢). JleficTBUTENbHO, OTDAHWYEHHOCTh MH-
TerpaJia, KOTOpbIii CTOUT MHOXKUTEJIEM MpH (2 —2( ), yCTAHABJIUBAETCA B OKPECTHOCTH
TOYKH Z( KaK W MPU JIOKA3aTEhCTBE HEMPEPBIBHOCTH F, a HEMPepbIBHOCTL Fj,_q
“MeeM TIO MpE/NOIoKennio nHAyKinn. Jlanee, n3 paBeHCTBa

)

P _ ¥
Fn(Z,gD) — Fn(ZO;SO) _F <Z © > N anl <Z7 C — Zo> anl <ZO7 < — ZO)
n ’C

zZ— 20 — 20 zZ— 20
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JIOKA3aHHOI HEMPEPBIBHOCTHU F), U MPE/IMOJIOKEHNIT HHITYKIUHU ITOJIy9aeM TOJI0MOPdh-
Hocrh (byukuuu F, (2;¢) u BBIIOJIHEHUE COOTHOIIECHNS

FrlL(ZO;QO) =F, (Z0§ §fzo> + (n_ 1)Fn (Z0§ CipZ()) = Tan.H(Zo;(,O)-

Teopema mokazama. a

CJENCTBUE 5.1. Unmeepar Kowu

npedemasasnem coboti beckonewno dudiepenyupyemyro pynxyuto 6 C\~y. Ipu smom

oas ecex z € C\y un=1,2,... 60lNOAHANMCA PAEEHCTNEG
: ©)
() " / 1 dc. 5.1
(2) 2ri ) (¢ — z)ntt ¢ (5.1)

Y

JLOKABATEJBLCTBO. Ilpexke Bcero 3amMmeTuMm, 9TO

F() = 5=Fi(s:0),

Tosromy dbyukuus F ssiusiercst romomopduoit B C\ v u

1
F'(z) = %F2(Z;<P)~

Dynkuus Fy(z; @), a cnenoBarensuo u F'(z), rakxke siBsiercst roaoMopdHOi u

2!

F//
(=) =55

F3(z; ).
Ilo naaykIuy nmomydaem 6eckoredHyto auddepenmupyemMocts QyHkinn F' 1 paBen-

CTBa
n!

F(n)(z) = i nt1(2;30),

n=1,2,..., Koropble KBuBaIeHTHLL (5.1). O

TEOPEMA 5.2 (IHTEI'PAJILHAA ®@OPMYJIA Komm st KPYraA). ITyemo [ —
2onomoppnas 6 obaacmu D dynkuyua u kpye Or(a) emecme co C60UM 3AMBKAHUEM
codeporcumea 6 D. Tozda das ecex z € Op(a) suinosnsemes pasencmeo

1[5
16) = 5= [ 4
Yr

20e 7y, — NOAOKHCUMEADHO 0PUEHMUPOSaHHas eparuya kpyza O, (a).

JLOKABATEJBLCTBO. Ilycrs z € O,(a) dukcuposano u R > 0 takoe, uro r < R
u Op(a) C D. Torna dyuxius
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6yzner romomopduoit B Og(a) \ {z} u g(¢) — f/(2) upu ¢ — z. CnemoBarenbHo, MO
teopeme Kot nyist BeImykJioii obactu 4.4 mMeeT MecTo paBeHCTBO

/ 4()dc = 0,

KOTOpPOE MOYKHO 3alucaTh B BUJIE

Q. dg
Yr Yr
B cuny croiicts uaterpana Komm dbyuxmms

p(z) = /Cdfz

siprsiercs rosomopduoit B kpyre O,.(a) u

, d
@(z):/(c_cz)gzoa

Yr

nockonbKy d¢ /(¢ —2)? — nonmbiit muddepentman B C\{z}. Crenosarensho, p(z) =
const. B kpyre O,.(a). C apyroii cTopoHbI,

d
ola) = /C—Ca = 2mi,
Tr

Kak ObL1o mokasaHo panee. Takum obpasom, ¢(z) = 2mi B O,(a) u Teopema JoKa-
3aHa. O

TEOPEMA 5.3. Toaomoppras 6 obracmu D dynxyua [ asasemces beckoneumo
dudpepenyupyemots 6 amot obaacmu. IIpu amom 6 xpyze O,(a), xKomopwvid codep-
orcumces 6 obaacmu D emecme co c60UM 3aMBIKGHUEM, UMENOM MECTMO PAGEHCTMEG
n! f(Q)d¢

f(")(z):% (TS n=12..., (5.2)

Tr

20e Y, — NOAVAHCUMEADHO 0PUEHMUPOSaHHas eparuya kpyza O, (a).

JIOKABATEJILCTBO. Ilycts a € D u O,(a) conepxurcs B obnactu D BMecTe co
CBOEIi TI0JIOKUTEIBHO OPUEHTUPOBaHHO# rpanuneit v, = 00, (a). Torma unrerpaib-
nag dopmysa Ko jpya dyuxmuu f 8 O,.(a) npunumaer Bu

1) = 5 [ 2ac

9o o3nauaer, uyro f(z) asiagerca unrerpajom Kommu B kpyre O,.(a) ¢ IWIOTHOCTHIO
©(¢) = f(¢). Mo cneacreuio 5.1 bynkuus f(z) saBnsercs 6eckonedro quddepen-
mupyemoii B O,(a), a dopmyna (5.1) ans npoussopnbix npunumaer suz (5.2) u
YTBEPK/IEHHE JTOKAZAHO. O



JIEKIIMU 10 T®KII 35

3AMEYAHUE 5.1. Pasencrro (5.2) Ha3bIBaeTCs unmezpasbrol gopmyaoti Kowu
048 Npoudeodusir. OHO MOKA3BIBAET, YTO HE TOJIHKO cama rooMopdHas dyHKIus,
HO W ee TPOW3BOJAHBIE, BOCCTAHABIMUBAIOTCS BHYTPHM KPYTa JIHIIL MO TPAHWIHBIM
3Ha4YeHNIM (DYHKIUH.

Cuenyromuii pe3yabrar 10 (GOpMyJUPOBKE B HEKOTOPOM CMBIC/IE SBJISETCH 00-
parabIM K Teopeme Korrm.

TEOPEMA 5.4 (MOPEPA). IIycmo [ — nenpepuisnan 6 obaacmu D dynryus u
MaKaA, ¥Mo 0aa 4106020 mpeyzosvHuka A, pacnososcennozo 6 D emecme co c6oum
3AMBIKAHUEM, BBINOSHAEMCS PABEHCTNEO

/f(z)dz = 0.
oA

Tozda f seasemcs zonomopdroti pymnryuet 6 obaacmu D,

JIOKABATEJILCTBO. [TockOIbKY CBOWCTBO TOJIOMOP(MHOCTH SBJISETCS JIOKAJb-
HBIM, TO JOCTATOYHO J0KA3aTh, YTO MPU CAEJAHHBIX MPEIIOJOKEHUIX (DYHKITHS
f ronomopdHa B HEKOTOPOIT OKPECTHOCTH KaxKA0# Touku obiactu D. ®@ukcupyem
npoussosibio a € D u nycrb O,(a) C D. Kak u npu jokazarejbcrBe Teope-
mbr 4.4 Ko gy Boinykiioii obiacru (cM. Takzke 3amedanue 4.2) ¢ UCI0JIb30BAHMU-
€M IPEJIOJIOKEH S O PABEHCTBE HYJII0 HHTErPAJIa 10 MPAHUIE JI000r0 TPpeyroabHu-
Ka, pacuosioxkennoro B O, (a), nosydaem yrsepxjenue o oM, 4o f(z)dz aBisercs
nonubM auddepernnanom B O, (a). CrenoBarensHo, f siBisieTcst TOIOMOPdOHON B
O, (a), TOCKOIBKY TPENCTABIAET COBOM TPOM3BOMHYIO OT TOJIOMOPMOHOIN hyHKIHH.
Teopema goka3ana. a

TEOPEMA 5.5 (O CPEOHEM). ITycmo f — 2oa0mopprasn 6 obaacmu D Pynxyus

u Or(a) C D. Tozda
27
f@) = — [ fla+re?)d
27 '
0
JOKABATEJIBLCTBO. B cuiy teopemsbr 5.2 umeer MecTo paBeHCTBO

_ 1[4
flo) = 5= [ e
Ir

rie 7y, — HOJIOKUTEIbHO opueHTupoBanHas rpanuna kpyra O,(a). Boibupas mis
OKpyzKHOCTH 7, mapamerpmsanuio ( = a + 7€', 0 < § < 27, npuxoauM K yTBep-
KJIEHUIO TEOPEMBI. O

§ 6. Psan Teittopa n TeopeMa eMHCTBEHHOCTH

Hame onpenenenune rosomopduoii (uam anamurudeckoit) dyHnkuuu 6a3uposa-
JIOCh Ha, CBOICTBE KOMILIEKCHOM muddepennupyemoctu. Vmeercss apyroit moaxom K
OTIPEJIEJIEHUIO AHAJIUTUIECKON (DYHKIMM, OCHOBAHHBIN HA MPEICTABIECHUN €€ B BHUJIE
CYMMBI CTETIEHHOT'O PSAJIa B OKPECTHOCTH Kaxk 10 Touku obmacru. Cremyromiuii pe-
3yJBTAT MOKA3BIBAET, 9TO 00a ITH MOAXOA MPUBOAAT K OJHOMY U TOMY K€ KIACCY
dyHKITHTIH.
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TEOPEMA 6.1. ITycmv f — eonomopdran 6 obaacmu D dynxyus u zg — npo-
uzeoavhas mowka obaacmu D. Tozda 6 mwobom kpyee Op(z9) C D Pynryua f
npedcmasuma 6 6ude CYMMbL CLOOAULL20CH CNENEHH020 PAJa

o0

fz) = enlz—20)", (6.1)

n=0
KOIPPOUUUEHMBL KOMOPO20 BVINUCAAIOMCA TVO POPMYAGM

ﬂme

Cpn = ]
n:

: (6.2)

n=12,....

JIOKA3ATEJBCTBO. Hdomycrum saagane, arto O, (z9) C D, mwnycrs v = 00, (z0)—
TIOJIOYKUTETHHO OpreHTHpoBanHas rpannna kpyra O,.(zg). Torma f nmeer npeacras-
senne B O, (zp) naTerpambHoil dhopmysoit Korm

27m C—z

Husa duxcuposannoro z € O,.(zo) aupo Kowwu 1/(( — z) paznoxum B psiz

1 1 > (z—z
— = Z = On
C z (C_ZO)(l—CZO) o Zo +1°

TlockonbKy 15t Bcex ( € <y BBINOJIHAETCSH HEPABEHCTBO

Z— 20

¢ — 20

_ |z — 2|

<1,

r

TO MOJIYIE€HHBIH P CXOANTCS PABHOMEPHO TI0 ( € vy B CUJy Mpu3Haka BeiiepmTpac-
ca. Ce0BaTeIbHO, TOT PsIJi MOKHO TIOYUIEHHO HHTEIPUPOBATH HA, Y. Y MHOMKAS €T0
Ha HerpepbiBHY©O GyHKIWO f(()/(27) ¥ BHINOIHSS TOYIEHHOE WHTEIPHUPOBAHNUE,
OPUXOJUM K PABEHCTBY

1 f(¢ n

n=0 5
B cuny waTerpanbuoit ¢popmysst Kormu qis mpon3BOIHBIX

1 f(©) _ ™ (20)
2mi | (¢ — zo)"H! dc = nl

n=12...
Ocraercs 3ameruTh, 4r0 Kodbdunuenrs! (6.2) psiga (6.1) He 3aBUCAT HE OT TOY-
KW z, HU OT BBIOOpa OKpy:KHOCTH . Ilosromy psn (6.1) cxoamres u ero cymma

coBrazaer ¢ gpyukuueii f B ao6om kpyre O,.(2g), KOTOPbI cogepKuTcs B 061aCTH
D. O



JIEKIIMU 10 T®KII 37

3AMEYAHUE 6.1. Pan (6.1), ko3 dunuenTsr KOTOpOro BEIYUCIAIOTCA 0 (Hop-
mymnam (6.2), wasbiBaerca padom Tetinopa dbyHKIMU f B OKPECTHOCTH TOYKH Z(.
Kpowme Toro, ecmu dynkmus f npexcrasuma B Bujge psanga (6.1) B HEKOTOPOM Kpy-
re O,(zp), T0 K03(bunUEHTDI psifia, OAHO3HAYHO onpeesiiorcsa dhopmyaamu (6.2),
Kak ObLTO OKa3aHo B 3aMedanun K TeopeMe 3.1. JIpyrumu cioBaMu, Ipe/cTaBieHue
romomopdHOH GYHKIUE B BHIE CyMMBI PsiZIa IO CTeneHsaM (2 — zg) eIUHCTBEHHO.

Ilennie dbyuknum u reopema JInyBuiuis.

ONPEAENEHUE 6.1. Tonomopduas Bo Bceit komiurekcnoit miockocru C dynk-
1ust f HA3BIBAETCS UeAod.

K 1iesibiv hyHKIHSAM OTHOCATCS MTOJIMHOMBI, IKCIIOHEHTA, CHHYC, KOCUHYC U JIPY-
rue. VI3 Teopembl 0 pasioxkennn rofoMopdHoi GyHKIT B paa Teimopa cpaldy xe
creyer, 9ro neayo pyHKnuo f MOXKHO HPEJICTABUTH CTEMEHHBIM PsIOM

o0
= E cn2",
n=0

KOTOPBI cxomauTcst BO Beeir komitekcHoit mockoctu C. IIpu srom koaddunments
PsA/ia BBIYUCIAIOTCS 0 popMytam

2m/<n+1d§, n=012,...,

TIe YR — HMOJOXKNTEIbHO OPHEHTUPOBAHHAA OKPYXKHOCTH pajmyca R ¢ IeHTpoMm B
HavaJje KOOp/IuHaT.

Cuieyromnuii pe3yabTaT MOKA3bIBAET, 9TO OrPAHMYEHUE HA POCT eSO QyHKIMN
TaK2Ke CYIIeCTBEHHO BjudeT Ha ee BU/I.

TEOPEMA 6.2. ITycmo f — ueaas pyuryua u das nexkomopor M >0, 7 > 0 u
UEN020 HEOMPUYAMENLHOZ0 T BLINONHALTNCA HEPABEHCTNEO

[f(2)] < Mz|™
npu |z| = r. Toeda [ a6asemMCAs NOAUHOMOM CTIENEHU He BbLULE, HEM TN.

ChaencTBUE 6.1 (TEOPEMA JINYBUILIA). Leaas ozpanuvennan Gynkyus mo-
2HCOCCMEEHHO NOCTNOANNG,

JOKABATEJBCTBO. Ilycts R > r u Y — MOJIOKUTETHHO OPUEHTUPOBAHHAS OK-
pyxuocth |(| = R. Kak ormedasioch Bblie, f MOXKHO MPEJICTABUTH CTEIEHHBIM
pagoM f(z) = D07 2", KO3hOHIHEHTE! KOTOPOrO BBIMUCIAIOTCA 10 (hOpMyIaM

QWZ/C”“CK’ n=012....

HpI/I CAEJITAHHDBIX IIPEAIIOIOKEHUAX BBIIIOJTHAIOTCA HEPABEHCTBA

MR™ m—n.
len| < Rn+127rR MR n=0,1,2,....
Ectu n > m+1, 7o R™™™ — 0 upu R — oo u ¢, = 0. Dro ozuauaer, 4ro f

ABJIAETCA IIOJITMHOMOM CTEIIeHHW He BbIIIEe, YeM M. O
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Hynu ronomopdnoii byHKnun u TeopemMa eJMHCTBEHHOCTH.
Touka a € C naswiBaercs uyiaem dbyukmmn f, ecan f(a) = 0.

ONPEJNENEHUE 6.2. ITopadkom (wmu xpammocmoio) uyns a € C dbynximuu f,
rOJIOMOP(HOI B ITOM TOYKE, HA3HIBAETCH HAMMEHBIUN HOMED OTJUYHON OT HYJIs
npoussozamoii f (™) (a). JpyruMu ciaoBamu, TOYKA a ABJjsiercs HyjgeMm dbyHKImu f
nopsaka m, ecn f(a) = f'(a) = ... = f"D(a) =0, f™)(a) # 0.

N3 dopmyn gnaa xkoadduimentos psima Teitmopa ciaeayer, 9TO MOPSIIOK HYJs
COBIIA/IA€T C HAWMEHBIINM HOMEPOM OTJIMYHOIO OT HyJisd Kodddunmenta Teitopos-
CKOT'O pa3jioykeHus (PyHKIMU B OKPECTHOCTH 3T0# Touku. 1Ipu srom, ecinu a — mHyiib
6eckoneunoro nopszaka, 1o f(z) = 0 B nekoropoii okpecruocru O,(a). C upyroit
CTOPOHbI, €CJIM @ — HyJlb KOHEYHOIO LOPsiJiKa m, 10 Haiigercs okpecruocrs Os(a),
0 > 0, B KoTOpO#l HeT Hyel GyHKIunu f, OTIUIHBIX OT a. Je#CTBUTENIHHO, B HEKO-
ropoii okpecraoctu O,.(a) dbyukuus f npeacrasuma psagom Teitiopa

f(2) = (=)™ Y cmrnlz — @) = (z —a)"p(2),
k=0

rae ¢ —ronomopduas B O, (a) byskuus u ¢(a) = ¢, # 0. B cuny menpepbis-
Hocru byHKIWMK @ Haligerca okpectHocTb Os(a), B KOTOPOI ¢ He obpaliaercs B
Hysib. B cuity orcyrcrBus mesmresieil Hyls B mojie KOMIUIEKCHBIX uuces f(z) # 0 B
pokosoToit okpectroct Og(a).

3amMeruM, 9TO B BEIECTBEHHOM AHAJIN3€E CUTYAllUs C HYJSIMU U MPEICTABICHUEM
6eckoneuno auddepermupyemoit GyHknyum ee psiaom Teitiopa KapauHAILHO OTJIU-
gaercd. Kiiaccuueckum NpuMepoM sBjisercsd (pyHKIus

—1/z?
)

e ectu  x # 0,

0, ecim z =0,

KOTOpasi IMEET B OKPECTHOCTU TOUYKHU psia Teilsiopa ¢ HyneBbIiMU KO3(hMUITHEHTAMH,
HO obOparlaercs B HyJIb JIMNIb B camMoil Touke x = 0.

TEOPEMA 6.3 (EAUHCTBEHHOCTH). Ecau dee zosomopdrvie 6 obaacmu D ¢y-
nxyuu f u g cosnadarom ma mroocecmee E | Komopoe umeem xomsa Ov. 00Hy npe-
deavnyto mouky a, npunadsesicaugyro obaacmu D, mo f(z) = g(z) ecrdy 6 D.

JIOKABATEJLCTBO. Paccmorpum dynkuuio h(z) = f(z) — g(z), koropas siB-
nsercs romoMopdHOit B obnactu D m obparaerca B HyIb Ha MHOXKecTBe F, a B
CHJIy HEIPEPLIBHOCTH M B TOYKe a. Ham HyxHO Jokazarb, 4ro h(z) = 0. Ilycrs
(Q — mHO2KecTBO HyJiell GpyHkuuu h B obiactu D. BHyTpeHHOCTb 3TOr0 MHOXKECTBA
obozuauum 4epe3 Gp. dpyrumu cioBamu, ( € G1 B TOM U TOJBKO TOM CJIy4ae,
ecn Hadinercss okpectHocTh O,((), B KoTOpOit h o6pamaercs B Hyb. Ilo camomy
onpesenenno G SBISETCS OTKPHITBIM MHOXKecTBoM 1 G C D. Ilycre Gy = D\ Gy
U TIOKaxKeM, 9T0 (G5 TaKIKe sIBJISETCS OTKPBITHIM MHOXKECTBOM, T. €. KaXKIasd TOUKA
npuHaaiexRuT (Go ¢ HEKOTOPOH OKPECTHOCTHIO. /leiCTBUTENIFHO, B TPOTUBHOM CJTy-
qae HekoTopas Todyka ( u3 G 6buia Ob1 mpeaenbuoit Toukoi nysteit dyukmuu h. Ho
TOTJIA, KaK [MOKA3BIBAIOT PACCYKJEHUs, TPOBEJIEHHbIE Tepe] (hOpMyTupPOBKOIi Teo-
pembl, ( HEe MOXKET OBITh HyJIEM KOHEYHOH KPATHOCTH M HAILIACH ObI OKPECTHOCTH
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9TOI TOYKH, B KOTOpOil h obpamaercs B Hyab. Ho 310 o3nauaso 0w, uto ( € Gy.
Urak, D = G1 UGy, tme G; nu G2 — OTKpPBITHIE HEIepeceKalonmecss MHOXKeCTBa. B
cuy ces3Hoctu D oguo u3 MHOxKecTB G min G 1012KHO ObITh nycThiM. C npyroii
CTOPOHBI, TOYKA ¢ SIBJASETCS MPEIebHON TOUYKOM Hymelt pyHknmm h u, caegoBa-
resibHO, npuHaie)kuT G1. B pesynbrare, Go = @ u G; = D, 410 U JOKa3bIBAET
Teopemy. O

CHEACTBUE 6.2. Ecau f(z) Z 0 20m0moppna 6 obaacmu D, mo ece ee nyau
UBOAUPOBAHDL U KOHEUHO20 NOPAJKG.

§ 7. Nanekc. O6mias dpopma TeopeMbl
Kommu u naTerpaapuoi dpopmyasr Korrm

s manwbueiimero pacmmupenus: Teopembl Komu Ham morpedyercs BBECTH HEKO-
TOpPBIE TOMOJOTUIECKHNE TTOHATHS.

7.1. Ilpuparmenue aprymeHTa BAoJib KpuBoii. Wuaekc. Ilycts v: z =
2(t), a < t < B, — KyCcoyHO-T/IaJKas KpUBasi, HE MPOXOAMAINA YEPe3 HAYAIO KOOD-
muHat. Torma ompenenen wHTErpas

B
dz _ [ Z(1)
2(t)

BeisicHuM reomerpuuecknii cMbICa ero MEUMOI dactu. Ilycrs d = dist(y,0) — pac-
CTOsIHHE OT 7y /10 Hadaja KoopauHaT. IToCKOIbKY z(t) sB/IseTCs pABHOMEPHO HErpe-
pbIBHOI dbyHKIHME HA OTpe3Ke [, 3], TO HalimeTca Takoe & > 0, uro |z(t') — z(¢")| <
d/2 mpu |t' — | < §. Bemmosanm pasbuenue tg = a < t; < ... < t, = [ orpe3ka
[, B] Tak, urobbl (t — tx—1) < 0 Jya Beex k = 1,...,n. D10 pasdbueHue MHLIY-
[UPYeT PA3JIOKEHne KPUBOH Y B CyMMY YT ¥ = Y1 + ... + Vp, TA€ Yg: 2 = 2(t),
tp—1 < t < tg. Yepes Ay oboznauum kpyr O,.(z(tr)) ¢ nenrpom B z(t)) u paguycom
r = d/2. U3 ycnoBus na pasbuenue cuaenyer, uro v C Ak, k = 1,...,n. Kpowme
TOro, paccrosgame oT Toukn z = 0 10 Kaxkaoro kpyra Ay ue menbme d/2. D10 103-
BOJISIET B KaskJOM Kpyre Ay OMpEJIeNTh HENPEePHIBHYIO BETBb arg(y # (B KasKI0M
CBOIO) H, CJIeJIOBATENBHO, PEryJIsAPHYIO BeTBDb Jorapudma Ing,) 2 = In [2] + i arg, z,
Koropast Oyzer neppoobpasHoil dbyHkun 1/z B Ay. Vcmonab3yst cBOHCTBO auTHB-
HOCTHW WHTErpaJa, MmoIydaeM

S

= 3 ()] — I fo(te)]) + 1 3 (argy 2(t) — arggy 2(ti1))

k=1 k=1
B

+1 ar
a Z & 1) t

rJe B MOCTENHEH CyMMe MOJ, aPryMEHTOM NOHMMAETCd TJIABHOE 3HAYEHUE W3 WMH-
tepsana (—m, ). B neiicturenpuoctu, pasnocts (arg gy z(tk) — arg g 2(tk—1)) ne

=1In

k 1
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3aBHCUT OT BbIOOpa BeTBH aprymenta. Cymma
n
z(t
> arg S
o Abe)

BBIparkaer mpupainenne aprymenta z(t) (B pagnanHoii Mepe), Korja z(t) mpoberaer
KpuByIo 7. Kak m panee, TOBOPOT BEKTOpa MPOTUB JIBUKEHUS UaCOBOU CTPEJKU
CYATAETCS TIOJIOKATETHHBIM. B CBSI3M ¢ 9TUMU PACCyKICHUSAME BBEJIEM CJIEIyIOee
IIOHdTHe.

OUuPEJEJEHUE 7.1. Ilycts v — KyCcOYHO-T/IaKasd KPUBAasi, HE MPOXOIAIIAs {e-
pe3 rouky z = 0. Ilpupaueruem apeymenma z 6004b KPUBOT y HAZHIBAETCS BEJIH-
quHA

d
Ajargz = Im/—z.
z
v

3aMeTuM, 9TO B ITUX TEPMUHAX

z(P)
z(a)

dz
z

= In

’ +iA, arg 2.

¥
B caydae 3aMKHYTO# KPHUBOIi Y UMEET MECTO PABEHCTBO

dz
— = iA,argz,
z

Y

a camo mpupalenue aprymenTta A, arg z KpaTHo 2.

Homycrum Tenepb, uro Kpusad v: z = 2(t), a < t < (3, pacnoyoxena B 06/1acTH
D, B koropoii onpezesena rojomopduas dbyukius w = f(z). Ecau xkpome Toro
f(z) 20 na v, To kpuBasa I' = f(7): w = f(2(¢)), a < t < B, He Gyzer npoxoauTh
yepe3 Touky w = 0. Ilosromy ompenenena BenumdumHa Ar argw, KOTOpyo Oymem
HA3bIBATL NPUpauenuem apzymenma dyruxyuyu f 6doav kpueoli ¥ u 0603HAYATH
A, arg f(z). HemocpencrBeHHO u3 ompemesieHus IOy daeM

B
Avargf(Z)ZIm/(ZU:Im/J;((zZ((:))))Z/(t)dt:Im/J;((zz))dz’
T @ K
T. €
A, arg f(2) = Tm / J} ((j)) &, (7.1)

U3 (7.1) cpasy ke ciemyer, 4To i JHOOOr0 KOMILIEKCHOIO 4ucia ¢ # 0 umeer
MEeCTO PaBEHCTBO

Ay arg(cf(z)) = Ay arg f(z).

OrMeruM erre OHO TaK HA3bIBAEMOE 102aPUPMUNECKOE C80TCMEBO TPUPAIIIEHUST ap-
ryMeHTa (PyHKIUU BIIOJIb KPUBOIA.
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JIEMMA 7.1. IIycmos v — KYycouno-2aa0kas Kpu6as, pacnosodicennas 6 obaacmu
D, 6 xomopot onpedeaenv, zonomoppuvie pynwyuu f1 u fo. Jonycmum makorce,
ymo f1 u fo ne obpawaromes 6 nyav wa y. Tozda

Ay arg(fi(2)f2(2)) = Ay arg fi(2) + A, arg fa(2).

JIOKA3BATEJILCTBO. U3 dopmyint (7.1) u npasuia muddepeHupoBanus mIpo-
U3BEeJIeHUs CJIEIYET, U4TO

Ay arg(fi(2)f2(2)) = Im/Mdz

fi(2) f2(2) + f1(2) f5(2)

= Im/ dz
)fz( )

= A, arg fi(z) + A, arg f2(2),

u JeMMa JJ0Ka3aHa. O
U3 (7.1) u cBoiicTB uHTErpaia Tak:XKe ClIelLyer, 9YTo
1
A_yarg f(z) = —Aarg f(2), A, arg% = —A,arg f(2).

Bsemem B paccMOTpeHHE elne OIHO BajKHOE MOHATHE, KOTOPOE XapaKTepU3yeT
COOTHOIIIEHNE MeKIy 3aMKHYTON KPWBOM W TOYKOU BHe 3Toi Kpupoil. Ecmm v —
3aMKHyTasl KyCOYHO-TJIJKas KpUBas, He MPOXOAAIasa depe3 TOUKy a, 10 f(z) =
z — a gBasgerca rosoMopdHON dyHKIHEH, KOTOpas He OOpAaIlaeTcs B Hy/Ib HA 7.
IlosTomy ompenesiena BesimanHa,

Ay arg(z —a) = Im/

Z—CL

TlockombKY KpUBas ¥ 3aMKHYTA, TO 9TA BETUINHA KPATHA 27, & BENIECTBEHHAS JaCTh
WHTErpaJja B MPABOH YaCTU TMOCJETHETO PABEHCTBA paBHA HYJIIO.

ONPEAEJIEHUE 7.2. IlycTh 7 — 3aMKHyTas KyCOTHO-TIQIKasA KPUBAs, He IPOX0-
JSmas depes TouKy a. Toraa undexcom TOUKE @ OTHOCHTETLHO KPHBOI Y HA3LIBA-
€TCsT IUCITO

1 dz
omi | z—a
5

‘](77 a) =
W3 npeabIayIero cjiemyer, 9TO BeJIUINHA,
J(v,a) = = A, arg(z — a)
a) = — ar zZ—Qa
’75 271' Yy g

SABJISIETCS TEJIOUNCIIEHHOM 1 BBIPAarKaeT IUCJIO 000POTOB BEKTOPA, COEIMHSIOIIErO a
C TOUKOIi z, KOrjia oHa 06xoauT KpuBylo v. VHorga J(7, a) Ha3bIBAIOT TaKkKe 1opad-
KOM KPUB0l 7y OTHOCUTEIHLHO TOYKHU . HemocpeIcTBeHHO U3 OMpeIe/ieH s WHIEK A,
U CBOICTB MHTErpasia cieiyer paseucrso J(—vy,a) = —J(v, a). [Iposenennbie panee
BBIYUCJIEHUS TOKA3BIBAIOT TAKKE, U4TO €CJIU Y — MOJIOXKUTETbHO OPUEHTUPOBAHHAS
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OKPYZKHOCTH C IEHTPOM B TOUKE @, TO J(y,a) = 1. DTuM OOBSCHSETCS TEpMUH
,JTOJIOKUTETHHO OPUEHTHPOBAHHA " .

Jlns samMrHyTO# KpuBoii y gonomHenwe C \ v ABIATCA OTKPBITHIM MHOXKECTBOM,
a MaKcHMabHbIE CBA3HBIC moaMHOoKecTBa B C \ 7y TpeacTaBasioT coboif 0bIacT I
HA3bIBAIOTCA KOMNOHEHMamy ceaznocmu ponoanenus C\ .

TEOPEMA 7.1. Ilycmob v — 3amrnymasn Kycouno-zaadkas xpusas. Tozda dymx-
yua z — J(7,2) ABAALMCA UYEAOWUCAEHHOT U NOCTNOAHHOU 6 KaxHCOOT KOMNOHEHME
ceasnocmu donoanernua C\ . Kpome mozo, undexc o6pausaemca 6 Hyab 60 6Heul-
Hel KoMnonenme céA3nocmu (codeporcauieti beckoneuwno Yyoarennyo mouxy).

JIOKA3ATEJILCTBO. 3ameuas, 9410 J (7, ) MOXKHO PACCMATPUBATH KAK MHTEPAJI
Ko ¢ mmoTHOCTBIO, TOK/IECTBEHHO paBHOii 1, momydaem 6eckoredHyio auddepen-
uupyemoctb J (7, z) U paBeHCTBO

d 1 d¢
£J(’Y,Z) = o (C_Z)g'
S
Mockombky d¢/(¢ — 2)? smasierca nomubiv auddepennmanom s C\ {2}, To npasas
9JacTh MOCJIEHEr0 paBeHCTBa obpamraercst B Hyab. CremoBaresnbHo, J (7, z) = const
B KaxK70il KoMIoHeHTe cBsisHOcTH MHOXKecTBa C \ 7.
Pasencrso unjekca Hym0 BO BHemHeil komnonente ceasuoctu C \ v ciaexyer u3

€r0 IMOCTOSHCTBA, B 3TOM KOMIOHEHTE CBA3HOCTH M TOrO, 9TO MHTETPAJI

E

CTPEMUTCA K HYJIIO TPA 2 — OQ. 0O

7.2. Ob6mas dopma reopembr Konm. Kax 06110 yecranossaeno B reopeme 4.4,
ecau dyukius f rosmomopdHA B BBITYKJIOH objaactu D, TO pe3ysbTaT €e WHTErPH-
pOBaHMs MO JII000H 3aMKHYTON KPHUBOIT Y, pACIOIOXKeHHOH B D, paBen mymio. [ljs
MPOU3BOJIBHON obnacTu D B TakoM BHUE Pe3yabTAT He MMeeT MeCTa, Ha 9TO yKa-
3bIBAaET npuMep Kosbla 1 < |z — a| < 2 u rosmomopdHOii B 3TOM KoJible DYHKIIUK
f(z) =1/(z—a). B cB=3u ¢ 91uM ecTecTBEHHO BO3HUKAET JBA BOIPOCA: JJisi KAKOIO
KJ1acca obsracreit D ocTaercs BepHBIM 3aKJiOdeHne Teopembl 4.4 u, eciau 0071acThb
D upousBosibHA, TO JIJisi KAKOIO CeMEHCTBA 3aMKHYTHIX KPUBBIX HHTEIPAJ OT I'OJIO-
vopduoit B D dbyuknuu pasen nyaw? Ilpexzae, uem chOpMyInpoBATH OTBET HA
MTOCTABJIEHHBIE BOIPOCHI, JOKAYKEM OJIHO BCIIOMOTATEIhHOE YTBEDIKIEHNE U MpHUBe-
JleM HEKOTODbIE OIIPe/IeJIeHNUSI.

JIEMMA 7.2. ITycmov f — 20n0mopdprasn 6 obracmu D dynryusa. Tozda dynxyus
f(Q) = f(z)
9(¢,2) = (—=

F(z),  ecm (=2

bydem nenpepvierol 6 D X D, a das 410001 Kkpueot 7y, pacnososcennot 6 D,

hz) = / 9(C, 2)dc

~

ecu  ( # z,
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oydem zoaomopproti 6 D dynryued.

JIOKABATEJIbCTBO. Jlokaxkem BHadaje HeupepbiBHOCTb ¢((,2) Kak QyHKuuu
IByX mepemenubix B D x D. B rourax (o, z0) mpu (g # 2o HEMPEPHIBHOCThH OYe-
BUHA, TIOCKOJBKY 3TO SIBJISIETCS CJIEICTBHEM HENPEPBIBHOCTHA YACTHOrO TMpHU HE 00-
paimienun B HyJIb 3HaMeHaress. llycts Temeph zg € D u pacCMOTpHUM TTOBEIECHUE
dyukuun ¢(¢, z) B okpecTHOCTH TOUKU (20, 20). Bbibepem r > 0 MeHbIIE PacCTOs-
HUsL OT zg 10 rpanutbl 0D obaactu D. Torna B 3amkuyToMm Kpyre O,.(zo) dbyHkuus
f Oymer mpencraBuMa abCOTIOTHO ¥ PABHOMEPHO CXOAAIMMMCS psiaoM Teitmopa

f(2) = co+eci(z—20) + ez —20)2 + ...

Mostomy s ¢, z € O, (z9) umeem
F(Q)=F(z) = al(-2) +ch ¢ —20)" = (2 — 20)"]

= (- { (20 +ch (S 1+(C—z0)"_2(z—z0)+...+(z—zo)"_l]}
u jasee

FO = fG)

9(6.2) ~ atan. )] = |11

oo
< Z |cn|m"”_1
n=2

3ameuasi, 4TO Psifl B PABOI YACTHU MOCIEIHETO HEPABEHCTBA, CTPEMUTCS K HYJIIO [TPH
r — 0, IPUXOANM K HempepbIBHOCTH (DYHKINK g B TOUKE (2, 20)-

IMokaxkewm Temnepb, 4To yHKIUs h saBisercs rogoMopdHoit B obmactu D. CaoBa
duxrcupyem zop € D u r > 0 1ak, 4yrobbt O,(29) C D. Hua 1106000 TpeyroibHuKa
A, pacnonoxenuoro B O,.(zp) BMeCTe CO CBONM 3aMBIKAHWEM WMeeM

/h(z)dz = / /g((,z)d( dz :/ /g(gz)dz dc.

o0A 0A Yy Y A

3aMeHa mopsika HHTErpupOBaHus OOOCHOBAHA HEIPEPBIBHOCTLIO (DyHKIUK §. 3ame-
UM Tenepb, 4ro g((, z)dz asuserca nonubiM quddepennuanom B O, (zg). Iloaromy

/g(QZ)dZ =0

oA

/ h(z)dz =
OA

CuaenoBaresnbho, 110 Teopeme Mopepa 5.4 dyukuus h ronomopdua B O,.(29), a no-
CKOJIbKY Z( BBIOMPAIOCH MPOU3BOJBHLIM B ), TO MOIy<IaeM TOJI0oMOPGPHOCTDL PyHK-
muu h Bo Bceil obnactu D. m]

ans Becex ¢ € D. Ho Torma u
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Bsenem Tenepn HekoTopbie moHsATHA U onpenenenus. 1lycts vy, . .., Y, — 3aMKHY-
TbIe KyCOYHO-TJIaJIKHe KpuBble u ki, ..., k, —uenbe guciaa. PopMaibHyO CymMMy
I'=Fkiv1+...,kyyn Oynem HA3BIBATH YuKAOM. Bymem roBoputh, 9T0O muka I pac-
nosioxken B obsactu D, ecmn y; C D, j=1,...,n. B caygae, xorga I' pacmosoxken
B D, a f —uenpepbiBHasg B D dyHKIHUs, 01 HHTErpajgoM or GyHKIUA f 1O UKy

I" Oymem monuMaTh
/f(z)dz = ij/f(z)dz.
r =y,

Takum obpasom, eciiu k — HaTypaiabHoe ducio, 1o (—k)y = k(—).

Onpenenedye uHTErpaia MO LUKJY [I03BOJIET BBECTH IOHATUE HWHIEKCA TOYKU
orHocuresibHo uukia. BEemu I'= kv + ... kv —uukin u a € T (1. e. a He jexur
HUM HA OJHOMN U3 KPUBBIX Y1, ..., Vn), TO

n

J(T,a) =Y k;J(v;,a).

j=1

OuPEJAEJIEHUE 7.3. Ilycrs I' —muki, pacnosoxenusiit B obmactu D. Byaem
TFOBOPHTH, 4TO IHKJI I' 2omono2uyven nyato ommuocumenvno obaacmu D u nucarb

I'~0 (mod D),

ecaun J(I',a) = 0 mis Bcex Touek a € D.

TeoPEMA 7.2 (Oblag Koum). Tyems D — obaacms 6 C u I' — yuxa, 2omo-
A02UNHBIT HYA0 omHuocumesvho obaacmu D. Tozda das 410600 20a0omopdroti 6 D
dynxyuu [ cnpasedausol caedyrousue Yymeeparcienus:

(i) ecau z € D\T, mo

J@wﬁ@)=?L/
N

)

/()
%

211

(i) ewinoansemcsa pasercmeo

J}@mczo

JOKABATEJBLCTBO. Ilycrs f —ronomopduas B obnacru D pyukuus. Paccmor-
pum B D X D dyHKmo

f(cc). : £(2)7 ecJ C 7& Z,

fl(z)’ ecm ¢ =z,

W3 semmbl 7.2 cinenyer, uro g HenpepsiBHa HA D X D, a byHkuus

g(Cv Z) =

Wz) = — [ g(¢,2)dc

T 9mi
T

ABJIsIETCS TOIOMOPGHOI B obnactu D.



JIEKIIMU 10 T®KII 45
Paccmorpum Temepb OTKPBITOE MHOZXKECTBO
Q ={zeC\TI: JI,z) = 0}

U OIpeesuM Ha HeM (DYHKITHIO

- M

B cuny cBoiicts unterpana Kommu dyukius hg asiasercs rogomopdnuoit Ha Q. Kpo-
me Toro, u3z ycaosus I' ~ 0 (mod D) caenyer, yuro C\ D C Q u g z € QN D
UMEEeT MECTO PABEHCTBO

r

CrietoBaTenbHO, TOIaras

Fl2) = h(z) wpu z€ D,
| ho(z2) mpm zeC\D,

mostygaem tenyio dyukmuio. [Ipu sTom

lim F(z) = lim ho(z) = 0.
Z—r 00 Z—00
Orcroma, B 9aCTHOCTH, CJIEIyeT OTPAHUYEeHHOCTH (yHKInu F, u mo teopeme Jlu-
yeusuis 6.1 moamy4aem F(z) = 0. PasencrBo h(z) = 0 9KBUBAJIEHTHO YTBEPIKICHUIO
(1) u3 HOPMyYIMPOBKHU TEOPEMBI.
YrBepxkaenue (i) caenyer u3s (i) npumenenueM K dyuxmmu fi(z) = (z — a) f(z),
rie a — npousBoiibHasg Touka uz D\ I'. eiicrBuresnbho,

0= J(T,a)fi(a Qm/ ! " 2mi /f

U TeopeMa JOKa3aHa. 0

CaencTtBuE 7.1 (TEoPEMA Kowm /14 OJHOCBA3HON OBJACTH). ITycmo
D — o0HoceasHas 06aGemd U Y — 3AMEHYMAA KYCOWHO-2A00KAA KPUBAS, PACTOAO-
orcennas 6 D. Tozda das 410600 2oaomopdroti 6 D dynkuuu f evnosnsemcs pa-

B6EHCTNEB0
[ e -
J

JIOKABATEJIbLCTBO. 3amMernM, 9TO €C/AU TOYKA ¢ ¢ D), TO OHA TPUHAIJIEIKUT
BHeIIHeil KoMIoHenTe casHocTn MuOxkecTBa C \ 7, mockombky C\ D ceasuo. Ilo-
TOMYy 7y 0Opa3yer IUKJI, TOMOJIOTHIHbBINA HYII0 oTHOCHTEbHO obmactu D. Ho Torma
yTBEPXKEHHUE CJIeJCTBUS CJeLyeT u3 IyHKTa (i) TeopeMbl 7.2. o
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s apyroro cieactsus obieit opmbr Teopembl Kormu wam morpebyercst of-
HO ompezenenne. IlycTh 7 —3aMKHyTast KyCOYHO-TIAKAs 2KOPIAaHOBa KpuBas. 1o
teopeme ZKopaana ona pazbusaer Bcio mockocts C Ha mBe obmacTu, OgHa U3 KOTO-
PbIX OrDAaHMY€EHA W HA3bIBAETCS BHYTPEHHEl, a APYyras He OrPAHNYEHA U HA3bIBAETCS
HermHeil. Ilpm aTom v aBngerca obreit rpanureit 3tux obmacreit. Kak ObLmo 1mo-
KazaHo Bbiue, J(v,2z) = 0 jg1s Todek z u3 BHemHeill obmactu. MOXKHO HOKa3aTh
(MBI HE OyIeM 3TOrO AeIaTh, MOCKOIbKY B KaXKJOM KOHKPETHOM CIydae 3TO MPOBe-
PSETCsT HETTOCPEICTBEHHBIM BBIUUCIEHUEM UJIU JIETKO CJIEIYET W3 M€OMETPUIECKOrO
CMBICJIA MHJEKCA), 9TO B CIydae, KOTJa z JIEXKUT BO BHYTPEHHEH 00/1aCTH, UHJIEKC
J(7, z) moxer paBusTbca 1 wam -1. Hanpumep, eciim v — OKPY’KHOCTb € LEHTPOM
B TOYKE @ W €€ MMapaMeTpu3alis TAKOBA, YTO MPU BO3PACTAHUU MAPAMETPA TOYKA
JIBUKETCS [0 OKPYZKHOCTHU, OCTaBJisgs Kpyr (061acTb, OrpaHUYEHHYTO 7y) CJeBa, TO
J(v,a) = 1. Drum 0ObsCHSIETCS MPOMCXOXKIEHUE TEPMUHA "IOJOKUTEIHHO OPH-
eHTHpOBaHHas Ipanuua". B gasbHeillneMm 1oz, OJI0:KUTEJIbHOR OpHeHTalueil 3a-
MKHYTOH KyCOYHO-TJIJIKOM KOP/IAaHOBO¥M KPUBOM 7y MbI Oy/eM IMOHUMATh TAKyIO ee
mapaMeTpu3aImnio, mpu KoTopoit J(7, z) = 1 ais Touek z W3 BHYTPEHHeH 00IacTH.

ONPEAENEHUE 7.4. Bynem rosopurs, 4ro nuki I' = v —y1 —. .. —p, e y; —
KYCOYHO-TUIaJIKNe 3aMKHYThIE YKOPJAHOBBI KPUBbBIE C MTOJIOKUTEILHON OpUEHTAIIHeiH,
orpannauBaer obsacts D, eciu ' aBaserca rpanuneit odmactu D u

1 mpu ze€D,

J(I,z) = _
(r'2) 0 wmpu ze€C\D,

IIpu sTom I' Ha3BIBAETCA MOMOKATETHHO OPUEHTUPOBAHHOM rpanuteit obractu D u
rakzke obozHadaercs 0D.

CnencTBuE 7.2 (TEOPEMA Kol AJ1s MHOTOCBSI3HOM OBJACTHU). ITycmo
' —yuxra, oepanuvusarowut obracmo D, u f — 2onomopdras Gynxyus 6 obracmu
D', xomopasa codepacum samwmranue D. Tozda

F/ F(2)dz = 0.

JLOKA3ATENBLCTBO. Ilo ycnoeuio I' ~ 0 (mod D’) u yTBepKaeHwme ciemnyer u3
nyHkra (i) Teopemsr 7.2. o

CHEACTBUE 7.3 (MHTEIPAJIbHASL ®OPMYJIA KOLU J1)Isi MHOIOCBSI3HOM OB-
JIACTU). B ycaosuax npedvidyuezo caedemeus dan ecex z € D evnoansemcs pa-
6EHCMNE0

1 [Q
16) = 5= [ 54 (72)
r
a makotce 0aA 6cexn = 1,2,... UMEEM MECMO PAGEHCTNEO AL NPOU3BOOHVLL
M) () — L’/ f(Q)d¢
1) = g0 [ (7.9

JIOKA3BATEJILCTBO. Papencrso (7.2) cpasy ke ciemyer u3 myHkTa (i) Teope-
Mbl 7.2, eciu 3ameruTh, 4ro 110 yciaosuio J (I, z) = 1. @opmyna (7.2) nokasbisaer,
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YTO M B ciydae obsactu D, orpanuydeHHO 1ukjiaoMm [', 3HaveHus rosomopdHoii
dbyukipn f BHyTpH obsactn D BOCCTAHABIMBAIOTCS 110 €e 3HAYEHUSM Ha I'DaHUIle
0D =T. Ilpu stom f aisiercss uarerpaaoMm Korm, B KOTOPOM B KA9€CTBE ILIIOTHO-
CTH BBICTYLAIOT €€ I'PAHUYHbIE 3HaYeHus. TakuM obpasom, dopmysa (7.3) caepyer
u3 Teopemsbl 5.1 0 cBoiictBax murerpasa Kommu. a

§ 8. Pax Jlopana. I3onupoBanubie 0cob6ble TOYKYU

8.1. Psapl Jlopana. Paccmorpum BHauase pan Buma by + biz~! + baz ™2 +
.... IIpocras 3amena nepemennoil z = 1/¢ NpUBOAUT €ro K OOBIYHOMY CTEINEHHOMY
pany Y-, bn(". OGnacTh CXOAUMOCTH ITOTO PAJA, KAK CIeAyeT u3 TeopeMsr 3.1,
sapagerca Kpyr || < R, vae

1/R = T {/[bu.

CiieroBaresibHO, 00JIACTHIO CXOAUMOCTH UCXOJHOTO PAJA ABJISIETCA BHEITHOCTh KPY-
ra |z| > 1/R, rue ero cymma npezcTasiisier coboii ronomopdryio dbyrknuo. Ecan
CKOMOMHUPOBATH TAKOM DAl ¢ OOBIYHBIM CTEIIEHHBIM DPsI/IOM, TO TIOJy4duM Gojiee 06-
oo n oo n
1yio hOpMy CTENeHHOrO psafa » .~ c,2™, wnu -~ cn(2 — 29)", obaacTeio
CXOZIMMOCTH KOTOPOTO (€CITM OHA He MyCTa) SIBJISeTCs KOIbIO. BHyTpeHHWH 1 BHEII-
HWH DPaJmyCchl 3TOrO KOJBIIA MOXKHO HONY9YUTh, Hanmpumep, no dopmyre Komm—
Anamapa (3.2).

TEOPEMA 8.1. Jhobyro dynkyuto f, 2oromopdryro 6 xoavue K = {z: r < |z —
al < R}, moorcno npedcmasums kak cymmy crodauezoca 6 K pada

o0

flz) = > calz—a)", (8.1)

n=—oo

K03PPUUUEHMBL KOMOPO20 ONPEIEAAIOMCA NO POPMYAAM

1 f(©)
= — [ —=———d 8.2
Ye
n=0,%£1,42,..., 2de 7, — NOAOHCUMEALHO OPUEHMUPOSAHHAA OKPYAHCHOCTIDL |C —

al|=p0,r<o<R.

JIOKABATEJILCTBO. 3aMeruM IpPexK /e BCero, 4To MHTerpasibl B npaBoil yacru (8.2)
He 3aBUCAT OT 3Havenus . JeficrBurensuo, eciau o', 0" € (r, R), 10 7y —7,r ABIIsieT-
¢ IUKJIOM, TOMOJIOTHYHBIM HYJII0 OTHOCHTEIBHO Kosbla K. [TosToMy npumenenne
teopembl Komm 7.2 x dbyuknuu f(2)/(z — a)" ™! naer pasencrso

o
/ g =0

'yg/ —’)’QH

G (5
/ € ayp® = / €= a1

’yg/ ’YQ//

OTKYJIa CJIeJYeT, 9TO
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Ilycrs reneps r < r' < R’ < R. Torpa Uukil Yg/ — Y OIPAHUYUBAET KOJIbLO
K'={z:r" <|z—a| < R'}. B cuny uarerpaasuoit popmysst Komm 7.3 nmeem B
kombre K’ mpencrasienne

=y <—z 2m/< & = [i2)+ (),

rae

h( = omi / (—z % fa(2) = 271'2 C—z

DyukImio fi MOXKHO paccMarpuBaTh Kak uHTerpai Komm B kpyre |z —a|l < R u
MOTOMY OH& SIBJISIETCS TOJIOMOPMHON B 9TOM Kpyre. B cmiry Teopemst 6.1 dbyHKIuio
f1 MOXKHO TIpescTaBUThL pAgoM Teinopa

N " _ i) _ 1 1(©)
—ch('z_a)v CH_T_% Wdf»
=0
YR’
r.e. Koadbunuentst c¢,,n = 0,1,2, ..., Bbruucasiorca no gopmyaam (8.2). s

HOJTy9eHus Pa3IoKenus (PyHKIUU fo BO BHEIMIHOCTHU KPyTa |z — a| > r’ npencraBum
sapo Komn B Buae

I 1 a)"!
_cz‘(z_a)<1_<> Z Gz—am

TockonbKy npu |z — a| > 1/ u € 7, BBIIOJHAETCS HEPABEHCTBO

(—a

zZ—a

zZ—a

7,/

<1,
|z — al

TO TIOJYYEHHBIN PSIJl CXOAMTCST PABHOMEDHO TIO ( € 7y, M ero MOYKHO TOUJIEHHO WH-
TerpupoBaTh. YMHOXKas ero Ha orpannvennyio dbyukuuio f(¢)/(27i) n naTerpupys
MOYJIEHHO, TIOJTyYaeM
o0
fale) = 3
2(%) =
(z—a)"’

re

bn = 5— [ ((—a)" T f(QdC = c—p.
Yyt
CruiasipiBasg Tenepb MOIyYeHHbIE PA3IOKeHus jjisi fi U fo, MOTydaeM pasiioke-
mwe (8.1) mus dynxmpn f B kombue K'. Iockonbky 7' w R’ MOKHO BBIOPATH CKOJb
yrozuo 6;u3kKo K r u R, coorBeTcTBEHHO, 1 KOIPDUIUEHTHI C;, HE 3ABUCAT OT ITOTO
BbIGOPA, TO MOJIyYE€HHOE IIPE/ICTABIEHUE UMEET MECTO BO BCeM KoJible K. O

OnPEJAEJEHUE 8.1. Pax (8.1), k0o3hdunuenTsr KOTOPOro BEIYUCIAIOTCS 110 (HOp-
mysnaMm (8.2), HasbiBaercs padom Jlopana Gyukumu f B kosbie K. COBOKYIHOCTH
YJIEHOB 3TOrO Psia C HeOTpuUiaTeabHbiMu crenensvu (z — a)®,n = 0,1,..., Ha-
3BIBAETCSA €r0 NPABUAbHOT YaACMHI0, 8 COBOKYIHOCTH YJIEHOB C OTPHUIATETbHBIMA
crenensivu (z —a)®,n = —1,-2,...,— 2aa6noll wacmoio.



JIEKIIMU 10 T®KII 49

TEOPEMA 8.2 (EJUHCTBEHHOCTb PSIJIA JIOPAHA). Ecau ¢ynwyus [ npeo-
cmasuma crodsuumes 6 kosvue K = {z: r < |z — a|] < R} padom (8.1), mo ezo0
KosPuyuermos onpedeasromea no gopmysam (8.2).

JIOKA3BATEJILCTBO. @ukcupyem o € (r,R). Pazn (8.1) cxomurcs paBHOMEPHO
Ha OKPY2KHOCTHU Y,. IloaroMy ero MokHO moO4jeHHO mHTerpuposarb. Pasmomep-
Had CXOAUMOCTH HE Hapr_[I/ITCH, ec/m ero yMHO}KI/ITb Ha OFpaHI/I‘IeHHy}O (byHKHHIO
Vwmuoxas pasenctso (8.1) Ha (z —a)~™ 1, rae m — npoussoabHOe TeTIOE, U TIepe-
XOogda K HO“LHQHHOMy UHTETPUPOBAHHUIO, HOquaeM

n_ioo Cn /(z —a)" ™ Ny = /(z_fiz)znﬂdz.

Ye

OpHaKO B CyMMe JIEBOI 9ACTH TOCJIEIHErO PABEHCTBA BCE CJIAraeMble, KPOME COOT-
BETCTBYIOIIErO WHIEKCY 12 = m, 0OpaIaioTcs B Hy/b. 1losTomy

e - 20 = /(zf(z)dz

_ a)m+1
Ye

n TeopeMa JOKa3aHa. O

CMBICJT TEOPEMBI COCTOUT B TOM, YTO BCAKUN CXOISIIUICS B KOJIBIIE PSII ABJISETCS
panom Jlopaua cBoeit cymmbl. POpMyJIBI I8 BBIUUCTEHUS KOI(DDUIIUEHTOB PIIA
Jlopana Ha MpaKTUKe MPUMEHSIIOTCS PEIKO BBUIY I'POMO3IKOCTH COOTBETCTBYIONIUX
Bhruncyienuii. Ha ocHOBaHWM [MOKA3aHHOI TEOPEMbI JJIs MOJyYeHUs JIOPAHOBCKOTO
Pa3IoKeHNsT MOXKHO HCIIOIb30BATH JI000H KOPPEKTHBIN IIPUEM.

IIpuBenem Teneps HEKOTOPBIE 3aMedaHus O psje Jlopana B oKpecTHOCTH GecKo-
HEYHO yajeHHol Touku. Eciau pyukius f rosomopdHa BO BHEIIHOCTH HEKOTOPOIO
Kpyra |z| > R, 1.e. B OKpeCTHOCTH GECKOHEYHO YIAJEHHOI TOUYKHU, TO B CHJLYy T€ope-
MblL 8.1 ee MOXKHO Pa3JIoKUTh B 3TOU OKPECTHOCTU B PsAs Jlopana

f(z) = Z 2",

K03 DUIMUEHTHI KOTOPOTO BBIYUCISIOTCS 110 (DOpMYyIaM
N (S
"o ) (Y
Ye

[Jie 7y, — HOJIOKHUTEIBHO OPHEHTUPOBAHHAA OKPYKHOCTD [(| = o, 0 > R. Onnako
IPY 9TOM HECKOJIbKO MEHSeTCsa TepMmuHoJorud. [loa rinasnoit yacreio psga Jlopa-
HA B OKPECTHOCTH OECKOHEYHO yHAJEHHONH TOUYKM MOHMMAETCS CyMMa » oo Cp2"
MO TIOJIOKUTENBHBIM CTETIEHAM 2, & TOJ TPABWJIBHONW YaCcThi0 MOHUMAETCS CyMMa,
Z?L:foc Cp 2" TIO0 OTPHUIATEIHLHBIM CTEIEHSIM 2 W Cg. ITO CBA3AHO ¢ TeM, 910 2" — 0
NPy z — 00 JJIsi OTPHUIATEIBHBIX 1 | 2" — 00 P! z — OO JJIsl TOJOKUTEIBHBIX
n. B ciyuae orcyrcrBus rnapuoit yactu f(z) — ¢o npu z — 00, a 3amena z = 1/(
npuBout K Tomy, uro Gyukuus g(¢) = f(1/¢) Gyuer ronomopdHOii B OKPECTHOCTH
touku ¢ = 0.
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8.2. N3ousiupoBanHbie ocobbie Touku. Touka a € C Ha3bIBAETCA M30JIUPO-
BaHHOI 0c060i TOYKOI (0ZHO3HAYHOrO XapakTepa) g dbyHKImy f, ecau Hailgercs
Takoe r > 0, uro f sBasercsa romoMopdHOl B npokonoroii okpecrroctu O, (a). B
3aBUCUMOCTH OT noBejenuss Gpyakuuu f(z) upu npubiuzkeHun z K 0cobOi TOYKE a
MPOBOJMTCS CIEAYIONAs KIACCHMDUKATIINS.

ONPEAENEHUE 8.2. UM3onupoBannasi ocobasd rouka a € C dpynkiyn f Ha3biBa-
ercst:

(i) yemparnumoii ocoboli mouxkoti, eciiu CyleCTBYeT KOHEYHbIH [IPeIes

lim f(z) = A;
zZ—ra
(il) noarocom, ecnn f(z) — oo mpu z — a;
(i) cywecmsenno ocoboti moukot, ecau f(z) He UMeET HU KOHEYHOIO, HU OECKO-
HEYHOTO TIPEJIeNa TIPU 2 — a.

TEOPEMA 8.3. H3zoauposannas ocobas mouxa a dynxuyuu [ A6AAeMCA ycmpa-
HUMOT 6 TOM U MOALKO MOM CAYUAE, €CAU [ 02ZDAHUMENG 6 HEKOMOPOT: OKPECTHO-
cmu Op(a), r > 0.

JIOKABATEJIBLCTBO. Ecnu a sBaserca ycrpanumoit 0cob0# TOYKOI, TO OrpaHu-
qeHHOCTD f(2) B HeKOTOPO# OKpecTHOCTH O, (a) CIIE/IYeT U3 CyIIeCTBOBAHMUS IPEIEIa,
lim f(z) mpu z — a.

Honycrum Teneps, uto |f(z)| < M npu Beex z € O,(a) u mexkoropom M > 0.
B (’)T(a), KaK B KOJIbIIEBOU obsiacTu, pyHKIMS [ MpeacTaBuMa B BUIE CYMMbI PSIQ

Jlopana
o0

J) = Y elz—ay,

n—=—oo

KO3 PUIUEHTHI KOTOPOTO BBIYHCIAIOTCS IO (POPMYIaM

1 f(©)
= 5 | o

Ye

[I€e 7y, — MOJOKUTEILHO OPUEHTUPOBAHHAS OKPYKHOCTB | — a| = 0, a @ MOXKHO
BbIOparh J06biM B unrepsaie (0,7). Tockoubky

_ 1 f(©) M _ M
|Cn|—%/WdC QW/WQ—QW
Ye

Ve

TO ¢, = 0 st BCceX OTpunaTeabubix n. Takum obpasom, psan Jlopana dyukimun f B
O,(a) sBIsETCS, IO CYIECTBY, OOBIYHBIM CTEIIEHHBIM PSIOM, a ero cyMMa ¢ (z) mpe/-
craBjiseT co0oi roJIoMOpPdHYIO B @r(a) dbyHKIINIO, KOTOpas COBIaaaeT ¢ GpyHKIHEH
f B mpokomoroii okpecrroctu O, (a). O

3AMEYAHUE 8.1. U3 nokaszarenbcrBa TeOpeMbl BUIHO, 9TO A0OONpeeseHne (uiu
nepeonpesesenue) GbyHKImU f B ycrpaHuMoil 0coboii TOUKe a JeJiaeT ee roaoMopd-
HO#t B mostHO# okpectHOCTH O, (), YeM U 0ObACHIAETCH ee Ha3BAHHE.
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SAMEYAHUE 8.2. IloydeHHbIE B XO/E TOKA3ATEILCTBA HEPABEHCTBA. ¢y | < M/ o™
st koaddpunmenTon paga Jlopana, roe

M = max|f(2)]

Z€7,
HNHOTJa HA3BIBAKOT HEPABEHCIMEAMU Kowu.

CAEANCTBUE 8.1. Ilycmv [ — zonomopprasn 6 obaacmu D dynryus v a A644-
emcsa ee nyaem nopadka m. Toeda 6 obracmu D umeem mecmo paseHcmeo

f(z) = (z=a)"g(2),
2de g — zonomoppman 6 D dynryus u g(a) # 0.

JLOKA3ATENBLCTBO. @ynkmus g(z) = f(z2)/(z — a)™ asrserca romomopdnoit B
D\ {a}. U3 Buna psaga Teitnopa GyHKImm f B OKPECTHOCTH TOYKM @ CJIELYET, 9TO @
SIBJISIETCSl YCTPAHUMON 0co00# TouKoit mist pyuknun g. Takum oOpaszom, J00mpeie-
s GYHKINIO ¢ B TOYKE @ COOTBETCTBYIOMIAM 00pPa30M, MOJYyYaeM TOJIOMOP(MHYIO
B D dyukuumio. Yeiosue g(a) = 0 o3nauao Obl, 9TO f UMEET B TOYKE a HyJb Gojee
BBICOKOTO TopsKa, deMm m. Cienosarennho, g(a) # 0. O

IIpu nokazaresbcrBe TeopeMbl 8.3 Mbl YCTAHOBUJIA TAK)Ke, YTO M30JIUPOBAHHAS
0cobast TOYKA @ sBJIAETCsS yCTPAHUMOM jiyid PYHKIMKU f B TOM M TOJIBKO TOM CJLydae,
ecnm pasoxkenue f B psan Jlopama B TPOKOJIOTON OKPECTHOCTH (’)T(a) HE comep-
KUT raBHOR yacTu. OKa3bIBAETCs, YTO IVIaBHAS YaCTh JIOPAHOBCKOTO PA3JIOXKEHUS
GYHKIMY B OKPECTHOCTH W30JIMPOBAHHON 0COD0# TOYKY TIOTHOCTHIO OMPEIENISAET Xa-
pakTep 0CODEHHOCTH.

TEOPEMA 8.4. Hszoauposannasn ocobas mouka a € C pynkyuu f sasasemcs no-
a0com (cyusecmeernno ocobotli) 8 MOM U MOALKO MOM CAYHAL, ECAU 2AAGEBHAA YACTD
pada Jopana dynkuuu f 6 npokosomot oxpecmuocmu O,(a) codeporcum Konewnoe
(beckoneunoe) YUCA0 YAEHOE C HEHYAEBBLMU KOIPHUUUEHTNAMU.

JIOKABATEJIBCTBO. ¥YTBEpXK/IEHWE TEOPEMbI JTOCTATOYHO OKA3ATh TOJBKO s
nosoca. Jomycrum, uro jgopanosckoe pasioxenue byuxiuu f B O,.(a) umeer Buj

f(Z) = C_m(Z - a)*m + C—m-‘rl(z - a)*erl +...

u Cc_, # 0, T.e. TJIaBHAS YACTh WMEET KOHEYHOE UHCJIO UJIEHOB C HEHYJIEBBIMU
ko durmentamu. Torma dyHKIMS @, OnpeaeaseMast KAK CyMMa CTEIIeHHOTO DI

p(z) = Y cr-mlz —a),
k=0

Gyzner romomopdroit B nomHoi okpectHoctn Oy (a). Ipm srom p(a) = c_,, # 0.
W13 pasencrsa f(z) = (2 — a) ™ p(z) Bugno, uro f(z) — oo npu z — a. Takum
00pa3oMm, a SABJISIETCS MOIIOCOM s pyHKImm f.

Homycrum renepn, uro a— nomoc dbyukmuu f. Torma f(z) # 0 B HeKoTOpOIt
npokooToii okpecrroctu O, (a) U, CIEIOBATETBHO, B STOH OKPeCTHOCTH byHKIHS
g(z) = 1/f(z) aBnserca ronomopduoit u g(z) — 0 upu z — a. INonaraa g(a) = 0,
nosygaem rosgomopduyio B O, (a) bdyukuuo. Ilycrs m —nopsuok wnyis GyHKiuu
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g B Touke a. Torma g(z) = (z — a)™p(z) Tae ¢ —romomopduas B O,.(a) byHkuMsA
u p(z) # 0 npu z € O,(a). Pyuxnus 1/¢(z) Taxxe 6yaer romomopduoit B O,.(a),
a ee pasjyioxenue B paj Teitopa B O,.(a) Oyaer uMeTsh BUJ,

oo

1 Zak(z—a)k,

o(z) =

rje ag # 0. Ho rorma B @,.(a) dyuknus f npeacraBuMa B BUIE
1 o0
)= == =(E-a"— = (z—a) ") _alz—a),
k=0

U3 KOTOPOrO BUJHO, YTO IVIABHAS 9aCTh psana Jlopana GyHKiuu f B OKPECTHOCTH
TOYKU @ UMEEeT KOHEYHOe YMUCJIO HEHYJIEBbIX 4JI€HOB. O

ONPEAENEHUE 8.3. Ilopadkom (wnu kpammocmsvio) noitoca a QyHKuuu [ Ha-
3BIBAETCS MOPAJOK ITON TOUKH Kak Hyss GpyHkmum 1/ f.

3 noxkazareabCTBa TEOPEMBI BAIHO, YTO TIOPSIOK MTOJIIOCA, COBIAIAET C HOMEPOM
CTapIero 4eHa [JIABHON YaCTh JIOPAHOBCKOTO Pa3jIoKeHus (PYHKIIUUA B OKPECTHO-
cru nomioca. Cremyronumii pe3yibraT yKa3blBAeT Ha CJIOXKHOE NOBEIeHe QyHKINNA
B OKPECTHOCTHU CYIIECTBEHHO OCODOI TOYKH.

TEOPEMA 8.5 (COXOUKOIO). ITycmo f zoromopdna 6 npokosomoti oxpecmmo-
emu O,(a) u a aersemea cywecmsenno ocobot mowxoti dynxyuu f. Tozda das
06020 A € C natidemea nocaedosamersnocms {z,} C O,(a) makas, wmo z, — a,
f(zn) = A npu n — co.

JIOKABATEJBLCTBO. B ciygae A = 0o yTBep:KI€HUE CJIEAYET U3 TEOpeMbI 8.3,
COTTacHO KOTOpoit f He Mozer 6brTh orpamutentoii B okpecrroctu Oy(a) Hu as
kakoro o € (0,7).

I[Iycrs A € C u gonycrum, aro A He sgBisgercs NPeIeabHON TOYKON HUKAKON
nocenoBarensuocTy { f(zy,)}, st Kotopoit z, — a. Torma mafixyrcs Takue € > 0
wd>0,uro |f(z) — A| > e pn z € Os(a) Oynxips

9(z) = m

6ymer romomopdmoit 8 Os(a) n |g(z)| < 1/e. Tlo Teopeme 8.3 TOUKa @ TOIKHA GHITH
yCTPAHUMOIT 0c000it TOUKOiT muist byukuu g. Jloonpeesnss ee HEKOTOPHIM 3HAYEHU-
em g(a) € C, nomyuum rosomopduyio B mosHoii okpectaoctu Os(a) dyukuuro. Ec-
mu g(a) # 0, TO TOTZKHO BBIIONHATHCS IpeiebHoe coorHomerne f(z) — 1/g(a)+ A
OpU 2 — @, 9TO MPOTHBOPEYHT MPEINOTIOKEHusM TeopeMbl. B caygae g(a) = 0
JIOJZKHO BBITIOJHATHCS yeaoBue f(z) — 00 IpU 2 — @, 9TO TAKIKE MPOTHBOPETHUT
HPEIIIOJIOKEHUAM TEOPEMBI. O

B meiicTBUTENBHOCTH UMeeTCsl 3HAYUTETBHO OOJlee CUIIbHBIA Pe3y/ibTrar, H3BeCT-
HBIII B JUTEparype Kak boavwas meopema [Turapa. Mol ero chopmynupyem 6e3
JIOKA3aTeIbCTBA.
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TEOPEMA 8.6 (ITUKAPA). Jonycmum, wmo zosomopdras dynrwuus f umeem
cyujecmeenno ocobyro mouky z = a. Tozda 6 kascdotli oxpecmmocmu 3mot Mou-
KU PYHKUUA [ NPUHUMGEM 6CE KOMNACKCHBIE SHAYEHUA, 3G UCKAOUEHUEM ObLmb
MOAHCEM 00H020, DECKOHEWHOE YUCAO PA3.

BeckoHeuno ymaneHHast Touka. B ciydae, Korma f rosomMopdHa BO BHEI-
HOCTH HEKOTOPOTO KPyTra, T.e. B obxacTw |z| > R, GECKOHEYHO YHAJIEHHYIO TOYKY
TaK’Ke PAaCCMAaTPUBAIOT KaK M30JIMPOBAHHYIO OCOOYIO TOUKY. XapakTep OCOOEHHO-
ctu (U IOPSAIOK TOJIIOCa, eci f(z) — 00 IpH 2z — 00) OHPEIE/IAETCS B 9TOM CJIYUYae
KaK COOTBETCTBYIONIUI XapaKTep M30JMPOBAHHONW 0c000#t Toukm ( = 0 dyHKmmm
9(¢) = f(1/¢). Jlerko BumeTh, uTO pe3yabrarhl TeopeM 8.3 — 8.5 ocraioTcsa B cuie,
eC/IM B HUX TOJOXKHUTH @ = 00. HalloOMHEM [IPH 3TOM, 9TO MO/ TJIABHON 9acThiO psi-
na JIopaHa B OKpecTHOCTH HECKOHEYHO YAAJIEHHON TOYKY MOHUMAETCS COBOKYITHOCTD
YIEHOB PA3JIOXKEHUs C TOJOXKUTETbHBIME CTeleHsIMu 2"

Honycrum Tenepb, 4ro f —uenas QyHKims. XapakTep ocoboil TOYKU z = 00
BO MHOrowm ornpejesiser Buj, pyukiuu f. Eciam z = 0o siBiisieTcss yCTpaHUMO 0CO-
6ot TOUKOM, T.e. CyIIeCTBYeT KOHeWHBIH Tpenen yHKimn f(z) mpm z — 00, TO
B cuity TeopeMbl JInysnias (crencreue 6.1) f(z) = const. Ecam z = oo sBnser-
Cs1 TIOJIIOCOM TIOPSIZIKA 1M, TO CYIIECTBYET HEHYJIEBOIl KOHEUHBIH MpeIesl OTHONIEHHS
f(z)/z™ upu z — oo. Ho Torma no reopeme 6.2 dbyHKIms [ ABIAETCA TOJIUHOMOM
crenenn m. Hakowner, B ciydae, KOrja z = 0O sIBJISIETCS CYIIECTBEHHO 0CO00# TOY-
Koii, mo reopeme 8.6 ITukapa f(z) npunumaer Bce 3nadenus B C, 3a uckiovyeHuem,
OBITH MOKeT, ogHoro. HamomumM, 910 € He obparaercsa B Hyb. HOrma TeopeMy
Ilukapa s menbix GyHKIHUE GOPMYIUPYIOT CaeayiomuM obpasom: Feau uyeran
Pynkyus He npurumaem Toms 6vl 08YT PAAUNHBLE KOMNAECKCHBLT 3HAYEHUT, MO
OMHG MONCOECNEEHHO NOCTMOAHNKA.

Ienas dynknus, s KOTOPOil OECKOHEYHO yIAJIEHHAA TOUKA SIBJISETCS CYIIe-
CTBEHHO 0CO0O0I, HA3BIBAETCS Uyeaol mpancyendenmuot. IIpumMepamu MebIx TpaHc-
IEHIEHTHBIX (DYHKIWH SABIAIOTCS €7, sin z, oS 2.

§ 9. BpiueThl U BhIYUCIEHNE UHTETPAJIOB

IMycts a — uzonuposannas ocobas Touka byukmuu f u O, (a) — IPOKOJOTas OKPECT-
HOCTBb TOYKH @, B KOTOpOil dyHKIus [ apiasgercsa rogomopdmoit. 13 Teopembr Kormm

nns O,(a) cremyer, uTo uHTErpa
[ e
Ye

] 7y, — HOJIOXKHUTEIFHO OPHEHTHPOBAHHAS OKPYKHOCTD |2 — a| = 9, He 3aBHCHUT OT
Bbibopa ¢ B unrepsase (0,7). B cBasu c stum, swuemom romomopduoii dyHKiumn
f B m30mmpoBaHHOIT 0cOO0I TOYKE ¢ HA3BIBAETCS KOMILITEKCHOE UHCJIO

res /(2) 2m/f
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L€ Y, — INOJOKUTEILHO OPUEHTHPOBAHHASI OKPYKHOCTD |2 — a| = @ ¢ PAAUycoM g
u3 unrepsana (0,r), a f romomopdra B mpokosoroit okpecrHoctn O, (a). NHorma
Jiist 0003HAYMEHNsT BbIUETA UCMOIB3YIOT 60jiee KOPOTKYIO 3aIHcCh res f.

a

TEOPEMA 9.1. Bwuem ¢ynkuyuu f 6 usoruposanmoti ocoboti mouke a pasen Ko-
sppunuenmy npu (2 —a) "t aopanoeckozo pasaosicenua dynryuu f 6 oxpecmuocmu
MOYKY G.

o0

JTOKABATE/ILCTBO. Ilockombky psan Jlopama ) " cn(z — a)” dyskmun f
CXOJUTCSL PABHOMEPHO HA OKPY?KHOCTH 7Y, TO €10 MOXKHO IIOYI€HHO HHTEIPHPOBATh.
Samedas TakKe, 4TO f7 (z —a)"dz = 0 upu n # —1, nonygaem

e

1 1 —
rgsf = %/f(z)dz = o Z Cn /(Z—a)"dz = c1J(7p,0) = c1.
n=—oo
Ye Ye
Teopema mokazama. O

SAMEYAHUE 9.1. U3 xoma J0Ka3aTesbcTBAa TEOPEMbBI BUIHO, YTO €CJIA 7Y — 3a-
MKHyTasi KyCOYHO-IJIa/IKas KpuBas, pacnojoxennas B O (a), To

1
f(z)dz = J(vy,a)res f.
!

2mi

CJIEACTBUE 9.1. B ycmpanumotl 0coboli movke 6blem pasen Hyao.

I[TPENJIOKEHUE 9.1. ITycmv a —noarwoc xpamuocmu m = 1 zosomopdroti 6
O,(a) ¢ynwyuu f. Toeda

res f(z) =

Has (m —1)! =50

(m—1)
Lt | s G- ")

JLOKABATEJIBCTBO. IIoCKOMbKY KPATHOCTH HOJIOCA @ PABHSIETCS M, TO Pa3JIo-
sxenne B psin Jlopana dyukmun f B okpecrroctn O, (a) Gymer nMeTsh BUT

f@) =cmiz—a) " +.. . +calz—a) ' faot+alz—a) +...,

rae ¢, # 0. @yukmua g(z) = (z — a)™f(z) Gyaer uMeTh B TOYKE @ YCTPAHMU-

MyI0 0CO6EHHOCTD, a ¢_1 Oyaer koabdunuentom ee pana Teitnopa npu (2 —a)™ L.
CiietoBaTebHO,
1 d(mfl)
c_q1 =resf = z
1 pt f (m—l)'dzm_lg( ) e
O

Crenyromuit pe3yabTaT HA3bIBAIOT TeopeMoil Komu 0 BbIYeTax u OH UIPAeT BarXK-
HYIO POJIb B BBIYUC/IEHUW WHTETPAJIOB.

TEOPEMA 9.2. ITycmv D — obaacmo, ozpanuyuennas yukaomy (m.e. v = 90D —
TLOAOAHCUTNEABHO OPUEHTNUPOSANHAs 2panuya obaacmu D), u f — zosomopdras na
D pynryus, ucks0uas KOHEUHOE YUCAO OCOOBLE MOUEK A1, . . . , Uy, PACTOAOHCEHHDLT
6 D. Tozda

1 n
— [ f(2)dz = res f(z).
o [ 1@z = Y res £(2)
oD

k=1
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JLOKA3ATEJBLCTBO. Ilycrs r > 0 rtakoso, yro O,.(ax) C D nus Beex k
L...,n, u O.(a;) N O,(ax) = @ upu j # k. Torma mukn v — Y ,_; A, rae
A = 00, (a), OyIeT rOMOJIOrHYHBIM HYJIIO OTHOCHTEJNLHO OOIACTH rosoMOpgHO-
ctn dyukmnn f. Ilostomy B cuiy teopemnr Korn nveem

/f iz =3 [ sz = o

k= 1)\k

OTKYZa clefyeT TpebyeMoe PaBeHCTBO, TOCKOIbKY

3 / f(2)dz = Jes f(2),

k=1,...,n. a

Bpruer B 6ecKoHeYHO ygajeHHOI1 Touke. llycrs dbynkmus f romomopdua
BO BHEIITHOCTH HEKOTOPOro kpyra |z| > R. Torga 6eCKOHEUHO yAaJEHHYIO TOUKY MbI
NPUYHCIsIEM K H30JIMPOBAHHBIM OCOOBIM TOUKaM. OnpejieiuM BbIYeT B HECKOHETHO
YJIAJIEHHON TOYKE TOCPEICTBOM PABEHCTBA

Tes f (2) =5 / f(z

—Ye

IJ€ 7Y, — IIOJIOZKUTEILHO OPUEHTUPOBAHHAA OKDPY2KHOCTH |z| = 0, ¢ > R. Hure-
rpUpys MOYIEHHO JIOPAHOBCKOe pasioxkenne f(z) = > °  ¢,2" dbynknun f B
OKPECTHOCTH 2 = 00 TI0 OKPYKHOCTH —7,, MOTyIaeM

res f(z) = —c_1.

Z=0Q0
OTO PABEHCTBO YaCTO WCIIOIH3YETCs IS BBHIYUCJIEHUS BBIYETOB (DyHKIHI B OECKO-
HEYHO yHaeHHOH Touke. OTMETHM B CBS3U C 3TUM OT/Indre OECKOHEYHO YAAJIEHHOM
TOYKH OT KOHEYHBIX M30JUPOBAHHBIX 0COOBIX TOUeK. K03 duiment c_; 0THOCHTCs
K TIpaBuIbHON YacTu psaa Jlopana paznoxenus GyHKIud f B OKPECTHOCTH TOUKA
z = oo. IlosTomMy marke B ciiydae, KOT[a z = OO SBJSETCS YCTPAHUMOM 0coboit
TOYKO¥, BbIYET B HEIl MOXKET OKA3aThCs OTJIUIHBIM OT HYJIs.

TEOPEMA 9.3. Ilycmv dynxyua f asasemcsa 2040mopdrnoti 60 6ceti KOMNAELKC-

noti naockocmu C, 3a UCKAIOMEHUEM KOHEWHO20 “YUCAG 0COOBIT TOYEK A1, . .., 0.
Toz0a

reso f(z)+ Z Zreg fz

JIOKA3ATEJIBCTBO. IlockoabKy OCOOBIX TOUEK KOHEYHOE YHCJIO, TO Hafijercs
trakoe R > 0, uro |ag| < R aqst Becex k = 1,...,n. OGO3HAYNM YR TOIOKHUTEIHHO
OPMEHTHPOBAHHYIO OKPYKHOCTH |z| = R. Ilo npeapiayuieii reopeme
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Samedast, 94T0
2m/f = — xes f(2),

mnosrygaem TpedyemMoe PaBeHCTBO. O

IIycts D — obsnactb, KOTOpast MOIyYeHa yAaJeHueM n3 KOMILIEKCHON IIJI0OCKOCTH
C koHeYHOro Ymc/Ia 3aMKHYTHIX MOMAPHO HE MEPECEKAIOIINXCsl KOPIAHOBLIX 00J1a-
creit Ay, ...,/A,, O'PAHMYEHHBIX KyCOYHO-TJIAIKIMU KPUBBIME Y1, . . . , Yn, COOTBET-
crBenHo. Takyio obsracTh OGymeM HAa3bIBATH BHEIIHEH 00/1aCTbIO € KYCOIHO-IJIA KO
rpanuneit. ITonoxuTenbHO OPpUEHTUPOBAHHOM IpaHuIeil 3Tol obsactu OyaeM cyan-
TaTh OTPHIATEIHLHO OpHEHTHpOBaHHBIE KpuBbIE v, (J(5,a) = —1 mas a € Ay),
k=1,...,n, nu obo3uagars 0D. B ciyuae H0CTATOYHO MPOCTHIX KPUBBIX 7Y}, MOMKHO
CKa3aTh, YTO MPH JBUKEHUU BIOJb Tpanullbl 0D obaactb D ocTaercs: ciieBa.

TEOPEMA 9.4. ITycmv D — snewHas obaacms ¢ KycouHno-2aa0k0t eparuyet 0D
u f — eonomoppras na D Pynkyus, uckaones KOHEWHOE YUCAO 0CODBLT Mouex a1,
.+, Gp, pacnosodcennvix 6 D. Tozda

27rz/f = resf +Z resf

JOKA3ATEJBLCTBO. Ilycts R > 0 Takoe, uro rpanunia 0D u TOYKH a1, ..., a,
pacioozxenbl BHyTpu Kpyra |z| < R. O6o3nauum vyepe3 ['p H0102KUTENBHO OpUEH-
TUPOBAHHYIO OKPY2KHOCTL |2| = Runycrs D = {z € D: |z| < R}. TornaI'g+90D
OyIeT TOJIOKUTETHHO OPUEHTHPOBAHHON rpaHuiieil obsactu Di u mo teopeme 9.2
MOJTyaeM PaBEHCTBO

5 / f(z dzfzzlfaskf(z).

Tr+0D

3ameuasi, 9To
37 /f = — res f(2),

[IPUXO/IUM K JIOKa3bIBAEMOMY YTBEPZK/ICHUIO. m|

Brorunciaenue mHTerpajioB. Teopus BBIYETOB JaeT O4YeHb 3(PDEKTUBHBIA HH-
CTPYMEHT JJisi BBIYUCJIEHUs OMPEIeIeHHbIX HHTerpasios. 1lpu sTom ciemyer mmeThb
B BH/Y, 9TO IOJAbIHTErpaibHas (PYHKIHSA JOMKHA OBITH OMM3KA K TOJI0MOP]HOIL.
Ha npakTuke 310, KaK MPaBUJIO, BHIIOJIHAETCH B CHAJIy TOrO, 9YTO MHTEIPUPYIOTCH,
B OCHOBHOM, 3jieMeHTapuble GyHKuuu. bDojiee CylnecTBeHHbIM #ABJISETCA TO, YTO
TEOpHs BBIYETOB CBS3aHA, C WHTETPUPOBAHUEM IO 3AMKHYTHIM KPUBBIM, B TO Bpe-
Ms KaK B BEIIECTBEHHOM QHAJIN3€ WHTETPUPOBAHUE BEJIETCS 10 OTPE3KY, & B CIydae
HECOOCTBEHHBIX WHTErpaJjIOB IO BCEH YHCJIOBOI MpsiMO# MJIM HEKOTOPOIl ee YaCTH.
PaccmorpuM HEKOTOPBIE THUITHYHBIE TPUMEPDI IPEOI0JIEHUS ITUX TPYIHOCTEN.

I. UHTETPUPOBAHWE TPUTOHOMETPUYECKNX ®YHKL WA
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Iycrs R(z,y) — pamponanbHasi GyHKIMs (T.e. OTHOIIEHHE TOIWHOMOB) JBYX
MEPEMEHHLIX. PacCMOTPUM HHTETPAJI

2m
/ R(cos 6, sin6)db.
0

Wnesi nmpuMeHeHWsT TEXHUKW BBIYETOB K BBIUUCIEHUIO TAKOI'O WHTErpaJjia COCTOUT
B TOM, YTOOBI MPEICTABUTH €r0 KaK JIMHEHHBIH WHTErpaJl, MOJy9YeHHBIH MpU WHTE-
rpupoBaHuy 10 3aMKHYTOH KpuBoi. Ilycts T — mosokuTesbHO OpHEHTUPOBAHHAS
equamgnas okpyxuocTh # T: z = €, 0 < § < 27, — ee mapamerpusamus. Torma
Ha T OyayT BBIIOJHATHCSA CJIELYIOIIAE COOTHOIIEHUS

dz = izd#, cosf = 1 (z—i—l), sinf = l (z— 1)
2 z 24 z

U, CJIeJ0BATEJIbHO,

2m
1 1 1 1 dz .
/R (2 (z—i— z) 5 (z— Z)) e /R(cos&sm&)d@.
T 0

Ecnu panmonanbuast QyHKITHS

o= a3+ 3 (-2)

OT KOMILTEKCHOM TTepeMeHHOH 2z He mMeeT Ha T MOJI0COB, TO

2

/R(cose,sine)de = l/Rl(z)dz =21 Y res Ry(2),
7 z=a

0 T la]<1

IZie CyMMUPOBaHME BEIeTCs 10 BCeM mmosrtocam GpyHKimu 1, KOTOpble pacioiozKeHbl
BHYTDHU €IMHUYHOIO Kpyra. Takasi 3allUCh CyMMbl MOTHBHPOBAHA TEM, YTO BBIYET
B TOUKe rojiomopdHocTr dyHKIUU R paBeH HyJIO.

Il. HECOBCTBEHHBIE VHTEMPAJIbl OT PALVIOHANIbHBIX ®YHKLINIA

Paccmorpum Temeps mHTErpas Buia

P(x)

J awm™

rae P(x) u Q(x) — NOJMHOMBI CTEIEHM T U N COOTBETCTBEHHO. Bymem cuurars,
9TO OHU HE MMEIOT OOIIMX KOpHeid, T.e. Apobb P/Q) aBnserca necokparumoit. s
TOTO, 4TOOBI CXOUIICS PACCMATPUBAEMBIN MHTErPAT, HYKHO, 9TOObI 3HAMEHATEh
() He WMeJ BEeIeCTBEHHBIX KOPHEH U cTenenb duciauTesis P Oblia MeHbINe CTeneHn
3HaMeHare s (), 10 KpaliHeil mepe, Ha 2, T.e. n —m > 2.

JIEMMA 9.1. ITyemv» P u @ — noaunomvs 6e3 obuwur xopHnel cmeneny m u n,
coomeemcemeento. lonycmum, wmo () He umeem 8eUeCMEEHHBLT KOPHET U N—1m =
2. Tozda

OoP(ac) P(z)
J Gqw®™ = 2 ey

a>0
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2de CYMMUPOBAHUE eedemces o ecem HYAAM TLOAUHOMA Q, PaACnoONOHCEHHBIM 6 6EPT-
Hel noAYnNAOCKOCMU.

JOKABATEJBLCTBO. Ilycts aq,...,a, —Huyau noauaoma Q. ITockoabky mpobb
P/Q sisasiercst HecokpaTumoii (P u () He nMeroT obIMX HyJieil), TO 9TH TOYKHU siB-
JISTIOTCS TIOJII0CaMu paimonanbuoil dyukiuu P/Q. Beibepem R > 0 Tak, 9robbl s
Bcex k = 1,...,n BBINOJHAIUCH HEpaBeHCTBA |ag| < R. Ipyrumu cioBaMu, BCe mo-
JIOCKHI paruoHasbaoil dyukimu P/Q pacnonoxkensl B kpyre |z| < R. Paccmorpum
nosyoxpyKHOCcTh I'p: 2 = Re®, 0 < @ < m, u otpesok A\p: 2z =, —R < = < R.
Tlockonmbky I'p + Ar oOpa3syer MOMOXKHUTENHHO OPUEHTHPOBAHHYIO T'PAHUILY IOJIY-
kpyra D = {z: |z] < R,Im z > 0}, To no reopeme 9.2

P(z) = 2m res P(2)
| g X

2500
T'r+Ar

k: Imagp>0

SamernmM, 9TO TpHU yBeaudeHuu R mpaBas 9acTh ITOTO PABEHCTBA, HE MEHSETC,
HOCKOJIbKY BHE Kpyra |z| < R nyneil nomunoma ) wer. C apyroil cTopoHbl,

R R )
[ B [ B [ g [ ]

T'r+AR

Hauee, nycrb P(z) = by, 2™ + ... 4+ by, Q(2) = cp2™ + ... + co, v by, #0, ¢,y # 0.
Torna gius z € I'g umeem

xT

P
Q@

idx.

P(z) _ 1 [, + bm—1/2 4+ ...+ by /2™
Q(z) R |ep+cn_1/2+ ...+ co/2"|
OTKYJIa C Y4eTOM HEPABEHCTBA 1 — M > 2 CJIE/YeT, 9YTO
P
R - max (2) 0
z€l'Rp Q(Z)

npu R — oo. Ho Torna

[ ot < [ et

npu R — oco. B pe3ysabprare npuxoauM K paBeHCTBY u3 (DOPMYIMPOBKH JIEMMBI. [

P(z)
Q(2)

-ldz] < mR- max

1. BBIMUCNEHWE WHTEFPAJIOB C NCMONMb30BAHUEM JTEMMbl XXOPJA-
HA
Wnrerpassr Buma

[agmeie [ o

abCOJTIOTHO PACXOIATCS, €CJIM 3HAMEHATEIb NMEET CTEIEeHb BCErO HA €IUHUILY BbIIIE
crenenn gucauressd. C aApyroit CTOpOHBI, HHTErpaJl
oo

sinx
dx
x

— 00
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CXOJIUTCs yCJIOBHO. st BBIYUCIEHUS] TAKUX MHTEIPAJIOB C MOMOIIBIO BBIYETOB UC-
nosib3yercs gemma 2Kopgana.

JIEMMA 9.2 (ZKoPHAHA). ITycmsb g — nenpepuienas na muosicecmee {z: Imz >
0,]z| =2 Ro} dynryus npu nexomopom Ry > 0 . Jonycmum maxoice, wmo

max |g(z)| — 0

npu R — 00, 2deTr: z = Re'?, 0 < 0 < 7, — noayoxpyosrcrnocmo. Tozda das aobozo
a > 0 8uNOAHAETNCA COOTNHOWEHUE
lim [ g(2)e'**dz = 0.
R—o0
I'r
JIOKABATEJBCTBO. [ oKa3aTe bCTBa HAILETO Y TBEPXKIEHUS JOCTATOYHO I0-
Ka3aTb, YTO UHTErPaJ

T /2
/|6iaz||dz‘ — R/efaRsinede — 2R/670¢Rsin9d9
I'r 0 0

orpannder pasaomepHo mo R > 0. Ilockoabky sinf siBasercs BOTHYTOH HA MPO-
mexyTke (0,7) dbynkumeit, ro sinf > 20/7 nmpu 0 < 6 < 7/2. Hcnons3ys aro
HEPABEHCTBO, MOJIyYaeM

/2 w/2

aR [eS)
—aRsin @ </ —a2RO/7 _ m / —t < m / —t _ m )
/e df < e do SR e 'dt < SR e 'dt SR
0 0 0 0

Orcrosa HaXOoAKUM, YTO

/|ei°‘z’|dz\ < I
«
Ir

Jlemma ZKopaana npumensiercss 0ObI9HO K BBIYUCIEHUIO HHTEIPAJIOB BUIA

I = /g(x)cosaxdw, I, = /g(x)sinaxd:c

rae « > 0, a g(z) — pauuonasbHas (GyHKIMs, Y KOTOPOH CTEleHb 3HAMEHATEJIs]
JIWIIb HA €IUHUILYy OOJbIe crernenn qucauTesnsd. s npruMeHeHus: TeOPUr BbIYETOB

paccMmarpuBaercs
o0

I =15+l = /g(m)em’”dx
— 00
U CTPOWTCH 3aMKHYTast KPUBAasi, COCTOSAIAs U3 OTpe3Ka Ar: 2 =, — R<x < R, u
nosyoxpyzxuocta I'r: 2 = Re'?, 0 < @ < 7. IIpu 10cTaTo4MHO 6OIBINX 3HAUEHIAX
R umeem
1o % . iz
z)e'Y*dz = 2mi res |g(z)e .
[ o S res [g(e)e™]

TratAr Ima>0
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Ojnako, B cuny jgemmbl 2Koprana

/g(z)eiazdz —0

I'r

npu R — oo. Ilostomy

/g(z)eio‘zdz -1

AR

npu R — o0 u, caeaoBaTenbHoO,

I = 2mi Z res [9(z)e*"] .

Ima>0

IIpu stom Iy = Rel u I, = Im .

IV. JONEBO BLIYET B MPOCTOM MOJIKOCE

Ilycts @ —m3omupoBannas ocobass Touka ¢yukiuu f, T.e. [ romomopdua B
O,(a) npu mexkoropom 7 > 0. PaccMOTpHM YTy OKDYXKHOCTH Yoa: 2 = a + €',
Op <0 <0p+a, e p€ (0,r) ua € (0,2r]. Eciu ov = 27, 10 7, o IpescTaBisieT
€000l TIOJTHYTO OKPY?KHOCTb 7, U

/f(z)dz = i27rzr§§1 f(2).
Ye

B obmem croy4ae mmg mHTETpasa BIONb Yoo NPH & < 27 BBIPAKEHUSA Uepe3 BBI-
ger Her. OHAKO, €CJIU @ ABJSIETCs IPOCTHIM IOJIIOCOM (KpaTHOCTH 1), TO MOXKHO
BBIUUCIIUTD [IPE/Iel 3TOro nuTerpasa npu g — 0.

JIEMMA 9.3. ITycmo a — npocmoti nomoc dymxuuu f u Yoo 2 = a+ e, 0y <
0 < 0y + a — dyza okpysHrcHOCTIU, COJEPHCAUGACA 6 Y2A0B0M CEKMOPE PACTNEOPG (X,
0 < a< 2w Tozda

lim / f(2)dz = ia res f(2).

0—0
Yo,

JIOKABATEJILCTBO. TIOCKOMBKY a SBJISETCSA MPOCTBIM TOMIOCOM (DYHKIUE f, TO
B OKPECTHOCTH 3TOi TOYKHM pasjoxenue [ B pan Jlopana umeer sug f(z) = c_q1(z —
a)t+ecog+ci(z—a)+ ..., c 1 #0. Crenosarenbro, B 3Toit okpecTHOCTH f(2) =
c_1(z —a)™! + g(2), rne g— ronomopduas B noaHON okpectHoCTH TOuKH a. Ho

/f(z)dz:c_l / Zdja+/g(z)dz.

o, Yo,a

TOTIa

TTockonbKy g(z) orpaHudYeHa B OKPECTHOCTH TOYKH a, TO

/ g(z)dz =0

Yo,
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npu 9 — 0. 3amedas Takxke, 4T0

90+O(
dz . .
=1 df = ia,
z—a
Yo, 6o
HPUXOAUM K yTBEPKIEHUIO JIEMMBI. O

IIpuBenem maBa mpuMepa TPUMEHEHUS TOKA3aHHBIX JIEMM.

Hpumep 1. /loxazams pasencmeo
nzx T
——dx = —.
/ 2 -1 4
0
B kommiekcuoit miaockocru € ¢ paspesom Bposw nyda L = {z = iy: y < 0}
MOKHO BBIJEJUTh PETYJISPHYIO BETBb Jorapudma
Inz =In|z| +iargz, —7m/2 < argz < 3m/2,
u pacemorpers dynknmio f(z) = Inz/(2? — 1). dra bynkimua umeer 8 C \ L 1se
n30JaUpOBaHHbIE 0cOObIe TOUKHM z = *+1. IlockoibKy B OKpecTHOCTH TOUKM 2z = 1

BBIZEICHHAS BETBD JIOrapuMa UMEET Pa3JI0KeHNe

Inz =In(1+(z-1)) = Z(_l)n—1ﬂ7
n=1

n

ro st byskimu f(z) Touka z = 1 gBjserca ycrpaHuMoii ocoboit Toukoii. Touka

z = —1 gaBJgeTCS TPOCTHIM MOJIIOCOM C BBIYETOM
. Inz 1 T
res f(z) = lim = ——In(-1) = ——.
z=—1 z——1 7z — 1 2 2

g Gonpmux R > 2 u Manbix € < 1/4 pacemorpum obnacts D(R, €), Koropas
nonydaercss u3 monykpyra {z: |z] < R,Imz > 0} ynanenuem muO)KecTB {2: |2| <
g, Imz>0}u{z: |24+1] < &, Imz > 0}. [TonokureabHO OPUEHTUPOBAHHAS IPAHUIIA
obmactu D(R,€) cocrour u3 ayr:

OD(R,2) = D+ X — 75 + X5 — 75 + X%,
FﬂeFR:z:Rew,OgGgﬂ'; ANf:z=z, - R<or<-1—-¢gnrf: 2= 71+€ew,

0<O0<mN:z=a, —1l+e<a<—5:2=c 0<0<m N\5:2 =2,
e<z <R

IMockonbky f romomopdua vHa D(R,€), To 1o Teopeme Kormm

OD(R,e)
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Puc. 2. K npumepy 1

NJIH, 9TO 3KBHBAJIEHTHO,

3amernm, 9TO

I R)% + 72
[z < [1@1- el <« LT p s
R I'r

npu R — oco. IloaTomy, ocymecTsiisis npenenbubiii mepexom mpu R — oo, moiyydaem

—1—¢

1 ; 1 ' 1
/ n|x\+z7rdx+ / n|a:|—|—z7rdm+/ nx /f dz—/f
22 —1 z2 —1

—00 —14e€ €

Otxensisi B JIeBOM 9aCTU PABEHCTBA BEIIECTBEHHYIO YACTh W BBIMOJIHSAS B MEPBBIX
JBYX MHTerpaJjiaX 3aMeHy IIepeMeHHOIt, IoydaeM

z — Re f(z)dz+ | f(2)dz p = 0.
Jrome]

1—¢

Inz T Inx T
/xQ_ldx—i—/ixQ_ldx—I—

5 1+e¢ 5

Harnee,

/f (lnlsz Jr7r27r5—>0

npu € — 0, a B CHJIY JIOKQ3aHHOM BBIIIE JTEMMBbI

2

lim/f dz—mresf(): 5

e—=0
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Takum obpazowm,

IIpumep 2. Buuucaums unmezpan

oo

7 / sinxdx.
T

— 00

Bamerum sravaze, uro ynknus f(z) = e¥*/z ronomopdua s C\ {0} u B Touke
z = 0 uMeeT mpoCTOii MOJIOC € BHIYETOM

res — = lim e** = 1.
z=0 2 z—0

Hug R>1u0< < 1/2 paccMorpum Kpusbie:
Fr:z=Re", 0<t<m 7, z=0e",0<t<m Ny =[-R,—0, L%=][oR].

TTockombky I' R—f—/\%—'yg—i—L% SBJISIETCS TTOJIOXKUTETHLHO OPUEHTUPOBAHHOM TPaHUIIEH
obmactu D(R, 0), B Kotopoit dyHKiws f(z) ronomopdna, T0 110 Teopeme Korm

B cuny nemmsr 2Kopmana

R—o0
'r

lim /f(z)dz = 0.
IlosTromy mpum R — o0 morydaeM paBEHCTBO

-0 . 0o

/e—dx—i—/e—dx = /f(z)dz
x x

-0 e Ye

HpI/Ip&BHI/IBaH MHUMBIEC 9aCTH B 3TOM PaBEHCTBE, MPUXOANM K COOTHOIIIECHUIO

/ Sln:,E /smx ~ m /f
0

—0Q0

Haxomner, ocyrmecTBiasasa mpeaeabHbIN iepexo mpu o — 0, morydaem

o0

sin .
/ . dx = Im{mzrg%f(z)} = 7.

— 00
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§ 10. Peryusipabie BeTBu JiorapudmMa u KopHeii

10.1. YcaoBus cyllecTBoBaHusl peryisipHbix BerBei. OCHOBHOI BOIPOC,
KOTOPBIN m3ydaercs B 3TOM naparpade, 3aK/II09aeTCs B BBISCHEHUU YCIOBUH BO3-
MOXKHOCTH BbljesieHust perysapuoii sersu In f(z) u {/f(z) mans ronomopduoit B
obnactu D dyukuuu f. O4eBUIHO, 9TO HYKHO B KA4eCTBE OJHOIO M3 YCJIOBUIl 1MO-
TpeboBarb HeoOpalneHue B Hy/ib Qyakuuy [ B obiaactu D. JIpyrue ycjioBusi CBS3aHbl
C TOIOJIOTUYECKOH CTPYKTYpPOii obnactu D u ee obpasza f(D).

TEOPEMA 10.1. ITyems f — zoaomopdran 6 obaacmu D dynxyus u f(z) # 0
npu z € D. Tozda 6 obnacmu D moscno svidesums pezyaapryto semes In f(z2)
MOM U MOALKO TOM CAYHAE, ECAU OAL M1000T 3aMKEHYMOT KYCOUHO-2Aa0K0T KPUBOT
Y, PACTIOAOHCEHHOT 6 D, 6LINOAHAETNCA YCAOBUE

J(f(7),0) = 0, UAU, 4O IKEUBAAEHMHO, Ay arg f(z) = 0. (10.1)

JLOKA3BATEJILCTBO. Houycrum Bradase, yro F'(z) — perynspuas sersb In f(z)
B obnactu D, 1.e. F romomopdua B D u ef'?) = f(2). Torma F'(2) = f/(2)/f(2)
u (f'(2)/f(2))dz —nomusiii auddepeniman B odmactn D. CremoparesnbHo, s
J000# 3aMKHYTO KyCOYHO-TJIAIKOI KpUBOH vy B obnactn D GyAeT BBITOIHATLCS
PaBEHCTBO

z)

O6paruo, porycrum Tenepb, 910 J(f(7),0) = 0 s 11060i 3aMKHYTOH Kycod-
HO-IJIaIKON KpuBOit v B D. 1o skBuBasnentHo romy, uro (f'(z)/f(z))dz apnaerca
nonubiM audpdepentmanom B D. Ilosromy cymecrsyer nepsoobpasuas F(z) ms
f'(2)/f(z), koTopas onpeznemnsieTcsi ¢ TOYHOCTHIO 10 AJAUTABHON KOHCTAHTBI. DUK-
cupyeM HEKOTOPYH ToukKy a € D u 3mauenume In f(a) uz Ln{f(a)}. Pacnopsmam-
Cs aJIUTUBHON KOHCTAHTON MEpBOOODPA3HON TaK, UTOOBI BBIMTOJIHSIIOCH PABEHCTBO
F(a) =1n f(a). 3amernm Temnephb, 4To

(F@e D) = PO (f'() - f2)F(2)) = 0

_ [LE) z = 2mi

s Beex z € D. Cremosarensno, f(z)e () = const. Ilpm z = a nmeem
fla)e=f(@) = 1. Taxum obpasom, f(z)e F*) =1 u f'®) = f(2). Hpyrmmm
ciioBamu, F(z) aBigercs perynsapHoil BerBbio B obsiactu D yukuuu In f(z). O

CnencTBuk 10.1. Ecau f — zonomoppnasn 6 obaacmu D dynxyua, f(z) # 0
npu z € D u swnoansemes yeaosue (10.1), mo das aobozo ¢ € C 6 obracmu D
MODHCHO Gvidesums pezyaapryto semes dynxyuu (f(2))¢ = ecF(2),

CHEACTBUE 10.2. Ecau f — 2onomoppras 6 odnoceasnot obaacmu D dynryua
u f(2) # 0 npu z € D, mo 6 D mosicho evideaumsd pezysaphvie eemsu PyHkyud

In f(2) u (f(2))¢, ceC.
HeiicrBuTesibHo, mMocKoIbKy D — omHOCBs3Hast obnacth, a f'(z)/f(z) apaserca
rosiomopdHoit B D dyuKImeit, To B cuay Teopembl Kot

[55=o
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JUTst JTI000H 3aMKHYTOI KyCOYHO-TJIQIKOM KPUBOIL 7, PACIIOIOKEHHOM B [D. DTO O3HA-
gaer BbinoJiHenue ycjaosus (10.1) u BO3MOXKHOCTD BbIIEJIEHUs DErYJISIPHBIX BeTBENl

dbynkuuit In f(z) u (f(2))¢, ce C.

3AMEYAHUE 10.1. B yciousx Teopembr 10.1 perysspuyio Bersb In f(z) B 06-
nactu D MOXKHO TIpeacTaBUTh (POPMYJIOit

!
In f(2) = In f(a) +/J}((§))d§, (10.2)
¥z
rae a — duxcupoBannas Touka obmacru D, In f(a) — HEKOTOPOE 3HAYMEHME U3 MHO-
sxecrBa Ln{f(a)} u v, — Kycouno-riakas Kpusasi, COeIHHSIONASI TOUKY @ C TOUKO
z B obsactu D.

HeiicTBuTesibHO, perynsphas BerBb In f(z) B obmactu D Bbiensercs Kak mep-
BooOpazuas dbyuxiuu f'(z)/f(z). C apyroil cTOpOHbI, IpU JI0KA3ATEIHCTBE TEOPE-
MBI 4.1 OBLTO MOKA3aHO, YTO MEPBOOOPA3HASA MOXKET OBITH MOJyUeHa WHTErPHPOBA-
HHEM 10 KyCOYHO-TJIAIKUM KPUBBIM C HAYAJIOM B HEKOTOPOI (DUKCUPOBAHHOM TOYKE
a € D u c xormnom B Tekyieir Touke z € D. Kpome Toro, yuursiBasg reomerpude-
CKH# CMBICJI HHTErPajia OT JOrapupMUIECKON TPOU3BOTHOM

/J;(%)dc _ m‘%‘ +iA. arg (),

dopmyy (10.2) MOXKHO mepenucaTh B BUJIE

In f(z) = In[f(z)[ +i[0 + A, arg f(()], (10.3)

rae 6 — mekoTopoe dukcuposannoe 3Hadenue arg f(a), T.e. 6 € Arg{f(a)}.

S3AMEYAHUE 10.2. Ecau D — oxuocssasuas obnacts u 0 € D, to B obnactu D
MOYKHO OTpeIenuTh In z o dopmyie

d .
Inz = lna—f—/?c =In|z[+i[0+ A, arg(],
7z
rae a € D, Ina € Ln{a}, v, — Kycouno-riajxas KpuBasi, COEUHSIONAs TOYKH ¢ U

zB D uf e Arg{a}.

3AMEYAHUE 10.3. Bee perynspubie Bersu In f(z) B obmactu D orsimuarorcs
JAPYT OT JIpyra Ha aJJUTUBHYIO nOCTOAHHYIO 2k7i, k € Z.

JLOKA3ATEIBCTBO. Ilycth Fy(z) m Fy(z) —mBe romomopdube B obmactn D
byHKIMA, YIOBIETBOPSIOIINE YCIOBUIO

eFl(Z) j—

= 2 ()

f(2).
Torna ef1(2)=F2(2) = 1 y, cnenoBaresnsuo,
Fi(z) — Fy(z) = k(z) - 2w,

rae k(z) € Z nns Beex z € D. Oumnako, U3 3TOr0 paBeHCTBa BUAHO, 4TO k(2z) —
HempepbIBHAsT (DYHKIMsI, TIPUHAMAONIAST TOJBKO IEJIbIe 3HAYEHUSA. DTO BO3MOXKHO,
KAaK CJIeJ[yeT U3 JIEeMMbI HUKE, JIUIIb B CJly4dae, Koraa k(z) TOXKIeCTBEHHO IIOCTOsSHHA,

e k(z)=k. O
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JIEMMA 10.1. ITyemwv k(z) — nenpepuenan 6 obaacmu D dynkyus, xomopas
npuHuMaeem 3uauenus us muoocecmsa K C C, ydosaemeoparowezo yeaosuro |w' —
w’| = d >0 das ecex w',w" € K, w # w". Toeda k(z) = const.

JIOKABATEJIBCTBO. Qukcupyem a € D u gepe3 (G; 0603HAYUM MHOXKECTBO TEX
Troyek z € D, nusa xoropeix k(z) = k(a). Ilycrs takke Go = D\ Gi. B cuny
HernpepbiBHOCTH byHKIMU k(2) Kaxkiasd To4Ka 2o u3 G BXOAUT B 9TO MHOXKECTBO C
HEKOTOPOii okpecTHOCTbIO. JeiicrBuresnbno, s € € (0,d/2) naiinerca 6 > 0 rakoe,
aro |k(z)—k(20)| < € upu z € Os(2p). Hockoubky k(z9) = k(a) ue < d/2, To Taxxe
JIOJIKHO BBITIONHATHCST paBeHCTBO k(z) = k(a) mn, caemoBarensHo, Os(zg) C G.
Takwum 06pa3oM, (G1 — OTKPBITOE MHOYKECTBO. AHAJOTMYHO yCTAHABINBACTCS, UTO
n G aBIsIeTCS OTKPBITBIM MHOXKecTBOM. Omuako, Gi NGy = @ u D C G1 U Gs.
B cuny csasuoctu D omao u3 muOXkecTB (G mian Go m0MKHO ObITh mycTbiM. [lo
ycnosuio a € G1. Cnenosarensuo, Go = @ u D = Gy r.e. k(z) = k(a). O

TEOPEMA 10.2. ITycmwv f — 20n0moppnas 6 obaacmu D dynryus u f(z) # 0
npu z € D. Tozda das namyparvrozo wucaa n 6 obaacmu D mootcno evidesums
pezyaapuyro eemev V/ f(z) 8 mom u MoAbKO MoM cayuae, ecat 0aa 110000 3aMEHY-
Mot KYcowHno-24a0K0U Kpueotl v, pacnoaodcennot 6 D, evnosnaemcs yciosue

J(f(7),0) = k-n, wuau, wmo sxeusasrenmmo, A, arg f(z) = k-n-2m, (10.4)

2de k € Z.

JLOKA3BATE/ILCTBO. ouycrum Baavase, uro ¢(z) — perynspaas sersb 1/ f(z)
B obmactn D, m.e. g ronomopdua B D u (g(2))™ = f(z). Torna g(z) #0 8 D n u3

pasenctia f'(z) = n(g(2))" 'g¢'(2) cneayer
1) g
f(2) 9(z)°

Ecnu v — 3amkHyTas KycodHo-TIajKas kpusas B obsactu D, ro I' = f(y) u I'* =
g() Takzke GynyT 3aMKHYTBHIMH KyCOYHO-TJIAJIKUME KPUBBIMHU, KOTOPBIE HE IPOXO-
JIAT 9epe3 HAYaI0 KoopanHaT. V3 MoIydeHHOro BBIE PABEHCTBA MOy IaeM

L, 1[40
27Ti7 f(2) 27rz'7 g(z)

J(f(7),0) =

dz = nJ(I'*,0),

. e. BoimonHsercd ycnosue (10.4), mockonbky J(I'™,0) ABIg€TCS HETBIM YHCIOM.

O6parno, ponycrum, uro ycjaosue (10.4) Bbinoansiercs mis 060l 3aMKHYTOM
KYCOYHO-TJIAIKO KPUBOI 7y, pacmoioykeHHo# B obnactu D. @ukcupyem B obiacTu
D 10uky a u nexoropoe suauenue g(a) € {(f(a))'/"}. Oupemenum B obacru D
byHKIHO

1O
ma:m@m>f/——«
w0
Yz
T7e 7y, — KyCOYHO-TJIaJKasi KPUBas, COeIUHSIONas TOYK a u z B obsactu D. Iloka-

2KeM, 9TO ¢(z) KOPPEKTHO ONpeaesnena, ronoMopdna B D 1 BBIIOIHAETCA DABEHCTBO
(9(2))" = f(#) ang Beex z € D.
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i1 KoppexTHOCTH OTpeesiennst g(z) HaM Hy’KHO MOKA3aTh, 9TO €e 3HAUEHNE He
3aBUCHUT OT BHIOOPA KYCOYHO-TJIAIKOU KPUBOIL Y, , COeIUHSIONEH Touku a u z. [lycThb
v — npyrag Takad kpusad. Torga v = v, — 7 OyJer 3aMKHYTOI KyCOYHO-TJIQIKON
kpuBoit B D. Ilo ycioBuio TeopeMbr

1 Q
2mi | 1(O)

Y

d¢ = J(f(7),0) = k-n,

rie k € Z. B culy nepuoauIHOCTH SKCIIOHEHTHI

wnd L [ _ 2kmi _
exp njf(c)d( e 1.

Ucnonb3ys cBOMCTBO aAUTUBHOCTYA MHTEIPAJIA, ITOJLYIaeM

o Vol
exp n/f<<>d< exp nv[f(é)dc b

OTKy/Ia CJle/lyeT KOPPEKTHOCTh olpeeienus dbyHkuuu g(z).

st mokaszaresnbcrsa romomMopdrocTn hyHKIMN g(2) BhIGEpEM MPOU3BOIBHO TOU-
Ky 29 € D n okpecrrnocrb O, (z9) C D. Ilockonbky O, (zg) siBisiercsi OZHOCBSA3HOM
obmacreio, a dyukims f'(z)/f(z) romomopdua, ro (f'(z)/f(z))dz — nonueriit qud-
depennman B O,(z). Iepsoobpasuyio h qus f'(2)/f(2) B O,(20) MoxkHO onpee-

JINTH paBeHCTBOM
A0
hz) = / 0%

[ZU 72]

Beibupast v, = 7., + [20, 2], IPUXOIUM K PABEHCTBY

1
1p
9(2) = g(z0)en"?,
orkyaa caemyer rogomopduocts byakunn g B O,.(2p). IlockonbKy ToUka 2o BHIOH-
panach MpPOM3BOJLHO, TO ¢ rojoMopdHa B obnactu D. U3 npencrasienns g(z) B

okpecrroctn O,.(zp) cienyer TakKe, 4To

[t

76) = Lo ) = ol

Hanee 3amernM, aro dbyukmusa f(z)(g(z))”™ asnsercsa ronomopduoit B obnactu D
U B TOUKe 2 = a npuHuMaer 3Hadenue 1. Ilockoibky

[F&)(9()7"] = F(2)(9() " = nf(2)(9(2) " 1g(2)
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3AMEYAHWE 10.4. B ycaorusix Teopemsr 10.2 peryssipayio BeTsb g(z) GyHKIMN
Y/ f(2) B obmactu D MOXKHO TOIyYuTh 10 HOpMYIIe

f'(©)
G e, (10.5)

o) = gayesn [ F

re a € D, g(a) € {(f(a))"} u v, — Kycouno-rakas Kpupasi, COCJUHAIONIAA B
obsactu D rouku a u z. IlpuHumasi BO BHUMAHME T€OMETPUYECKUI CMBICJ UHTE-
rpaja or JorapudMUIecKol TpOu3BOAHON GyHKIHH [, IPEICTaBIeHHe PEryIsapHOIt
BerBu {/ f(z) MOXKHO nepenucarb B BUJE

g(z) = |f(2)|1/neXp{7i(9+A"’z argf(C))}, (10.6)
rae 6 € Arg{f(a)}.

3AMEYAHUE 10.5. Bee perynspubie Bersu dyukimu {/ f(z) B obracru D oriau-
YAI0TCS JAPYT OT Apyra MHOKHTeneM e/ 2K /" L =0,1,...,n— 1.

JIOKABATEJILCTBO. leiicrBurenbho, eciau g1 (z) u go(z) — 1Be peryJispHbie BeT-

B bynkuuu {/f(z), To "
(Zlé)) -t

g1(2) = (2)g2(2),

e x(z) € {e*™/7: k=0,1,...,n—1}. U3 gemmsr 10.1 caeayer, uto »(z) = const,
U yTBEPXKJICHUE TOKA3AHO. ]

OTKY/Ia MOJIy4daeM

Ipumep 1. Hccaedosams 60npoc CYuLecneo8anus PELYIAPHOLEL emeet MHO20-
suaunol pynryuu v/ 23(z + 1) 6 obaacmu D = C\ E, 2de E — xomnarxmmoe céa3Hoe
MHO0Icecmo, codepocawee mouky z =0 u z = —1 (nanpumep, E = [—1,0]).

Ham HykXHO TpOBEpHUTH BBINOJHAMOCTH yciaoBuii Teopembl 10.2 mis dyHKIyum
f(z)=2*(2+1),n =4, u obnactu D = C\ E. Hockonpky Toukn z =0 u 2z = —1
He npuHajgexar obuacru D, 10 f(z) # 0 upu z € D. Janee, mycrb y — 3aMKHyTast
KyCOYHO-IJIaJKasl KpuBasd, pacunosoxennas B D. Paccmarpupas pyHkiuio f Kak
npoussenenne f(z) = f1(2)f2(2), toe fi(z) = 2% u fo(z) = 2 + 1, u npumenss
JlorapuMUIECKOEe CBOMCTBO MHIEKCA, MOJIYyIaeM

J(f(7),0) = J(f1(),0) + J(f2(7), 0).

3amMerum Ternepb, 9To

_ L [AE, 3 [de
2mi ) f1(2) 2ri ) =z
y 8!

J(f1(7),0) =3J(7,0), J(fa(7),0) = J(v, 1),

OTKy/1a HaxoauM Bbipaxkenue st J(f (), 0):
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B cuny cBaznoctu muoxkecrsa F touku z = 0 u z = —1 npunajiekar OgHON u TO
ke komnorenTe cs3noctu C \ v m no teopeme 7.1 mMeeT MECTO PABEHCTBO

rae k € Z. Takum obpazom,
J(f(7),0) = 3k +k = 4k,

1. e. ycaosue (10.4) oinosneno u B obmactu C\ E MOXKHO BbLIEIUTH PEryJIsPHYIO
BeTBb MHOTO3HaIHOH (ynkmmu {/23(z 4 1). O

10.2. Pa3zjioxkeHue B ps/Jibl PEryJIsipHbIX BeTBeil jiorapudpMa U KOpHsI.
Paccmorpum Teneps Bompoc npejcrasienus pagamu Teitiopa u Jlopana perysisp-
HBIX BeTBeil (KOTa OHWM CYIIECTBYIOT) MHOro3HauHbIX (yHKmit In f(z2) n (f(2))%,
a € C. Korga BBOAUINCH dj1eMeHTapHbIE (DYHKIWY, ObLIO MOKA3AHO, 9TO JJIS PEry-
nsapHoit Bersu In(1+ z), Beraensemoii B eauamanom kpyre DD yeaosuem In(1 + 2)[,_,
= 0, uMeeT MeCTO HpPEJCTaB/IeHIe

In(1+2) = i #z"
n=1

ITockonbKy pyrue peryssipHble BETBU OTJIMYAIOTCS JIUIID ClaraeMbiM 2k7i, TO [jis
HHAX TEHJI0pOBCKOe pasioxkenue B [) Oyaer uMeTb BUT

0 —1)n—1
Ingy(1+2) = 2kmi + Z iz’ﬂ
n
n=1

k=0,£1,42,....
Paccmorpum reneps dbynkumnio (1 4+ 2)%, rae a € C. Ee peryasipHble BeTBH B
eauHuIHOM Kpyre D onpenesroTcs Yepe3 peryaspHble BeTBu jorapudma

hk(z) S ln(k,)(l—i-z).

ITycts h(z) —BeTBB, KOTOpasi COOTBETCTBYeT 3HadeHW0 k = 0, T.e. BBIIEIAETCS
ycnosuem h(0) = 1. Torma Bce ocranbHbIE BETBH OYIyT OTJUYATHCA JIAIIL MHOKMU-
TeIeM

hk(z) _ 61’(127&'1@}71(2)7

k=0,+1,42,.... Haiinem paszsnoxenue B psaj Teitnopa Bersu h(z). s Beraucie-
uus Ko3hdunmentos paga Teitsopa BOCIOIb3yeMCs PABEHCTBAME

W) = h(a), W) = mh(z),...,
) = S e,

u ycaosuem h(0) = 1. Takum obpaszom,

> —1)...(a—n+1
hz) = SO e O = alazl..lazn+l) oy
n=0

n!
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Hanee, B obnacru C\ [—1, 1] mHOroznaunas dyHkims In %fz MMEET PeryJIsipHbBIE
BerBu. JleitcrBurensro, dyukmus f(z) = (1 — z)/(1 + z) B 370/ o6aacTu B HyIb
me obpamaercsa. Kpome Toro, ajis ji000it 3aMKHYTOW KyCOYHO-TJIQIKOW KPHUBOI
v C C\ [-1, 1] umeem

1 [ f(2) 1 2z
J 0) = — -
G0 =55 | Fo% = am | Z-1

Y Y

1 dz 1 dz

. Y g (1) = Iy, —1).

omi ) z—1 2mi) z+1 (v 1) = J (3, =1)

Y Yy
TTockonbky TOoukM 2z = 1 1 2 = —1 PacHO/IOKEHbI B OJHONE M TOH K€ KOMIIOHEHTE

csazuoctu muoxkecrsa C\ v, ro J(v,—1) = J(v,1) u ycnoBus teopembr 10.1 BbI-
nosuenbl. Crenosaresnbho, B8 C \ [—1, 1] Bbiaensitorcs BerBu dyakuuu ln i;j Ho
TOrJa BO BHEITHOCTH €JMHAIHOTO KPyTa (KAaK B KOJTBIEBOH 00IACTH) KazK1as BETBb
JIOJIZKHA UMETh PA3JIOKeHue B psij, JlopaHa.

Iycts g(z) — HEKOTOpaAst BETBL MHOTO3HAYHO (yHKINH 1n

1—=
142z

. Torma

2 =1
/ _ _
g(Z) - 2271 - 27;12271

7 PSJ B TPABOM YaCTH 3TOTO PABEHCTBA CXOAUTCSA BO BHEITHOCTHU €IMTHUYHOTO KPYTa.
CyMMa MOYJIEHHO MPOMHTEIPUPOBAHHOTO PSIIA

o0

1
S(z) = —2zlm

peacTaBasgeT coboil TOMOMOPGHYIO BO BHEITHOCTH €IUHUIHOTO KPyTra (DyHKIHIO.
Ipum stom (g(z) — S(z))’ = 0 u, cnemoBarenvro, g(z) — S(2) = const. 3amernm
rereps 410 (1 —2)/(1+ %) = —1 npu z — 00, T.€. BerBu dyHKIUY In L_Ti
OECKOHEYHO YJIAJEHHON TOYKe YCTPAHHMYIO OCOOEHHOCTD, 8 UX [PeJIe/Ibl IIPUHAIJIe-
skar MHOKecTBY Ln{—1}, 1. e. umetor Bun i(m + 2k7), k € Z. C apyroit cTOpoHHI,
S(z) — 0 mpu z — oo. B pesymbTaTe MpUXOIUM K PA3JIOKEHWIO B pan JlopaHa

o 1—=z.
Berseil In et

HNMEIT B

1—=2
142

=2
= i(2k + )7 — —(2n-1) keZ.
i(2k+ ) nz::l o 12 , €

ln(k)

Husa narypasnbuoro n > 2 pacemorpum B C \ [—1, 0] MHOro3uaunyo ¢yHKuuio

Kak u B mpumepe 1 ycranaBiumBaercs CyIECTBOBAHHME PEryJSPHBIX BETBEH 3TOM
dbyukuuu. Haiinem paszsioxkenune B psa Jlopana BerBu, KOTOpas MPUHUMAET IIOJIO-
JKUTeJbHbIE 3HAYeHus 1pu 2z = & > 1. 3amedas, 410

1 1/n
”z”—l(z+1):z<1+z> ,
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rae B kauecrse (1 + %)1/ " paccMaTPUBAETCS PETyAsIpHasd BETBb BO BHEITHOCTU €JTU-
HAYHOTO Kpyra, MPUHUMAIOMAS MOJOKATEIbHbIE 3HAYeHus Npu z = * > 1, U Huc-
nosb3ys passoxkenue (1 + z)% B eIMHUYHOM KpyTe, T10Jy4aeM

o0

1
Vertl(z+1) = = Z Cl/nzm =Dl
m=0 m=0
st npyrux BerBeil pa3/iozKeHHe UMEET B/
v/ =1 1) i2hm/n N om =(m=1) g 01— 1.
( z (Z+ ) (k) Z 1/n z D) ,

IIpumep 2. Buuucaums unmezpan

2
/ dz
x2(2 — 1)
0
Kak u B npumepe 1 ycranaBimBaercs CylIeCTBOBAHHUE PEryIsPHBIX BETBEl MHOIO-

sHauHoi dyHKIMN {/22(2 — 2) B 0bmactn C\ [0, 2]. Pukrcupyem R > 2 u onpenennm
BeTBb 10 hopMyJIe

90 = 2= P e {§ (A 2= )} (0D

e ™ — onuo u3 snadenuit arg(R?(2 — R)) = arg(—1) a 7y, — Kycouno-T1aKas Kpu-
Bag, coemuHsAmaa R ¢ Toukoi z Bayrpu obmacru C\ [0,2]. dns mamoro € > 0
PaCCMOTPUM OTPHIATENHLHO OpHEHTHPOBaHHBIE OKpyxRHOCcTH C§ m C§ pammyca € ¢
IEHTpamMu B TOUKax z = 0 1 z = 2, COOTBETCTBEHHO, OTpe30K A\ = [¢,2 — ] n Taxoit
JKe OTPe30K A\ € MpOTHBOMONOKHON opuenTammeii. Torma AT + C5 + A2 + Cf mox-
HO PacCMATPUBATh KaK MOJIOKUTEIHHO OPUEHTUPOBAHHYIO Tpanuily 0D, BHEITHE!H
obnactu D,.

NO®
=

Va

Puc. 3. K upumepy 2
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ITockonbKy B D, Her ocobbrx Touek dbyHkunm 1/g(z), To Mo Teopeme 0 BbIUETAX

dz , 1
/ e = 27mzr:e§o el (10.8)

DE

7151 BEIYMC/IeHns BRIYETa B MpaBsoii wactn pasenctsa (10.8) samernm, ato dbyHKImsa
1/g(z) BO BHemHOCTH KpyTa |z| > 2 cOBHAJAET C OAHOI M3 BeTBeil MHOTO3HAUHOM

byHKIMIH
_ 1 9 —-1/3
67”r/3* <1 _ ) ,
z z

KOTOPBIE UMEIOT CJIEIYIOIee Pa3yiozkenue B psia JlopaHna

—-1/3 oo
sl 2 ol (—2)m
—im/3 — 1-2 — ,—im/3 2 —i2km/3 om
€ > ( Z)(k ¢ 2¢ > CMys “om

) m=0

k)3 (=2)™
€ Z cr /3" m+1
m=0

k=0,1,2. ITockoabky C" 1/3( 2)™ > 0 upu Bcex m = 0,1,2,...; ro cymma pszga

Z cr 1/3 Zerl

OPUHUMAET II0JIOXKUTEJIbHOEe 3Hadenue npu z = R. C apyroii cropoubt, 1/g(R)
umeer apryment —7/3. CienoBaresibHO, BO BHEIIHOCTU KPyra |z| > 2 umeer mecro

pasJioKeHue
—ZTI'/3 cm
g(z Z 1/3 zm+1
Orcroma HAXOIUM
res —— = —c_q = —e /3,
=00 g(2)

Juia BbIuMC/IeHus MHTErpasa B JjieBoil yacru pasercrBa (10.8) HyXKHO BBISICHUTD,
Kakue 3HadeHns mpuanMaer GyHKims g Ha AT — Bepxmeil cropoHe orpeska g, 2 — ¢]
1 Ha ero HukHel cropone A\ . Ilyers v — myra, coepunsiomasn Toukn R u x € AT,
a 7y, — Ayra, COeInHAIONIasd Ruzxe )\g. CoorBercrByoriue 3HadeHus (PYHKIUH §
6yaem obosnadarb g(x + 10) u g(x — i0), coorBercrBeHHo. 3amedas, 4TO

A+ arg 22(2 — 2) = 2A +argz+ A varg(z—2)=m, A _arg 22(2 - 2) = —,
HoJIy4aeMm
gz +i0) = 222 — x)e?™/3, g(x —i0) = /22(2 — x).

CrenoBaresbHO,

2—e

AT € AS
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Haiee,

/ dz / |dz| o 27e =0
g(z) ‘22 —z |1/3 = 52/3( _5)1/3 )

/ dz < 2me S0
9| S =P

€
2

upu € — 0. Takum obpazom,

lim dz = (e_’Q”/S — 1) I
e—0 g(Z)
aD.

u pasenctso (10.8) B upesene upu ¢ — 0 UpuHUMAET BUJ,
(e*i2”/3 - 1) I = —2mie=i/3,
B pesynbrare momyvdaem

I 2mie /3 2mi T 2r
= 1_e—i277/3 - eiﬂ/3_e—i7r/3 - sin% - ﬁ

§ 11. IIpuHnun aprymMeHTa U oTobparkarolue
cBolicTBa rojsoMop@dHBIX (DyHKIUH

IIycts dyukius f rosmomopdua B obmactu D, 338 UCKIIOYEHUEM U30JIUPOBAHHBIX
0CODOBIX TOYEK, KOTOPbIE SABJIAIOTCH ee mosrocamu. Ecan K — KOMITakTHOE MOIMHO-
xKectBo obmactu D, To Ha K MOXKeT ObITh JIUIIL KOHEYHOE YHCJIO TOJI0COB. B
MPOTUBHOM CJIy9ae HAILIACH ObI MpeeabHas TOYKA MOJCOB HAa K, 9TO MPOTUBO-
peansio ObI yCJIOBHUIO HAMMAYHS JIHUIIbL H30JHUPOBAHHBIX OCOOBIX TOUeK. Kak ObLIo
MTOKA3aHO paHee, KAXK/IbIH MOJII0C UMEeeT KOHEIHYIO KPaTHOCTb. IlycTh by,. .., by —
mostrockl byukimu f, momamaromme HA K, a ¢, ..., ¢y, —uxX KparHoctu. Torma
P =q1+...4+qy Ha3BIBAETCS YucAom noswcos Gyarnun f ua MHONKECTBE K ¢ yue-
mom ux kpamuocmu. Ecmu f(z) £ 0, To ee Hyau TakkKe OyayT U30JUPOBAHHBIMU
¥ WUMETh KOHEYHYI0 KpaTHOCThb. CjenoBaresibHO, Ha K OyIeT pacro/ioKeHO JINIIh
KoHeuHOe uX 4ucjo. Ilycts ai,...,a, —Hymu dyskmun f, nonamaromue Ha K, a
$1,...,8, —ux KparHoctu. Torma N = s; + ...+ S, HA3BIBACTCI “YUCAOM HYAel
by f Ha MHOXKECTBE K ¢ yuemom ux Kpammocmu.

TEOPEMA 11.1 (IIPUHIIUTI APTYMEHTA). ITycms D — obracms, ozparuvernas
yukaiom 7y, u f — zosomopdraa na D = DU~ (m.e. 6 nexomopoti obaacmu, codep-
oicaweti D,) GynKyuA, 30 UCKAIOMEHUEM USONUPOSAHHVLT 0COBBIT MOYEK, KOTOPble
ABAAOMCA €e Noaocamu. Jlonycmum marsice, wmo Hysu u noaocs, Gyukyuy f He
nonadarom ua y. Tozda wucao N ee nyaeld u wucao P ee noaocos 6 obaacmu D ¢
YUEMOM UL KPAMHOCTU YIOBAEMBOPAIOM, COOMHOUEHUIO

1 [[(2)
N=P= 2mi f(z)d

~

= JT)0) = 5 Ajarsf(). (L)
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JTOKABATEILCTBO. [Tockonbky 3aMpikamme D obiacTr D SBIsSeTCs KOMIIAKT-
HBIM MHOXKECTBOM, TO B D COJEpKUTCS JIHIb KOHEYHOE YHUCIO HyJlel W TOTI0COB
byukuuu f. Ilycrs aq,...,a, —ee HyJlu ¢ KPATHOCTIMU S1,...,8n, & D1, ...,0m —
€€ TIOJTIOCHI C KPATHOCTAMH (1, . . . , G, COOTBeTCTBeHHO. Torma N =s1+...+ s, u
P=q +...4+ q¢n. Paccmorpum dyHKIHUIO

:ﬁzfak ﬁ27bqu (Z)
k=1 k=1

OQueBUIHO, YTO HU30JIMPOBAHHBIE OCOOBIE TOYKH G, ..., 0n,01,...,b0, GYHKUHK ¢
ABJAIOTCA ycTpanuMbiMu. CiremoBaTesbHO, (DYyHKINS ¢ SABIASETCS TOJOMOPdHOM n
He obparmaercs B Hysab Ha D. U3 paBencTsa

f(2)=(z—a) ..o (z—an)™(z=b1) T ... (2= bp) " Tmg(2)

cIIeyer, 9To

f) T a9

ORI SRR SN

[Mockombky g(z) # 0 ma D, o dynkuusa ¢'(z)/g(z) apaserca romomopdmnoit na D u
o Teopeme Kormu

Takum obpazowm,

1 f/Z n m
Tm/fz Z—gskt](%ak)_;(IkJ('%bk)_N_P
J Z Z

U TeopeMa JOKa3aHa. O

Ha nmpakTwke mpuHIINT apryMeHTa Yalle BCEr0 MPUMEHSETCS depe3 CJIeIYIOMIit
pe3yabTar.

TEOPEMA 11.2 (PyIIE). Iycms D — obaacmo, 02panudernas yukiom vy, a f
u @ — 2onomopdruvie na D = D U~y dynxyuu, ydosaemeoparousue yeaosuro |¢(z)| <
|f(2)| npu z € . Toeda | u f+ ¢ umerom 6 D odunarosoe wucao nyseti ¢ y4emom
UL KPAMHOCTNAU.

JIOKABATEJILCTBO. Ilo ycmosmio teopemsr f(z) # 0 m f(z) + p(2) # 0 npm
z € 7. Cnenoparenbo, GyHKIUA

f(2) + 9(2)
f(2)

ABjgeTca roaoMopdHoil Ha D, 3a HCKIIOUEHHEM, OBITh MOMKET, KOHETHOTO HICIIA
MOJTIOCOB, pacmosiokenubix B D. Kpowme Toro, F' He obpariaercs B Hy/Ib HA Y. B
JeHCTBUTEHLHOCTH TOMIOCAME PYHKIUNH F MOryT ObITH JHINL HYAd (QyHKIAH f.
IIycts N — obrriee amciio uymeit pyakmun f, a Ny — obiee Iucao Hysiei pyHKIINn
f+ v, B obnacru D ¢ yderom ux KparHoctu. Ecau N — obiee qucio nHysieit, a

F(z) =
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P — obrriee umciio mosocos, dyukiuun F' B obmactu D ¢ y4eToM uxX KpaTHOCTH, TO
N — P = Ny — N1 u 110 IpUHIATY apTyMeHTa

Ny — Ny = J(F(v),0).

Ommaxo, u3 pasenctsa F(z) = 1+ p(2)/f(2) u ycnosus |o(2)/f(2)] < 1 npu z €
~ BunHo, uro F(v) pacmonoxena B kpyre |w — 1| < 1. CuenoBarenbHo, TOYKaA
w = 0 pacrosioxeHa BO BHeIHeil kommnoHente csssnoctu MHOkectBa C\ F(y) u
J(F(v),0) = 0. dro Bieder pasercrso N; = Na. ]

TEOPEMA 11.3 (OCHOBHAS TEOPEMA AJITEBPHI). Kaoicouii mHozouser n-mot
cmenenu P(z) = 2" + Cn-12""1 + ...+ co umeem 6 Kommaercroti naockocmu C
POBHO N HYAel C YUemom UT KPATMHOCTU.

JIOKABATEIBLCTBO. Ilycrs f(2) = 2" n (2) = ¢p_12" 1 + ...+ co. Torma
e(z)| _ 1

’fEZ) 2|

npu z — oo. Ilosromy maiizerca takoe R > 0, uto |¢p(2)/f(2)| < 1 mpnm |z| > R.
CrefoBaresbHo, Ha OKpykHOCTH L'p: 2 = Re'®, 0 < 0 < 2m, nna bynxumit f u ¢
BBINOJIHAIOTCS yCa0BUsA Teopembl Pyié u dbyukiun f(z) = 2" u f(2) +p(2) = P(z)
OyayT umerb B Kpyre |z| < R OIMHAKOBOE YUCJIO HYJEHl C y4eTOM UX KPATHOCTH.
Omnako z = 0 gBngercs mymeMm KpataocTH n gns f(z) = 2. Bme srtoro kpyra
nonuaoM P B Hysb He obparaercs, nockonbky |p(z)| < |f(z)| upu |z| > R. O

Cp— c
2L 4+ 20

2 Zn—l

Cn—1+ — 0

Crenyromuii pe3yabTaT sBJISIeTCs YCUIEHUEM TeOpeMbI 00 00paTHOM O0TOOpazke-
HUWU.

TEOPEMA 11.4 (O JIOKAJIBHON CTPYKTYPE OTOBPAXKEHUA). IIyems f 20-
aomoppua 6 obaacmu D u f(z0) = wo, z0 € D. Jonycmum maksice, wmo Gynryus
f(2)—wo umeem 6 mouse 2o nyav nopadkan, m.e. f'(z) =...= f"V(z)=0u
f™ (20) # 0. Toeda naiidymes maxue okpecmmuocmu O,(29) C D, r > 0, u O,(wy),
0> 0, wmo das mobozo w* € O,(wo) ypasnenue f(z) = w* umeem & O,(z0) posno
N PA3AUNHOLE KOPHET.

JTOKABATEJILCTBO. ockombky (™ (z9) # 0, To f(2) # const. B cuny m3omu-
POBAHHOCTHU HYJIEe#H HENMOCTOSHHON roJIoMOp(dHOM (DYHKINN HANIETCS OKPECTHOCTH
O, (z0), KOTOpast comepKNTCst B D BMecTe o CBOMM 3aMBIKAHUEM 1 TaKast, 9T0 hyHK-
mn f(z) —wo u f'(z) ve obpamarorcs B Hyab B O, (z0) \ {z0}. ycrs v = 00, (20) —
HOJIOKUTEIHHO OpueHTrpoBanHast rpanuna Kpyra O,.(zo) u I' = f(vy) — ee obpa3 1npu
oTobpakenuu mocpeactsom f. 3ameuasi, aro [ He mpoxoauT Yepe3 TOUKY Wy, BbI-
6epeM aucsio ¢ > () MeHbIIe, YeM PaccTossHue OT wy 10 . GuKCHpyeM IpOU3BOIHHO
w* u3 @g(wo). W3 ycnoBust BeIOOpA 9 CIeyeT, 9To

lwo — w*| < [f(2) — wol
s Beex z € . Ho Torma mo teopeme Pymié dbynkmum

f(z)=wo m f(z) —w” = (f(2) = wo) + (wo — w)
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nmeror B O, (zp) onuHAKOBOE UNCIIO HyJ€i ¢ yaeToM nx KparHoctn. Oanako, f(z)—
wo nmeer B O, (z9) OoWH HYJIb z = zg nopsinka n. ITockombky f/(z) # 0 npm z €
O, (20), T0 Bee myma dbyrrmun f(z)—w* B okpecrrocTH O, (20) ABIAIOTCS TPOCTHIMIL.
Taxum o6pazom, B O,.(2p) CONEPKUTCS POBHO 1 TOUEK 21, . - . , 2, KOTOPbIE SABJIAIOTCS
perienusivu ypasaenus f(z) = w*. O

Hanomuum, aro rosiomopdHas B obnacru D ¢GpyHKIus f HA3bIBAETCA OIHOJIMCT-
HOI1 B 910i1 obstactu, eciu f(z1) # f(z2) upu 21 # 2z Ayid J1000# LAPBL TOYEK 27, 22
u3 D. @yukius [ Ha3bIBAETCS JOKAJHHO OTHOJUCTHOW B D, ecim Ijisi KayKIOoi
TOYKH 2o € D Haidinercs okpectHocTh O, (z0), B KOTOPOH f OTHOIMCTHA.

SAMEYAHUE 11.1. U3 Teopembl O JIOKAJIBHOM CTPYKTyPE OTOOPAXKEHUS CJIEIYET,
YTO HEOOXOIUMBIM U JIOCTATOYHBIM YCJIOBHEM JIOKATBHONU OJHOMUCTHOCTH (OyHKIMN
f B obuactu D siBnsiercst HeobpallleHue B HyJib IPOU3BOAHOIA, T. . yciosue f'(z) # 0
B D. JlocTaTOYHOCTD 3TOrO yCIOBHSA ObLIA JOKA3aHA paHee, KaK CAeICTBHE TEOPEMBbI
06 obpaTHOM 0TOOpaKEHUH.

TEOPEMA 11.5 (ITPUHIINTT OTKPBITOCTH UJIN COXPAHEHUSA OBJIACTN). He-
NOCMOAHHAA 20A0MOpPHAA PyHKyus [ nepesodum omrpumovle MHOHCECTEA 6 0T~
KpLIMBLE, A 00AGCML — 68 00AACTD.

JIOKABATEJLCTBO. Ilycrs f rosomopdua B obnactu D u f(D) = G. Ecinu
wy € G, To B D Haitnercs Takoe zp, uro f(z9) = wg. Ilockonbky f(z) # const,
10 maiizerca Takoe marypasbnoe n, aro f(™(z) # 0. Ho torma mo reopeme 11.4
naitnyrcea okpecrnocru O, (z0) u O,(wp) Takue, uro O,(wp) C f(O,(29)) C G. Cae-
J0BATEIBHO, G — OTKPBITOE MHOXKECTBO. CBA3HOCTL MHOKECTBA G CIEIyeT U3 TOro,
YTO TP HEMPEPHIBHBIX OTOOPAKEHNAX CBA3HBIE MHOKECTBA TTEPEXOIAT B CBA3HBIE.
O

TEOPEMA 11.6 (ITPUHIMUIT MAKCUMYMA MOAVJA). ITyems f — nenocmosm-
Han 2oromopPuas 6 obaacmu D dynxyus. Tozda maxcumym modyas |f(z)| a max-
oHce MAKCUMYMBL U MuHUMYMb seutecmeennot Re f(2) u mnumot Im f(2) wacmet
dynxyuu [ ne mo2ym doCmu2ambCa 60 GHYMPEHHUT Moukax obaacmu D.

JOKABATEJIBCTBO. JlomycTuM, 9TO B TOUKE 29 € D TOCTUTAETCS MAKCUMYM MO-
ayins byukmuu f, T.e. |f(2)| < |f(20)] mns Becex z € D. Torma G = f(D) momxua
conepxkarbest B Kpyre |w| < |f(zo)]. C mpyroit ctoponsr, Touka wy = f(zp) rexkuT
HA TPAHUIE ITOTO Kpyra, a mo reopeme 11.5 G sBIsS€TCS OTKPBITHIM MHOKECTBOM
U, CJIeOBaTeNIbHO, Haiinercs Takoe ¢ > 0, ato O,(wy) C G. Oxnako B O,(wy) Hail-
JIeTCs TOYKa w1, JJid KOTOPO# |wy| > |wg|, a B obuactu D Haiigercsa Touka z1, AJis
Koropoit f(z1) = wy, 1.e. |f(z1)] > |f(20)|- Iony4mnm nporusopedune npenosio-
JKEHUIO O MAKCUMANBHOCTH | f(20)|. AHATIOrMYHO yCTAHABIMBAIOTCS yTBEPKICHUS O
MaKCUMyMe ¥ MHHUMYMe BEIeCTBEHHON 1 MHUMOI dacTeit dpyHkumn f. g

[IpuHnmn MakcuMyMa MOJYJISI IMEET MHOTOYNCIIEHHBIE TPUIOKEHUS B aHAJIU3E.
Hampuwmep, pemenne 3a/1a9u 0 TOM, B KaKOil TOUKe KBAIPaTa JTOCTUTAECTCS MAKCH-
MYM NPOU3BEJEHUA YeThIPeX PACCTOAHHUI OT TOYKH JI0 BEPIIUH KBaJpaTa, Cylile-
CTBEHHO yIIPOIIAETCs C IPUMEHEHNEM MMPUHIINITA MAKCAMYMa MOJLYJIsI TOJI0MOPdHOI
dyukipm. Crenyiomnas TeopeMa TAKKe ABIAETCA CIEICTBUEM 3TOrO MPUHITUIIA.
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TEOPEMA 11.7 (JIEMMA IIIBAPLA). ITycmb 2000m0pdHas 6 eQunuunom xpyeze
D= {z€eC: |z| < 1} dynruyus [ ydosaemeopsem ycaosuam: f(0) =0 u|f(z)| <1
npu z € D. Tozda das ecex z € D 6uinosnaemcs HEPaBEHCMEO

1f(2)] < |z] (11.2)

U, Kpome mozo,

IF/(0)] < L. (11.3)

ITpu smom 3nax pasencmea 6 (11.2) npu z # 0 uau 6 (11.3) docmuzaemca avwo 6
cayuae f(2) = ez, 20e 6 € R.

JLOKA3ATEJILCTBO. B cuiy CIenaHHBIX B yCJIOBHU TE€OPEMBI MPEINOIOKEHUH
dbyuxims ¢(z) = f(z)/z ronomopdua B8 D\ {0} u B Touke z = 0 UMeeT yCTPAHUMYTO
ocobennoctb. ITomaras ¢(0) = f/(0), moxyuaem ronomopduyo B D dyHKIMO ©.
Ipu srom misa kaxgoro r € (0,1) B cujly IPUHIUIA MAKCUMYMa MOJLYJIsl HMEEM

max ()] = max|p(z)] = + max|f()] <

|zI<r |z|=r r|zl=r

S e

Taxkum o6pasom, eciam z € D bukcuposano, To mis r € (|z|,1) Gyaer BbIIOTHATHCS
HepaBeHCTBO |p(z)| < 1/r. OcymecTBiss B 9TOM HEPABEHCTBE IPeIeIbHBIH Iepexos
npu r — 1, nonydaem |p(z)| < 1. D10 sxBuBaseHTHO HepaseHCTBY |f(2)| < |z].
Kpowme Toro, |¢(0)] = |f'(0)| < 1.

Honycrum Teneppb, aro mast zg # 0 n3 D semonnsiercst paserctio | f(zo)] = |2o]-
Dro o3HaUaTOo ObI, UTO |p(20)| = 1. Ho Torga B cuity MpUHIMIA MAKCUMYMa MOLYJIst
o(z) = €, 0 € R, wmm, uro sxemsasentno, f(z) = €z. B cayuae pasemnctsa

B (11.3) BbImONHATOCH OBl paBeHCTBO |@(0)] = 1 M MBI CHOBa HPUXOIMM K BHIY
bynkmm f(2) = ez O
KoudopmuocTsb.

Paccmorpum romomopduyio B obmactu D dyukmuio f. HomycTum, 9T0 B TOU-
ke 29 € D me obpamaerca B mynb npomssommas f'(zg) # 0. Torma, kak ciemyer
U3 TEOPEMBI O JIOKAJBHON CTPYKType oToOpazkenus, Haiinerca okpectHoctb O, (zp),
B Koropoit f oaunosmucrha. Ilycrs v: z = z(t), a < t < B, — iagkuit uyrb (. e.
Z'(t) # 0) B O(20), TPOXOASIINI Yepe3 TOUKY zg, T.e. z(tg) = zp TPU HEKOTOPOM
to € (o, 8). Ero obpa3 I': w = f(z(t)), @ < ¢t < B, npu orobpasxkennn w = f(z)
TaKIKe SBJSETCS MIAJAKNM IIyTeM, IPOXOASAINM depe3 TouKy wo = f(zo). Heiicreu-
renbHO, w'(t) = f'(2(t))2'(t) # 0 npu t € («, 5). B gacrHOCTH,

w'(to) = f(20)7 (to)- (11.4)

HccenepyeM 3Ha4€HHE 9TOrO PABEHCTBA.

Buauasie 3amerum, uro Aw = w(t) — w(ty) — cexymas misa kpusoit I, npoxousi-
1iasi 4epes ToYKy wo, a Az = z(t) —z(tp) — coorBeTcTBYIONIAs CEKYIIAs U1l KPUBOIL
7, IPOXOAAIIA IePe3 TOUKY zg. 1lpm arom Aw = f/(29)Az + o(|Az|) n
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Teomerpuvecku 310 O3Hauaer, 4to |f’(20)| aBngerca koadbdunueHTOoM HCKAKEeHUS
JUTUHBI B TOYKE 2o Tpu oToOpazkenuu f. IIpuduem OH He 3aBUCHT OT HAIPABJICHUS
[yTHU, TIPOXOJAMIINErO Ye€pe3 TOUKY Zg, T.€. BCE IYTH B TOYKE 2o UMEIOT OJWH W TOT
xe KodpdurmenT nckaxenns Hauabl. OOpa3HO 3TO MOXKHO CHOPMYIUPOBATH KAK
TO, 9TO ,0ECKOHEYHO MaJjias“ OKPYKHOCTh C IIEHTPOM B TOYKE Z( MEPEXOIUT B ,0ec-
KOHEYHO MAJIyI0“ OKPYXKHOCTb C HeHTpoM B Touke wy = f(29). Takum obpazom,
260MEMPUUECKUTE CMBLCA MOOYAS NPOU3B0JHOT B TOUKE — ITO KOI(PPUIMEHT UCKa-
JKeHUsA JJTMH B 9TOif Touke. Pamee Mbl Bujenn, uto |f’(z0)|? aBnserca axobmanoMm
orobpazkenus w = f(z), T.e. KO3(DPUUUEHTOM UCKAKEHUS ILIIOLIA/IM.

TTockombKy KacaTeabHast K TJIQIKONH KPUBOH SIBJISIETCS TTPEIETHHBIM TTO/TOKEHUEM
cekyIieit, To arg z’'(tg) BbIpayKaeT yroJ, KOTOPHIH o0pasyeT KacaTeabHasi K KPUBOH
~ B TOUKE 2o C MOJIOKUTEIbHBIM HAIPABJIEHAEM BEIECTBEHHONW OCH. AHAJIOTHYHOE
suagenue umeer arg w'(ty) B w-mwiockocru. Ilpu cooTBercTByONEM BHIGOPE BETBU

aprymenTa u3 pasencrsa (11.4) noixygaem
argw’(tg) = arg f'(20) + arg 2’ (to).

Takum obpaszom, zeomempuueckuti cmoica arg f'(zg) —3T0 yros mMOBOpOTa HAIIPAB-
JIEHWS HATTPABJIEHAs KACATEJIBHON K TIAKONW KPUBOH Y B TOUKE Zo TIPHA OTOOpasKeHUH
NOCPEACTBOM f. DTOT yroa He 3aBHCUT OT BBIOOPA KPHUBOH 7y, MPOXOAAIIEH depes
TOYKY Zp. Ilo3TOMy, ecnm 7y M Y* — JBe KPUBBIE, MPOXOILAIAE Yepe3 TOYKY 2o U
[epeceKaIoNIMecs B 9TOM TOYKe 1O yIiioM &, To ux obpassl I' = f(v) u I = f(v*)
Oy/lyT IepecekaTbCsi B TOYKE Wg IO TEM K€ yLJIOM (. DTO CBOWCTBO HA3BIBAIOT
KOHCEPBANMUIMOM Y2408 WA KOHPBOPMHOCIbIO OTOOpazkerus w = f(z) B TOUKe 2.

TEOPEMA 11.8. ITycmv w = f(z) onpedesena 6 obaacmu D u nenpepvieno dug-
depenyupyema 6 sewecmeennom cmoicae. Tozda [ aeasemes KonpopmHvm 6 Moy-
Ke zg € D 6 mom U MoAvKO MOM CAYUaE, ECAU 0HG OUBPHEPEHUUPYEME 6 KOMNAEKC-
HoM cmvieae 8 amot mouke u f'(zg) # 0.

JOKABATEJIBLCTBO. YciaoBue HenpepbIBHON Aud dbepeHnupyeMocTy B BEIIECTBEH-
HOM cMbIcJie orobpazkenus w = f(z) o3nadaer, 4ro Koopaunaruble GyHkuuu u(z,y)
un v(z,y), Toe z = x + iy, w = u + v, UMEIT HEeNpephIBHbIE YaCTHHIE TPON3-
Bomabie. To, uro m3 nuddepenimpyeMoctr f B KOMILJIEKCHOM CMBICSIE W YCJIOBHS
f'(z0) # 0 caenyer xoHbOpMHOCTH (KOHCEPBATH3M YIVIOB) B TOYKE 2o OBIIO MO-
Ka3aHo Bbime. Jlomyctum temepb, 9ro orobpaxkenue f KOHMDOPMHO B TOYKE Z(.
Ecmu v: z = 2(t), a < t < 8, — raaakuil nyTh, IPOXOAALIMI Yepe3 TOUKY Zg, T. €.
2(to) = 20, to € (o, §), TO mpousBoanyo or pyuKuuu w = f(z(t)) MOXKHO 3amKCATH
B BUJE
0
Ox

w(to) = 2L () (to) + %wm

rae

af ou .Ov af 8u+,8v

— = — 11—, —_— = — 1.

ox ox ox y dy y
Beipaxas «'(t) u y'(t) gepes 2/(t) = /(t) + iy'(t), paseHncrBo s w'(tg) MOXKHO
MEPEnucaTh B BUJE

0 0 0 Of\ —
w'(to) = % <a£ - Zﬁi) #(to) + % (ai + zajyc) (to).
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IMockonbKy nyTh 7y raaakuii, To 2’ (tg) # 0 1 U3 MOCIEIHEr0 PABEHCTBA, MOy IaeM

-3 )

; . (11.5)
KoudopmHocTh B TOUKe 2o oToOparkenus w = f(z) o3Hauaer, uro arg{w’(tg)/z'(to)}
ne 3aBucut ot arg 2’ (tg). C apyroii croponbr, Bbipazkenue z'(tg)/z' (tg) mpuHIMaeT
Bee 3uauenus e, 0 < § < 27, Korja MeHdeTcs HalpaB/eHne KacareanHoi 2/ (tg) K
KpUBOIl ¥ B TOUKe 2o (Ipu moBopore v B TOUke 2g). Ilosromy u3 pasencrsa (11.5)
BUJTHO, 9TO KOH(POPMHOCTH OTOOpazkeHuss w = f(z) B TOUKE 2y BO3MOXKHA JIUIIH B
CJIy4ae BBIIOJHEHUS PABEHCTBA

2’ (to) Ox 8y ox Jy

of , ,of

81‘ 8y =9

KOTOPOE 3KBUBAJEHTHO ycaoBusaM Komm— Pumana. Kpome Toro, mockombKy raji-
KHMe KpUBbIE [1Peo0pasdylorcs 1pu orobpaxkenuu w = f(z) B riajKue KpUBbIe, TO
BeIMosHsIETCs yeorue f/(zg) # 0. O

3AMEYAHUE 11.2. U3 pasencrsa (11.5) TakxKe ciemyer, 9To yCIOBUE HE3ABUCH-
Mocth KoabdunnenTa nckaxkenust JuHb W (to)/2'(tg)| oT HampaBieHus MyTH ¥
BJI€YET OTHO U3 COOTHOIIEHU

a—f +1 f AJTHA g 5f
or oy or oy

IlepBoe w3 HuX, KaK OBLIO OTMEYEHO BBINIE, IKBUBAJIEHTHO ycjaoBusMm Kormm— Pu-
Mmana. Bropoe coorHomenue Boipazkaer ToT dbakt, 9ro dbyHKIma f(2) aBagercs
muddepeHIupyeMoil B KOMIIJIEKCHOM CMBICIE B TOYKE 2(.

KondopmHOCcTh B pacmimpeHHO# KOMILJIEKCHO# IIJIOCKOCTH.

IIpu paccmorpennn KOH(MOPMHBIX OTOOpazkeHwit f objacTeill B paciiupeHHOM
KOMTITTeKCHO#M mockocTn C HY»KHO pacHpOCTPAHHTh TIOHATHEe KOH(MOPMHOCTH Ha,
cilydau, Korjga objiacThb onpejesieHus uin obiaacrtb 3Hadenuii (uiu 06e) orobpazke-
ousa f comep:Kar OECKOHEYTHO YAATEHHYIO TOUKY.

HonycTnM BHaYase, 9TO KOHETHAsS TOYKA @ OTOOparKaeTcst MOCPEICTBOM TOJIO-
MopdHoii byHKInK [ B GECKOHEYHO YIANEHHYIO TOUKY, T.e. f(z) — oo mpu z — a.
OT0 O3HAYAET, UTO z = @ sABJsieTcs ToJocoM st byskimu f. DPyHkuus g(z) =
1/f(2) Gymer umerb TOUKY 2 = a B KQ4eCTBE yCTpaHUMOli 0coboit Touku. Kpome To-
ro, nojiarasg g(a) = 0, noaydaem roJloMOPdHYIO B OKPECTHOCTU TOYKYU ¢ (DYHKIIUIO
g. Kondopmuocrs orobpazkenus ¢ (a, ciea0BaTesbHO, 1 f) B TOYKE @ SKBUBAJIEHT-
Ha ycnoBuio g'(a) # 0. 1o o3Hauaer, 9to GyHKIHUsS [ JOIKHA IMETh B TOUKE 2 = @
npocroii noatoc. Takum obpasom, pyHKuus f OyaeT OJAHOMUCTHOR U KOHPOPMHOT 6
HEKOTOPOI 0KPECMHOCMU NOAOCA & B TOM U TOJBKO TOM CJIy4ae, KOTJA ITOT NOAIOC
npocmot.

Paccmorpum Temeps ciydait, korga f romomopdHa B OKPECTHOCTH OECKOHETHO
yaameHHoit Touku. Ob6cyxkaaTh BOmpoc KOHMOPMHOCTH f B TOYKE z = OO MMEEeT
CMBICJI JIUIIIb IPU YCJIOBUY CYIIECTBOBAHUS MPe/iesia (KOHEYHOro Uik GeCKOHEUHOro)
dbyukuuu f(z) upu z — co. Jouycrum BHadase, 4TO STOT NHPEJEs KOHEYHbIH, T. e.
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f(z) = wo mpn z = oo mw wy € C. JpyruMu cioBamMu, TOUKA z = OO SIBJISIETCS
ycTpaHuMoii ocoboit Toukoit mist byukunu f. Torma dbyukuns g(¢) = f(1/¢) rakxe
Oyzner mMerb B Touke ( = 0 ycrpaHuMmyio ocoberHocTh. Ilomaras g(0) = wg, MBI
mosrygaem rosiomopduyo B okpectaocTu To9ku ( = 0 dynkmuio g. KorudopmuocTs
dyukuuu g B Touke ¢ = 0 sxBuBanenTHa yciosuio g'(0) # 0. Ilepenumem 310
ycnosue Ha ¢yakiuio f. ITockombky

. —w .
g (0) = hmM = lim 2(f(z) —wp) = — res f(z),
¢—0 C Z—00 2=00
TO TMPUXOIUM K BBIBOLY: €CJIA 2 = OO SBIISIETCH YCMPAHUMOU 0c000T moukol [Jjis
dyukuuu f, 1o orobpaxkenue w = f(z) Oyger OJHOJUCTHBIM U KOHHOPMHOLIM 6
HEKOTOPOI 0KpecmHocmu beckoneuno ydarenHoth MoKy B TOM U TOJBKO TOM CJTy-
qae, ecn res f(z) # 0.
Z2=00

Paccmorpum, wakosen, caydail f(z) — oo mpu z — 00, T,e. KOIJa z = 00
ABJsIeTC momocoM i pyuknun f. B aTom ciydae cBOCTBO KOHGOPMHOCTH TIe-
penocurcs ma dysknuo g(¢) = 1/f(1/¢) B Touke ¢ = 0. Vcnosme ¢'(0) # 0 B
repMuHax PyHKIWE [ TPUHUMAET BU/I

9(¢)

’ — i &) s L
9(0) = lim=p= = lim —~ # 0.

DTO O3HAYAET, 9TO z = 0O SBJSETCsS MPOCTHIM TOTIOCOM st PYHKIUH f.

§ 12. JlokaapHO paBHOMEPHAas CXOUMOCTD

12.1. Omnpegesienue U CBOMCTBa JIOKAJIHHO PAaBHOMEPHOI CXOIMMOCTH.
Cpenu pa3auvHbIX BUIOB CXOAUMOCTHU ITOCJIEI0BATEILHOCTEH (DyHKIUA B Teopun
AHAIUTUIECKUX (PYHKITUN UCKIIOYUUTETHHO BaXKHYIO POJIb UTPAET TAK HA3hIBAEMAs
JIOKAJIbHO PABHOMEPHAA CXOIUMOCTb.

ONPEAENEHUE 12.1. Byaem roBopuTbh, 9TO TOCEI0BATEIBHOCTD OIPEIEIeH-
HbIX B obnacru D dyskuuii f,, n = 1,2,..., CXOOUTCI AOKAAOHO PAEHOMEDPHO B
D k dysruuu f, ecnu Juis KaxkJI0# TOYKU 2o € D Haiijercs rakasi ee OKPeCTHOCTh
O, (20), r >0, uro O,(20) C D n fn(z) = f(2) paBHomepro B O, (29) mpu n — 0.

SAMEYAHUE 12.1. TlpuBementoe onpeaeaeHne MOXKHO IaTh B JIPyTrOil SKBUBA-
senTHON dopmyamposke. IlocienoBarenbHOCTh {f,} CXOmUTCS JOKAIBHO PABHO-
MepHO B obnactu D kK ¢dbyHKIuu f B TOM W TOJBKO TOM CJIydae, eCjiu JJis JII000ro
KOMIIAKTHOrO noaMuoxkecrsa K C D nocaenosaresnbuoctsb {f,} cxomurca pasho-
MepHo Ha K K ¢pyaxkmun f.

JOKABATEJBLCTBO. [elicrBurenbHo, eciu fr, — f J0KaJbHO paBHOMEPHO B D
B cMbIcie onpegenenns 12.1 n K — KOMIaKTHOE TIOIMHOKECTBO obaacTu D, To st
Joboit Toukm zg € K Haiimercs rg > 0 takoe, uto O, (20) C D u fr(2) — f(2)
pasromepto B O, (29) mpu n — o0o. IloCcKONBKY Kaxk[gash TOYKa MHOKecTBa K
00/1a/1aeT TaKO# OKPECTHOCTHIO, & K — KOMITAKTHOE MHOXKECTBO, TO MOXKHO BbIOPATH
KoHeuHoe gucio okpectHocTelt O (21),..., Oy (zy), KOTOpbIe MOKpbBalOT K U B
KaxK/J0il U3 KOTOPBIX CXOAMMOCTb IOcC/enoBareabHoctu { f,} pasaomepnas. Ilycrs
reepp € > 0. s kaxpoit okpecrnocru Oy, (1), k = 1,...,m, cymecrByer
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wHomep Ny, Takoit, uto |f(z) — fn(2)| < € npm Beex z € O, (2x) m n > Nj. Ho
rorga 1ust n > max{Ny,..., Ny} n Bcex z € K Gyer BBINONHATHCS HEPABEHCTBO
|f(2) = fn(2)| < . lockombKy & > 0 BHIONPAJIOCH ITPOU3BOJIBLHO, TO STO M O3HAYAET
PABHOMEDHYIO CXOJMMOCTD MOCJIEIOBATEIBHOCTH { f,, } Ha MHOXKecTBe K.

O6parHo, ecau MOCIeJ0BATEIBHOCTD { f,} CXOQUTCA DPABHOMEPHO Ha KasKIOM
KOMIIAKTHOM moaMHOkectBe K C D, to jyst moboit Touku zg € D Haiimercsa (B
cuity Toro, 9ro D — orkpbiToe MHOXKecTBO) okpectHOCTh O, (29) C D. BaMKHYTHIit
Kpyr {z: |z — 20| < r/2} gBusercs KOMIIAKTHBIM MOAMHOXKeCTBOM obsiactu D u 110
upenosozenuio fr(z) — f(z) pasnomepno B okpecrnocru O, /2(20). o

TEOPEMA 12.1 (BEMEPIITPACCA). ITycmo { f,} — nocaedosameavrocms 2040-
mopproz 6 obaacmu D dynxuyut u f,(2) = f(2) aokarvno pasnomepro 6 D npu
n — 00. Tozda umerom mecmo caedyrouue YmeepiHcoenus:

(i) [ asasemca zosomopdroti 6 D dynxyued;
(i) f1(z) = f'(2) aokasoro pasromepro 6 D npu n — oo.

JJOKABATENBCTBO. (i) Ilycts 2y — mpousBosbHast Touka obnactu D. Beibepem
r > 0 Tak, 4yTo6bl 3aMKHYTHIH KpYT O, (2¢) comepxascs B obmactu D. ITockombKy
9TOT KPYT fABJSETCSI KOMIAKTHBIM IOAMHOXKECTBOM objactu D, to f,(z) — f(z)
pasuomepuo Ha O.(20), a npenenbhas ynkuus f Oymer nemnpepbiBuoi. laee,
JU1st 1060l 3aMKHYTOH KycouHOo-raakoii kpusoii v C O,.(zp) B cuily paBHOMEPHOI
CXOIMMOCTH nocjenoBareiabioctu { f,} Ha Heli OyueM uMmeTh

Jim [ 5nz / (e

Y

Oxuaxo mo Teopeme Kormm nHTErpajbl B JIEBOH YaCTH PABEHCTBA PABHBI HYJIO. DTO
osnadaet, uro s dyukuun f B O, (29) BBITOIHEHBI yeaoBust Teopembl Mopepa 5.4
u, cienosarenbuo, f romomopdua B O,(29). IlockoIbKY 2o ObLIa IPOU3BOJILHOI
TOuKOI obsactu D To ronomopdHOCcTh f B D noka3aHa.

g nokasarennbcrsa (i4) BOCIONb3yeMcs UHTErpabHOil dopmysioit Ko s
npoussozaubix (5.2). CuoBa durcupyem zg € D u r > 0 rmakoe, uro O,(z9) C
D. Ecmu v, = 00, (zp) — HOJIOKUTEIHHO OPUEHTUPOBAHHAS I'PAHMIA OKPECTHOCTH
O, (20), To myst Beex z € O (2p) OyAyT BBIIOTHATHCH PABEHCTBA

o [ _I©) PR A
16 = g [ 5w R = 5 [ 225

Yr Ir

Ho rorna mna z € O, /2(20) 6ynem umernb
/ , f(¢ C) 4
76~ )] = o / FO= L0 ac) < 2maxs©) = £l

IlockombKy mpaBas 9acTh 9TOTO HepaBeHCTBa He 3aBucuT OT z € O, /2(20) 1 cTpe-
MUTCA K HyJIEO TIPH 1 — 00, T0 f;,(2) — f'(2) pasromepno B O,./5(20). lpuauvas Bo
BHUMaHHUE TO, 9TO Zg BBIOMPAJIOCH MPOM3BOIBHO U3 [, IPUXOIUM K YTBEDPKICHUIO
(it). O
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Nuorma yreepxeHve (i) Ha3bIBAIOT TEPBOi Teopemoii Beitepmrpacca, a (ii) —
BTOpPOI#T Teopemoii BeiteprmTpacca.

Parmee Mbl moKa3aid, 9TO CyMMa, CTENEHHOTO Psia MPEICTABIISET CODOU TOJIO-
MOpPdHYIO B KpyTe cxomuMmocTu MyHKImio. Teopema Beitepmrpacca mo3sossier pac-
IIAPHUTH 3TOT PE3YAbTaT CAEIYIOMNIM 00PA30OM.

CaeACTBUE 12.1 (TEOPEMA BEUEPIITPACCA /151 PSIOB). ycmos psad
Yoot fu(2), cocmasaennui us eonomopdrnz 6 obaacmu D dywryut f, crodum-
(oo}
ca rokanono paeromepro 6 D. Tozda ezo cymma f(z) = Y " fu(2) aeasemca
20n0MOpPHoti 6 D dynkyuets u pad moocho novwsenno duddepenyuposamo, m. e.

f'(z) =200 fu(2).
TEOPEMA 12.2 (TypPBUULA). [ycmo dynryuu fn, n = 1,2,..., 2osomopdro, u

He obpawaromcea 6 wyav 6 obaacmu D. Jonycmum makoce, wmo fr(z) — f(z)
A0KaALHO pasromepno 6 D. Tozda aubo f(z) =0, aubo f(z) #0 npu z € D.

JLOKA3ATEJIBCTBO. Homyctnm, uro f(z) £ 0 m f(a) = 0 B HEKOTOPO#H TOUKe
a € D. Torma B cuily m30JUPOBAHHOCTH HyJel rojgoMopdHoit dbyHKINN HaligeTcs
maxoe 7 > 0, uto O,(a) C D u f(z) # 0 mpn z € O,(a). MoxkHO canmrarh, 4TO
f ne obpamaercsa B Hysib u Ha v = 00,.(a). TIOCKONbKY 7 ABJISIETCSI KOMIAKTHBIM
MHOXKECTBOM, TO

min|f(2)] = § > 0.

zey

B cuiy JI0KaJIbHO PaBHOMEPHOMN CXOAMMOCTH TocijenoBaTeabrocTn {f,} Haiinercs
Homep N Taxoit, ITO

|fn(2) = f(2)] < /2
npu Bcex n = N u z € v. Ho Torma no reopeme Pyme dynkmps f,(z) = f(z) +
(fn(2) — f(2)) 6ymer umers B O,(a) CTOIBKO ¥Ke HYJEl C y9eTOM HX KPATHOCTH,
ckonbKO u pyukuus f(z). OmHaKO, 5TO IPOTUBOPEYUT YCIOBUSM TEOPEMbI, COTJIAC-
HO KOTOPBIM f;,, HE JOJKHA 00paIarhcsa B HyIb B obmactu D. O

CHEACTBUE 12.2. [Tycmb nocaedosamesbHocms 00HONUCTIVHOLE U 20A40MOPHHOLT
6 obaacmu D ¢gynrxuyut f,, n = 1,2,..., cxodumca sokasono pasromepro 6 D
dynryuu f(z) £ const. Toeda f makoice odnoaucmua 6 obaacmu D.

JLOKA3ATEJBCTBO. Homycrum, uto f(z1) = f(22) = wo 7151 HEKOTOPHIX 21, 22 €
D wn z; # z9. Boibepem r > 0 tak, urodbt O, (z1) C D, Op(22) C D u O,(z1) N
O,(z2) = @. TlockombKy Kaxgas byHkuus f, oxsomnctra B D, 10 f,(2) # wp
x0Tsi Obl B onHO#t u3 okpecraocreil O, (z1) umu O,(z3). [odToMy MOXKHO BbHIOPATH
HOJIOCTe0BaTeNbHOCTD { fp, } # omuy u3 okpecrrocreit O, (z1) nmm O, (z2) Tax,
4TOOBI Bee (DYHKIUU IHOANOCIEIOBATENbHOCTH fy,, He IPHHAMAJIU 3HAYEHHA Wo B
BBIOpAHHOI OKpecTHOCTH, T.€. fn,(2) — wo # 0. Ho Torma mo reopeme yp-

Buna Jubo f(z) = wp, smbo f(z) # wo B BbIOpaHHOW OKpecrHocru. Ilepsoe
nporuBopednT ycaosuio f(z) Z const., a BTOpOE IPOTHBOPEYHUT MPEIOIOKEHUTO
f(z1) = f(z2) = wo. o

12.2. IIpmanun komnakTHOCTU. IlycTh K — KOMIAKTHOE MHOXKECTBO B KOM-
nsekcuoii miockoctu C. Yepes C(K) 0603HAYUM COBOKYITHOCTb BCEX HEIPEPHIB-
HBIX KOMILJIEKCHO3HAYHBIX (DyHKIMi, onpenenenubix Ha K. Kak nzsecTHo u3 Kyp-
Ca MaTeMaTHU4ecKOro aHaJ/In3a, BCSKAs HelpPepbIBHAS Ha KOMIIAKTHOM MHOYKECTBE
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byHKIUS ABISETCA U PABHOMEDPHO HEIPEPHIBHON HA ITOM KOMITAKTHOM MHOXKECTBE.
Kpowme Toro mpe;/ies paBHOMEPHO CXOJSIIIEHCs TT0C/Ie/[0BATEIbHOCTY (DYHKITHIH TTpeJ-
craByisieT coboil HenpepbIBHYO (byHKIHIO. s ceMeiicTB HempepbIBHBIX (DYyHKITHIT
BO3BHUKAET eIlle OJTHO MOHSTHE, CBI3aHHOE C HEIPEPBIBHOCTHIO.

ONPEAENEHUE 12.2. Ilycrs F — ceMelicTBO KOMILJIEKCHO3HAYHbBIX (DyHKIUIH, O~
peaesiennbix Ha mHoxkecrse E C C. Bygem roBopurb, 4To 3T0 CeMeHCTBO ABJiser-
csl pasHocIEnenno nenpepuietvim Ha, | ecim nys moboro € > 0 maiizercs Taxoe
§ >0, aro |f(2") — f(Z")| < & mns mobbIX 2/, 2" u3 E, yAOBIETBOPSIOMUX YCIOBUIO
|z — 2"| < 0, u Bcex dynkumit f u3 cemeiicra F.

OueBuanO, 9TO KaxKaas GyHKIUs f U3 PABHOCTENEHHO HEITPEPHIBHOIO CEMENCTBA
F sBJigeTcs paBHOMEPHO HemnpepblBHON Ha mHOxKecrBe E. Cienyronmii pesynbrar
cocrasiisgier npuniun komnakruocru B C(K). B sureparype sror pesyibrar usse-
creH Kak TeopeMa Apuesia— Ackonu.

TEOPEMA 12.3. ITycmv K — xomnaxmnoe 6 C mnoorcecmso u F C C(K) — ce-
MeTUCNE0, KOMOPOE PAEHOMEPHO 0ZPEHUMEHO U PABHOCTNENEHHO Henpepbieno Ha K.
Tozda u3 a0bol nocaedosamenvnocmu {fr,} C F Moorcho svdeaums nodnocaedo-
BAMEALHOCTIVL, KOMOPAA PLEHOMEPHO crodumca na K.

JIOKABATEJIBCTBO. B moka3areabcTBe BHIIEIUM TPH MyHKTA.

1. Bwibop cuemmnozo naomuozo nodmmoscecmea ¢ K. Ecniu K apinsercsa KoHed-
HBIM MHO?KECTBOM, TO yTBEP2KIEHUE TeOpeMbl TpuBHaibHO. I[losTomy Oymem cuu-
TaTh, 9T0 K GECKOHEYHO, M MOCTPOUM CUeTHOE IIoTHOe B K mommHOXKecTBO. s
kaxkzoro k = 1,2,... paccMmorpuM pasbueHure KOMILIEKCHOMR IIJIOCKOCTH Ha KBaJpa-
THI TTyTEM TTPOBEIEHNS MAPAJICILHBIX KOOPAUHATHBIM OCSIM TPSMBIX C HHTEPBAJIOM
B 1/2%. Tlockompky K siBAsgeTCs OrpaHHYIEHHBIM MHOMKECTBOM, TO JIHITh KOHETHOE
YUCI0 3AMKHYTBIX KBaJIPATOB pa30WeHnss MMET He mmycToe mepecedenue ¢ K. B
KayKJOM TaKOM KBaJpare BBIOEPEM MO OJHOH TOYKE U MOJyYEHHOE KOHEUHOE MHO-
2KecTBO 0bo3HaumM depe3 Q. Torma QQ = U2 ;@ OymeT cUeTHBIM MHOXKECTBOM,
maoTHbIM B K.

2. Buwdeaenue modnocaedosamesvHocmu Gyrkuull, CLoOAUWETCA HOG CUEMHOM
nodmmuooicecmee. 3anymepyem Touku MuoxkecrBa @ = {qi,q2,...} u BbLIEIUM,
UCnoNb3ys nuaroHanbubii meron Kanropa, us {f,} nomnocnenosarenprocrs, cxo-
JANIYIOCT B KaXKJI0H TOouke MHOXKecTBa (). IlpuMmeHsis K OrpaHUYeHHON YHCIOBOMN
nocienoparenbHocTn { fr,(g1) 152, npunimn Bonbkiano — Beiieprirpacca, BbImennM
CXOZIAIIYIOCST HOAMOCIEA0BATEMBHOCTD { f1.,(q1)}2% . s HyMepanuu 4ieHOB HOJ-
[OCJIEI0BATEILHOCT MbI MCIIOJIb3yeM JBoitHbie uniaekcol (1,n) € N.  Jlamee, u3
OrpaHWYeHHON YHMCcI0BOil mociemoBarenbHOCTH {f1 5 (g2)} BBLIEIMM CXOAAILYIOCS
HomocaenoBaTeabHocTs { fa,(g2)}. B cmmy Toro, uro {fs,} sBusercs mommo-
CIIe0BATENBHOCTLIO { f1 n}, TO {f2.,,(q1)} Takzke sABIsIETCSA CXOAAIIENCS OCTENOBA-
TesibHOCTBIO. IIpomosKast mpouecce BbIOOPa MO/IIOC/IeI0BATEIbHOCTEH, MbL IIOJLY YAM
CYeTHOE CeEMEMNCTBO IIOANOCIEA0BATEIbHOCTEN MCXOMHON II0CIe10BATEIbHOCTH:

fi,1, fi2, fi3,
f2,1, S22, fa3,
f3,17 f3,27 f3,37
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ITpu 9TOM KaxKAast MOAIOCIEIOBATENLHOCTD { fi., } CXOIUTCS HA MHOMKECTBE TOUEK
Qs+ Gm 13 Q U ABIAETCS MOANOCTIEIOBATEILHOCTHIO IPeAbIAYIei { 1,5}

Takum 06pa3oM, JUArOHaIbHAS I0CJIEA0BATEILHOCTD { [y, } sABJAETCA HOATIOC e~
JIOBATEJHLHOCTHIO UCXOAHOM MOCJIEI0BATENBHOCTH { [, } M CXOMUTCS B KAXKION TOUKe
MHOKECTBa Q.

3. Jloxasamenabcmeo pasromeproti CLoouMocmy 6budesennoti nodnociedosament-
nocmu. s yupornenus obo3nadenuii Oynem nucarb g, = frp, n=1,2,.... Puk-
cupyem pousBosibHO € > 0 u Buibepem § > 0 Tak, urobbl juis Beex z', 2" w3 K, pis
KOTODHIX |2’ — 2| < §, BemosHsinock HepaseHcTBo | f(2') — f(2)] < /3 npmn moboii
f u3 F. DT0 MOXKHO CIeaTh B CHJIy PABHOCTEINEHHONW HEIPEPBIBHOCTUA CEMEHCTRa,
F ma K.

N3 cnocoba mocTpoeHusi MHOXKECTBA () Caemayer, uTo st jrboro z € K Haii-
nercs Takoe q € Qy, uto |z —q| < v/2/2F. ®uxcupyem ko Tax, 9TOGHI BLITIOTHAIOCH
HEPABEHCTBO & > \@/2’“0. Jamee, TOCKONBKY (Qk, ABIAETCA KOHEIHBIM MHOXKE-
CTBOM U TTOCJIEJIOBATEIBHOCTD { gy, } CXOIUTCS B KaXKJ0H TOYKE 3TONO MHOXKECTBA, TO
MO2KHO BbIOpaTh HOMED N Tak, YTOObI

€
|gn(q) _gm(Q)| < g
opu Bcex ¢ € Qr, u n,m > N. Ho torma nnsa npousBonbHOro z € K, BbOupas
q € Q, N Os(z), momyvaem mius n,m > N

19n(2) = gm(2)] < |9n(2) = gn(D] + [9n(0) = g (D] + [gm(q) — gm (2)]

TO O3HAYAET, YTO JJIsl TOCIEI0BATETHLHOCTH { gy, } BBIOIHSIOTCS YCIOBUST KPUTEPHUS
D10 O3HAYAET, UTO 0CJIE/IOBATETHHOC OJIHSITOTCS YCIIO e
Komm paBrOMepHO# cxomumocTu HA K. a

IIycrs Tenepp D — npousBosibHas 006iacTb B KomiiekcHoil mrockoctu C. HYe-
pe3 H(D) byuem 0603Ha4aTH COBOKYIHOCTH rosioMopdubix B obiacru D dyHkuuii.
Bamernm, uto H (D) siBsieTcst IMHEHHBIM TPOCTPAHCTBOM.

OnPEAENEHUE 12.3. Cemeiicto F C H(D) Ha3BIBAETCH A0KAABHO PAEHOMED-
HO OZpanuuenHvlm B D, eciu g BCAKON TOUKHM zg € D HalifyTca OKPEeCTHOCTH
O,(20) C D u aucno M > 0 raxue, uro |f(z)| < M npu Bcex z € O,(z) u f € F.

Kaxk u B cirydae omnpe/iesieHnst JIOKAJIbHO PABHOMEDPHON CXOJINMOCTH TTPUBEIEHHOE
BBIIIIE ONpeIeJIeHne MOXKHO NepedOopMyInpoBaTh B TEPMUHAX KOMIAKTHBIX MHO-
xkectB. CemeiicTBO F BJISETCs JIOKAJBHO PABHOMEDHO OTPDAHWYEHHBIM B 00JIACTH
D B TOM ¥ TOJILKO TOM CJlydae, ecjii Ha JII000M KOMITAaKTHOM MHOxKectBe K C D
ceMeicTBO F SBIIsI€TCS PABHOMEPHO OIDAHWYEHHBIM.

TEOPEMA 12.4. ITycmo F C H(D) — aokaavho pasHomepHo ozpanuiennoe 6 D
cemeticmeo. Tozda cemeticmeo npouseodwwr F' = {f': f € F} maxoce asasemcs
AOKANDHO PAGHOMEPHO O2panudentbim 6 D cemelicmeom.

JTOKABATEJILCTBO. Ilycts zg — mpousBonbHas Touka obnactu D. Ilo ycrosuio

reopeMsbl Haiiayrcsa > 0 u M > 0 rakue, uro O,(z9) C D u |f(2)] < M ans Bcex
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z € Or(20) m f € F. B cuny unarerpanbHoii dbopmysst Komm st Tpon3BOIHBIX

UMeeT MECTO PaBEHCTBO
iy L f(©)
fiz) = 5 / de
801(20)

s z € Op(20) m moboit f € F. Ho Torma B kpyre O, /3(20) OyzneT BBITOTHATHCA
HEPaBEHCTBO

1 1@ dc| < M

2 [¢— 2

00, (z0)

1F'(2)] <

T.e. cemefictBo F' pasHOMepHO orpannteno B O, /5(20). TlockompKy 2zp BRIGHpaIach
MPOW3BOJIBHBIM 00pPa30M, TO TEOPEMa JOKA3AHA. a

TEOPEMA 12.5. ITycmv F C H(D) — a0kaavho paghomepro ozpanuuennoe 6 D
cemeticmeo. Toeda na arwbom Komnaxmmuom muoorcecmee K C D samo cemelicmso
ABAACTNCA PAGHOCTNENEHHO HETPEPDLLEHBIM.

JOKA3ATEJBCTBO. Ilycth K — KoMmmakTHOE MomMHOKecTBO B obmactn D. Ilo-
ckonbKy paccroguue d = dist(K,0D) or muoxkecrsa K 10 rpanunpst obmactu D
MOJIOXKUTETHHO, TO MOXKHO BeIGpaTh 1 € (0, d). MHOXKecTBO

= {z: dist(z,K) < r}

TakKe Oyer KOMIIAKTHBIM [TOIMHOKECTBOM obsiactu D, v o mpeaplLayieii Teopeme
nainerca rakoe M > 0, aro

|f'(2)) < M  upuscex z€K, m fEF.

IIycrs renmeps € > 0 GpUKCHPOBAHO TPOM3BOJILHBIM 00pa3oM. Beibepem § <
min{r,e/M}. Torna nns mobsix z’, 2"’ u3 K, yaoBnerBopsiomux yciaosuio |2/ —z"| <
§ Gymem mmers [2/,2"] C K, m

F() = ()] = / f(2)dz| < M|2' - 5| < M5 < ¢,

Z’,Z”]
YTO U JOKA3BIBAET TEOpEMYy. O

TEOPEMA 12.6. IIycmv F C H(D) — aokaavho pasromepno ozpanuiernoe 6 D
cemeticmeo. Tozda us ecakoli nocaedosamesvrocmu {fn} C F moorcro evdesums
nodnocaedosamenvrocms { fr, }, crodawyroca sokarvro pasromepro 6 D.

HOKABATEJBLCTBO. Ilycts K1 C Ko C ... — KOMIIAKTHOE HCYEPIIaHue 00JIacTH
D, r.e. Kj—xomnaxrable noamuoxecrsa obnacru D u U7Z, K; = D. Takymo
MOCJIETOBATEIFHOCTh KOMIAKTHBIX MHOYKECTB MOYKHO TIOCTPOHWTH, HAMPUMED, CJIe-
aytornmM obpaszom. Beibepem R > 0 u Harypaabaoe N Tak, 9TOOBI MHOKECTBO

{#z € D: dist(z,0D) > 1/N, |z| < R}
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OBLIO HE ITyCTO. TOI‘,ZL& B Ka49€CTBE KOMIIQKTHOI'O UCUYEPIIaHUA MOZKHO B34Thb IIOCJIE-
J0BATEJIBHOCTH MHOXKECTB

1
K; = {zED: dist(z,0D) > -, |zl < R—l—j},

N +j
1=1,2...

B cuny npenpiayieit TeopeMbl ceMeiicTBO F yIOBIETBOPSET Ha KaXKJIOM KOMITaK-
Te K ycnousaM Teopembl 12.3, T.e. OHO Ha KaxKJoM K; paBHOMEPHO OrPaHHYEHO
¥ PABHOCTEITEHHO HEMpepbIBHO. [IpmMeHsisi, Kak W TPHU JI0KA3ATEIHCTBE TEOPEMBI
Apnena — Ackomu, quaroHaJbHbIN MeTos KanTopa, mojydaeM moamnoc/ie 0BaTeIb-
HOCTb fp,, , KOTOpad CXOIUTCA PABHOMEPHO Ha KaXKJIoM KommakTe K;, j =1,2,....

IIycts Tenmepsr K — mpom3BOIBHOE KOMITAKTHOE MOAMHOXKeCTBO obmactu D. U3
HOCTpOeHHst HocrenoBaTenbrHocTn {K;} ciemyer, 4To Hajimercs Takoit HOMED Jjo,
gto K C Kj,. IlosTomy BblmeIeHHAA TOMIOCIEIOBATEIBHOCTD {fn,} cxonurca pas-
HOMepHO Ha K. 910 m o3magaer, uto {f,, } CXOmuTCs JOKAIBHO DABHOMEDHO B
obmactu D. O

§ 13. DuemenrapHabie KOH(POPMHBIE OTOOpPaXKEeHUS
u Teopema PumaHa 06 oTobpa>keHUN

JApo6Ho-InHeliHbIe Ipeobpa3oBaHUL.

Iox apobHO-THHERHBIM TPEOOPA30BAHNEM TTOHUMAETCS PAIMOHAIBHAS (DYHKITHS

L(z) =

r7e KOMILJIEKCHBIE 9HCIIa, 4, b, ¢, d Ha3bIBAIOTCA KOdd dumuentramu mpeodpa3oBaHus
L v ynoBIeTBOPSIOT YCIOBUIO

az+b

— 13.1
ot d (13.1)

ad — bc # 0. (13.2)

VYemosue (13.2) oTBedaeT 3a HEBLIPOKIEHHOCTH OTOOpaykeHusi L, MOCKOIBKY OHO
SKBHUBAJIEHTHO TOMY, 9TO HYJIb YHCJIUTENS U HYJIb 3HAMEHATe s He coBmamaioT. Hac
Oymer mHTEpecoBaTh L Kak OTOOpayKeHne PACHIUPEHHOH KOMIIJIEKCHON MJIOCKOCTH
C na cebs. B cBA3M C 3THM OTMETHM, UTO IIPEJICTABJICHIE (13.1) He OmHO3HAYHO,
IIOCKOJIbKY YMHOXKEeHHEe BeeX KO3 MUIIMEHTOB HA OJHO U TO Ke HEHYJIeBOe YHCJIO He
u3MeHsier caMmoro orobpaxkenust w = L(z).

I[TPETOKEHUE 13.1. Cosoxynnocms M ecex dpobro-sunetinmz npeobpasosa-
HUl 06pasyem epynny oMHOCUMEADHO ONEPAUUL KOMNO3ULULU.

JLOKABATENBCTBO. Ilycre Li(z) = (agz + bi)/(ckz + di), k = 1,2,—apa
JIPOOHO-TMHEHHBIX Mpeobpa3oBanus, T.e. aidy — bpcy # 0. Torma
(a1a2 + b1C2)Z + (a1b2 + bldg)
(Clag + ngl)Z + (Clbz + dldg) '

LyoLy(z) = Li(La(2)) =

Yro6b! yoeauThest B TOM, 9T0 Ly 0 Lo aBisiercss ApoOHO-THHEAHBIM TPe0Opa30BaHm-
€M, Hy2KHO [IPOBEPUTH BblnoJjiHeHue yciaoBus (13.2) mis sroro orobpaxkenus. IIpo-
CThI€ BBIYUCJICHHUS [TOKA3BIBAIOT, 9TO

(a1a2+b162)(61b2+d1d2)—(alb2+b1d2)(01a2+02d1) = (aldl—blcl)(agdg—bQCQ) 75 0,
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nockoyIbKy yeaosue (13.2) Bommonasercs s Ly u Lo.
ITokazkem Temepb, 9TO A KAXKIOTO IPOOHO-TMHERHOTO TTpeobpa3oBanus L cy-
mectByer obparnoe L' uw L= € M. Pemras ypasnenne

_az+b
cz+d
OTHOCHTEJIBHO Z, HAXOIUM
dw—b
z =LY w) = —.
—cw+a
Venosue (13.2) ans L) sKBUBAJIEHTHO 3TOMY Ke YCJIOBHIO Jtst L. ]

Ormerum, 910 rpynna M (KOTOPYIO TaKKe Ha3bIBAIOT TPYIIIOHi MeOUYCOBBIX IIpe-
obpasoBanuii) He kommyTaTuHa. CylecTBoBaHHE 0OGPATHOIO OTOOPAXKEHUS JOKA-
3BIBAET, 9TO JPOOHO-THHEHHOe mpeodpa3oBaHue [, OCYIIECTBASIET B3aUMHO OIHO-
suauanoe cootsercreue C na C. Ipu stom L(oo) = a/c u L(—d/c) = oo, eciu ¢ # 0,
u L(o0) = 00, ecu ¢ = 0.

[TPENJIOKEHUE 13.2. Kaowcdoe dpobro-aunetinoe npeodbpa3osaHue 0CYuecmensd-
em xongopmuoe omobpascenue C Ha cebs.

JIOKA3BATEJILCTBO. Ilycrb L oupeuensiercs pasencrsom (13.1) ¢ ycaosuewm (13.2)
Ha ko3 dunmentrr. Jomycrum BHauase, uto ¢ # 0. Torma mas ar060ro z # 0o u
# —d/c BRITIONHSETCS yCITOBHE

ad — bc
L'(z) = ——= #0,
(2) (cz+d)? 7
KoTOpoe o3Haudaer kondopmuocrb L B Touke z. B rouke z = —d/c dynkuus L

UMEET POCTOH 1IOJIIOC U, KAK CJIEALYeT U3 HPeApLiylnero naparpada, sBisercs KOH-
opMHBIM B 3TO0# TOUKe. BeCKOHEUHO yIaeHHas TOUYKa B PACCMATPUBAEMOM CJIyvae
SIBJISIETCS YCTPAHUMO# 0c0o60it Toukoit u L(z) — a/c npu z — oo. Ilpu srom

lim z(L(z),g) — lim 2(bc — ad) _ bc;ad 4o,

200 c z—00 C(CZ + d) c

1.e. L xoupopmMHA B TOYKE 2 = 0O.

Ecmu ¢ = 0, o B cunny (13.2) xoaddurments: ¢ u d He JOIKHBI 00PAIIATHCSA
B Hyab. Ilosromy L'(z) = a/d # 0, dro o3navaer KOH(MOPMHOCTh L B KOHEUHBIX
TOYKax. B OECKOHEYHO ymaeHHOM ToUYKe L mMeeT mpOCTOi TIOJTIOC U TAKIKE SBIISIETCS
KOH(OPMHBIM. |

[IPEAIOXKEHUE 13.3. ITyemv 21, 22, 23 — mpu pasauunvie mouku 6 C. Tozda
cywecmeyem eduncmeennoe T € M, dan Komopoeo T(z1) =1, T(z2) = 0 u T (z3) =
0.

JTOKABATEJILCTBO. B ciydae KOHEYHBIX TOYEK, T. €. KOUIA 21, 22, 23 € C, oT00-
paxkenue T’ onpesessieTcs pAaBeHCTBOM

T(z) = 222/2’12’2.

zZ — Z3 Z1 — 23
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B cayuae, xorma omHA M3 TOYEK 21,29 WIH 23 SBJISETCS OECKOHEYHO YIAJIEHHOI,
TpedyeMoe OTOOparkeHre TMOJIy9aeTCd U3 MPUBEIEHHOM BbIe (OPMYJIbI COOTBET-
CTBYIOIITUAM TIPE/IETHHBIM TIEPEXOI0M

zZ — Z9
_—, ecam zp = 00,
Z — Z3
21 — 23

T(z) = _ ecau  zg = 00,
zZ— Z3
Z — 22
_— ecIm  z3 = 0Q.
21 — 22

Ocraercs H0Ka3aTh €IMHCTBEHHOCTH oTobpazkenus. Jlomyctum, 910 S — ApoOHO-J1-
HeliHOe mpeoOdpa30BaHMe C TEeMHU 2Ke cBoiicTBamu. Torma apobHO-TuHEHHOe Tpeod-
pasosanue L = S o T~! ocrasnser menoasuxkupivug Touku 1,0 u co. 13 yciosus
L(0) = oo cmenyer, uro B mpezacrapnennn (13.1) koadduiment ¢ momxen pap-
HaThest Hymo. ITosromy L momkuo mMerh Bug L(z) = az + b. Vcmomw3yst Temnephb
yeaosus L(0) = 0 u L(1) = 1, npuxoauM K 3axmodenuio, 4ro L(z) = z. Orciona
crepyer toxzaectso S(z) = T(z). O

OnPEAENEHUE 13.1. Tlox amnzapmonuseckum omuouteHuem 9IeThIPEX Pa3IIUY-
HBIX TOYEK 21, 22, 23, 24 B C IOHHMaeTca 06pa3 TOYKH 2] IIPU OTOOPAZKEHHH ee I110-
CpeICTBOM JIPOOHO-THHEHHOrO mpeobpa3oBanus 1, KOTOPOE yI0BIETBOPSIET YCIOBH-
am T(ze) =1, T(z3) = 0, T(24) = oo. IIpu 3TOM mcnomp3yercs o6o3HAUEHUE

T<Zl) = (Z17 22,23, 24)-

3aMeTuM, 9TO €C/IA BCE YeThIPe TOYKH 21, 22, 23, 24 KOHEYHBI, TO
) s #25 <3, )

21 — 23 [*2 — %3
(21722,23,24) = .

1= R4 [ 22— 24

BaxHOCTH aHTAPMOHUYIECKOTO OTHOIIEHN S 00YCJIOBIEHA YKE TEM, 9TO OHO SBJISIETCS
WHBAPUAHTOM TIPU APOOHO-JTMHEINHOM TPeoOpPa30BAHUN.

TEOPEMA 13.1. ITycmn 21, 23, 23, 24 — uemwipe pazauunsie mouku 6 C u L € M.
Tozda

(L(21), L(22), L(23), L(z4)) = (21, 22, 23, 24).

JLOKABATENBLCTBO. Ilycrs T(z) = (z,292,23,24), 6. T € M u T(z) = 1,
T(z3) = 0, T(24) = oo. Torma S = T o L™! obmamaer csoiicrsom S(L(z2)) = 1,
S(L(z3)) = 0 m S(L(z4)) = oo. Ilo omnpeneneHnio aHrapMOHMNYECKOTO OTHOIIIEHHST
nveem

(L(21), L(22), L(23), L(24)) = S(L(21)) = ToL YoL(z1) = T(z1) = (21, 22, 23, 24)

n TeopeMa JOKa3aHa. O

SAMEYAHUE 13.1. Ijis 00BIX pA3JIUIHBIX TPEX TOYEK 21, Z2, 23 B 2-TLJIOCKOCTH
¥ PA3JIMYHBIX TPEX TOYEK Wi, Wsg,Ws B W-TLUIOCKOCTH CYIIECTBYET €IWHCTBEHHOE
JpOoOHO-/IMHeTHOe mpeobpa3oBanue L, Ajist KOTOPOTo

L(Zl) = wq, L(ZQ) = Wy, L(Zg) = Ws.
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DT0 oTOOpakKEeHNe MOXKHO HANUTH, PA3PEIIUB PABEHCTBO
('[U, w1, W2, ’lUg) - (Za 21,22, Zd)

OTHOCHUTEJIBHO W.

Kpyrosoe cBoiicTBO

IIpu crepeorpaduteckoit mpoeknnyu KaxKIao0i OKpyzkHOCTH Ha cdepe Pumamna B
KoMILIeKCHOH 110ckocTu C cooTBeTcrByeT OKDPYKHOCTh WM IpaMmad. llosromy
non, okpykHocThI0 B C B JajbHeleM 6y1eM TOHIMATL OKPYYKHOCTD MIITH MPAMYIO.
JIpyruMu CJI0BaMum, mpsiMast — 3TO OKPYKHOCTL B C mpoxossmas depe3 6eCKOHETHO
yaanennyio Touky. OKasbIBaeTcs, 9To cemeiicTBo okpyxkHocTed B C mpeobpasyeTcs
TOCPEICTBOM JIPOOHO-THHENHBIX TPE0OPaA30BaHU B CeOs.

[IPENJ/IOYKEHUE 13.4. IIpoobpasom eewecmeennoli ocu npyu omobpasicenuy L:
Cw— C, L € M, asasemca oxpyosicnocmv 6 C (m. e. okpyscHocms Uiy npamas,).

JIOKABATEJBLCTBO. Ilycrs L onpenensiercsa pasercrsoM (13.1) ¢ yenosuewm (13.2)
Ha xosbdummentel. Yenosue z € LT1(R) MOKHO 3ammcaTb B BHIE DABEHCTBA
ImL(z) = 0 wim

az+b _az+ b _ 0
cz+d cz+d

ITocsie;Hee pABEHCTBO MOYKHO TMEPENHCATh B S9KBHBAJEHTHOM BHIE
(ac — @c)|z|* + (ad — be)z + (be — ad)z + (bd — bd) = 0. (13.3)
Ecnu a¢ — ac = 0, to ypasuenue (13.3) npunumaer Bu1
Im{(ad — bc)z} = Im{bd},

T. €. ONpPENEIsAeT B KOMIUIEKCHON Z-TIIIOCKOCTH MPSAMYIO.
Homycrum renepn, uro a¢ — ac # 0 Torga ypasuenue (13.3) moxkHO 3anucars B
BUJIE

|2|> —Az—AZ+ B =0 W |z — A* = |A]* - B,

rze
ad — be bd — bd
A= ——— B = ——
ac — ac ac — ac
3ameuast TakXKe, 9TO
ad — be|?
|A|2 - B = % > 0,
|at — ac|
OPUXOJMM K BBIBOLY O TOM, 4TO ypasHenue (13.3) onpezenser oKpyKHOCTb. a

I[MPEAJIOKEHUE 13.5. Pasauunbie uemupe mouku 21,22, 23,24 AEAHCAM HA 00-
Hol oxpyorchocmu 6 C 8 mom u moavko mom cayyae, ecau

Im(z1, 29, 23,24) = 0.
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JOKABATEJNBLCTBO. Ilycts T — apobHO-IHHEeHOE Mpeodpa3oBaHue, yI0BIETBO-
patommee yeaosuam T(zo) = 1, T(z3) = 0, T(z4) = 00, a C— okpyxnuocTh B C,
MPOXOJISATIIAS YePe3 TOUKH 29, 23, 24. B CHIIY MPEIBIAYIIEro NPeJIoKeHus Tpoodpa-
30M BelecTBeHHol ocu 1pu orobpaxkenun T Gyaer okpyzxuocts B C. ITockonbky
roukm 1,0 U 0O PACHOJIONKEHBI HA BEIIECTBEHHON OCH, TO THM IPO0Opa3oM Oymer
okpyxkuoctb C. Ho Torma Touka zp Oyjaer npunajiexarb okpyzxuocru C B TOM u
TosbKo cayuae, ecan T(z1) € R, m.e. T(z1) = (21, 22, 23, 24) BEIIECTBEHHO. O

TEOPEMA 13.2. Ilpu dpobro-runetinom npeobpasosanuu oxpysxcrocmu 6 C ne-
pexodam 6 oxpyosicnocmu 6 C.

JIOKABATEJBLCTBO. Ilycts L — mpow3BosibHOE ApOOHO-TMHEHHOE Tpeodpa3oBa-
mne u C — okpyxuocTh B C. Bribepem Ha C TpU pa3iIudnble TOUKH 2, 22, 23 U MYCTh
C* — OKPY?KHOCTh B W-TIJIOCKOCTH, KOTOpAsi MPOXOAUT [epe3 Touku L(z1), L(z2),
L(z3). das moboro z € C B cHTy HHBAPDHAHTHOCTH aHTaPMOHMHYECKOTO OTHOIICHHS
OTHOCHTEJIBHO JIPOOHO-THHEHHOrO Ipeobpa3oBaHusa OyIeT BHIIOTHATHCA PABEHCTBO

(L(2), L(21), L(22), L(23)) = (2,21, 22, 23).

W3 npeapiayinero npejjiozxkenus ciaegyer, 970 2 € C B TOM B TOJBKO TOM CJIydae,

KOTZIa MpaBasi 9acTh MOCJIETHEr0 PABEHCTRA BelecTBenHa. Ananornuno, L(z) € C*

B TOM ¥ TOJIbKO TOM CJIy4ae, KOTIa JeBast YaCTh 3TOrO YKe PABEHCTBA BEIIECTBEHHA.

Takum obpaszoM, z € C B TOM M TOJIBKO TOM ciyuae, Korja L(z) € C*, r.e. L(C) =

c*. O
IIpuHUUID cUMMeTpPHUM.

Ecnu npo6uo-nuneiinoe npeodbpazosanue (13.1) omnpejensercsd BeIeCTBEeHHBIMY
k03 durmeHTamMu, TO OHO MEPEBOIUT BEIIECTBEHHYIO OCh Ha Ce0s, a mapy TOYeK
Z M Z, CAMMETPUYHBIX OTHOCHTEIHLHO BEIIECTBEHHOW OCH, B Mapy TOYEK, KOTO-
pble TakKe OyIAyT CHUMMETPUYHBI OTHOCHTEILHO BemecTBeHHON ocu. IlocKombKy
JpOOHO-TMHEHHbIE TTpeobpa3oBanms 001, JaI0T KPYTOBBIM CBOMCTBOM, TO €CTECTBEH-
HO OXKHU/JIATH, YTO MMAPhl TOYEK, CHMMETPUIHBIX OTHOCUTEJILHO HEKOTOPOH OKPYKHO-
cru B C Gynyr mepeBoanTbCs 1pOOHO-IHHEHHBIM IPeOOPA30BAHIEM B HAPBL TOUYEK,
CUMMETPUYHBIX OTHOCUTEIHHO 00pa3a 3TOM OKPYIKHOCTH.

I[TPEN/IOKEHUE 13.6. ITycmov z1, 22,23 — mpu padauunve mouku 6 C u C —
oxpystcHocmd (uau npamas), nporodswan weped wur. Tozda mouku z u z* cum-
MeMPUYUHLL OMHOcuMerbho C 8 MoM U MOALKO MOM CAYHAE, ECAU BLINOAHACTCA
coomuowerue

(2%, 21,29,23) = (2, 21,29, 23). (13.4)

JIOKABATEJBLCTBO. Ilycts T — apobHo-TuHeHOE Tpeobpa30BaHIe, KOTOPOe Te-
PEBOIUT TOYKH 21, 22,23 B 1,0 u 0o, coorBercrBenno. Torma yciosue (13.4) sxkBu-
BasieHTHO ToMy, uTto T(2*) = T(2), umn 2* = T—1(T(z)). HosTomy yTBep¥IeHHe
OyJer JOKa3aHO, €CIM Mbl MMOKaXKeM, 4T0 paBeHcTBO (13.4) Beuer CUMMETpUIO TO-
qek z U z* ornocuTenbHO C. Bbmesnmm B mOKa3aTebCTBE STOTO ABA CJIydas.

1). Ilycrb C saBasiercs NpsiMOii, T. €. IPOXOAUT Yepe3 OECKOHEYHO yIAJIEHHY IO TOY-
Ky. Torna ornotenue (z; — 22) /(21 — z3) BemecTBeHHO U ycnosue (13.4) mpuHEMaer

BUJ,
z* — 29 Z— 29
z* — 23 z—z3 )
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Orciofa ciieyor paBeHcTBa

25—z z— 29 2" — 22| |z — 2]
arg ..~ @& ; > = ;
2* — 23 z— 23 |z* — 23] |z — 23]

KOTOPBIE O3HAYAIOT TIOI00Me TPEYTOJbHUKOB C BEPITUHAMUA 2™, 2o, 23 U 2, 22, 23. 1lO-
CKOJIbKY 3TH TPEYrOJIbHUKH UMEIOT elle U OOy CTOPOHY, TO OHH paBHbL. OTcioga
cleayer CAMMETPUYHOCTD 2* M Z OTHOCUTEJIBHO IpsaMoiil C, Ipoxoasmieil yepes Tod-
KN zZ9 U Z3.

2). Ilycrs Tenepns C — OKPYKHOCTH € LEHTPOM B To4uke a u pajuyca R. [Tockosb-
Ky TOYKH 21, 22, 23 Jexkar Ha C, 10 |2, — a| = R moa k = 1,2,3. Ucnonp3ys 31o u
WHBAPUAHTHOCTH QHTAPMOHWYECKOTO OTHOIEHWS OTHOCUTEIBHO IPOOHO-THHEHHBIX
npeobpasoBanuii, coornomenue (13.4) NIpUBOAUTCA K CJIEIYIONIEMY BUILY

(2%, 21,22, 23) = (2,21,22,23) = (Z,71, %2, 23)

< R*> R? R? R? )
z

—_) = —_) — —_) — —
—a 1—a 2 —Qa 3 —a

Jpyrumu ciioBamu,

zZ—a

TG = T (RZ +a).

TTockonbky 1" OMHOIUCTHO, TO OTCIOJA CJIEAYET, ITO

2 2
. R . R
zm = ——+4a nJIa 2 —-—a = —.
Z—a zZ—a
CrenoBaTenbHO, 171 2 U 2* BBINOIHAIOTCA COOTHOIIEHHST
arg(z* —a) = arg(z — a), |z* —al|-|z —a| = R

IlepBoe coornomenne o3HadaeT, 9To z U z* JIeKAT HA OMHOM JIyde, BBIXOISAIIEM
u3 HeHTpa a OKpyKHOCTU C, a BTOPOE PABEHCTBO MOKA3BIBAET, YTO MMPOM3BEICHIE
paccTosiHui OT EHTPA @ JI0 TOYEK z U 2* PABHO KBaJpaTy pajuyca oKpyuoctu C.
Takum 06pasoM, z U z* ABIAIOTCS CHUMMETPUYHBIMU OTHOCUTEIHHO C. a

TEOPEMA 13.3. ITycmb dpobro-aunetinoe npeobpazosanue L omobpascaem ox-
pyotcrocemn C 6 C 6 oxpyorcroemn C' 6 C, m.e. C' = L(C). Tozda xasicdas napa
mouex z u z*, cummempuunos omuocumenvro C, nepesodumcs 6 napy mouer L(z)
u L(z*), cummempuunoz ommuocumenvho C'.

JOKABATEJBCTBO. Ilycrb 21, 29, 23 — Tpu pa3iaudnble TOYKE Ha OKPYy2KHOCTH C.
Torma L(z1), L(z2), L(z3) pacmonoxkenst Ha C'. JIOMyCTUM Teneph, 9To z W 2* — mapa
TOYEK, CUHMMETPUYIHBIX OTHOCUTEJIHBHO C B CUJIYy JOKa3aHHOTO BBIME TTPEJIOKEHU A
9TO 3KBUBAJIECHTHO PABEHCTBY

(Z*a 21y %2, 23) = (Zv 21,22, 23)'



92 B.B. I'OPSIIIHOB, E.C. IIOJIOBUHKMWH

O/HAaKO, B CUJIy MHBAPUAHTHOCTH AHMAPMOHUYECKOIO OTHOIIEHUS OTHOCHTEIHHO
JAPOOHO-JIMHENHBIX 1Pe0OPA30BAHMI, TO PABEHCTBO BJIEYET CJIE/LYIOIIee

(L<Z*),L(z1),L(Z2)a L(Z3)) = (L<Z)>L(Z1)a L<32)’ L<Z3))a

KOTOPOE 9KBHBAJIEHTHO YCJIOBUIO CUMMeTpUYHOCTH Touek L(z) n L(z*) orHOCHTEH-
HO okpyzxuOCTH C'. O

IIpex e vem MBI IPUCTYIUM K U3YYEHHUIO APYTUX IJTEMEHTAPHBIX KOH(MOPMHBIX
oTobpazkeHnit, creaaeM HEKOTOpble obrmmume 3amedanusa. Komdopmuoe oTobpazke-
HUe, aCCOIMUPOBAHHOE C roJI0MOPdHOH QyHKIME, 1aeT HAIJIAIHOE [IPE/ICTABICHIE
0 Helt, mogobHo rpaduKy B ciaydae PyHKIUU BEIECTBEHHOTO mepeMenHoro. Kpome
TOrO, BO MHOTHE ODJIACTH MATEMATWKW W €€ TPUJIOXKEHWs Teopus (DyHKIHH KOM-
MJIEKCHOTO TIEPEMEHHOrO BXOAUT depe3 KoHdopMHOe oTobpakerue. OaHOi n3 HAU-
0oJtee BaXKHBIX MPOOJIEM, BO3HUKAIONIIAX MPU ITOM, SABJISETCS 33,1293 OTHICKAHUS
KOH(MOPMHOI0 0TOOpakeHus OAHON 00/1acTH HA ApYryio. UToObl MMETh MpeIcTaB-
JIEHHE O PA3PEIIMMOCTH 3TOrO BOMPOCA B PAMKAX JJIEMEHTAPHBIX (DYHKITHI, HYKHO
XOpOIIIO 3HATHh WX OTOOparkamoime cpoiictBa. llocmeauss mesnb JTOCTUTAETCH, KaK
[IPABUJIO, BHIICHEHUEM TOr'O, KAK IIPE0OPa3yIOTCS Te WJIM MHbIe CeMeiiCTBa KPUBBIX.
B kauecTBe ucciieryeMbIx ceMelCTB KPUBBIX 9YaCTO BHIOMPAIOT OPTOrOHAJILHYIO CeT-
Ky TIPAMBIX, HapaJljIe/IbHBIX KOOPJIWHATHBIM OCAM, WJIN UCIIOJIb3YIOTCA TOJIAPHbIE
KOODJWHATHI U U3YYIAI0TCS 00PA3BI KOHIIEHTPUYECKUX OKPYZKHOCTEHN U JTydeil, BBIXO-
JANAX W3 HAYAIA, KOOPIIMHAT.

CrenenHasa yHKIUL.

ITycrs > 0. B obmacrn C\R . MOXKHO BBIIEINTH PETYIISPHYIO BETBH JorapudmMa
U PEeryJIpHYIO BeTBb MHOTO3HAYHOM (byHKImM 2& = e* "%, Brijgesenue s1ux BeTseii,
0o cymecrBy, cBoaurcs K onpezesennio B C\ Ry Bersu arg z. Bymem caurarb, 4ro
BeTBb arg z BhiAeseHa. lorma mis w = 2% 6yayT BBITOTHATHCS PABEHCTBA

lw| = |z|%, argw = «-argz.

Orciofa cpasdy ke cJeyer, 94To JAyri, PACIOJI0KEHHbIE HA KOHIIEHTPUIECKUX OKPY 2K-
HOCTSIX C IIEHTPOM B HaUaJje KOOPAWHAT, MEPEBOISITCS B IYTH 3TOTO YKe CeMeCTBa, a
JIyUHd, BBIXOISIIIE W3 HAYAIA KOOPIUHAT, B3ANMHO OJHO3HAYHO OTOOPAXKAIOTCS HA,
Takue ke jydn. 1lpu 3ToM JIyd, BHIXOAAINN U3 HAYAIA KOOPAWHAT MO yTjIoM 6 K
MOJIOYKUTETBHOMY HAITPABJIEHUIO BEIIECTBEHHOM OCH, TEPEBOIUTCH B JIyd, KOTOPBIi
B W-TIJIOCKOCTH BBIXOIUT O/ YIJIOM «vf.

Taxum obpazom, eciim 0 < o < 1, 1O cremennas HYHKIMS OTHOIUCTHO OTOOPA-
skaer obiactb C\R Ha yrsioBoii cekrop pacrsopa a-27. B ciayuae a > 1 crenennas
dyukuus He apusierca onnosmcraoi B C\ Ry, Ouxnako ona Gyner 0JHOIUCTHON B
J060M yTIIOBOM CeKTope pactBopa 27 /«. U3 pasencrsa

w

dw d alnz

dz dz z

CJIeZIyeT, 9TO CTerneHHas (PYHKIWS OMpeesseT KOH(MOPMHOe 0TODpayKeHne BO BCEX
roukax obmactn C\ R.

DKcIoOHeHITnaJIbHasd (PYyHKITUS.
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Paccmorpum orobparkaroriue cBoiictBa dbynkmun w = €. Ecmm z = x + 1y,
To w = e%e¥, OTKyna BHIHO, UTO OpAMad 2 = T + iyg, —00 < & < 00, B3AWMHO
OJIHO3HAYHO OTOOpazKaeTcd Ha JIyd w = e%e¥0, —0o0 < & < 00, KOTOPBIl BBIXOIHUT
M3 HAYAIa KOOPAWHAT U 00pa3yer C MOJI0KATETLHBIM HAIIPABICHHEM BEleCTBEHHO
OCH YTOJi, paBHBIi ¥yo. IIpamble, mapajaeabHble MHAMON OCH, OTOODParKalOTCS Ha
OKPY?KHOCTH C TEHTPOM B HadaJje KoopamHar. Ilpm 3TOoM Kaxkmas TOYKA OKPYZK-
HOCTH SIBJISIETCS OECKOHEYHO-KPATHOMN, MOCKOIBKY (DYHKIUS €° MMeeT TepUuos, 27i.
Besikast apyrast mpsgmasi B z-TJIOCKOCTH TTEPEXOJUT B JIOTapU(MMUUIECKYIO CITHPAJIb
B w-tytockocTr. O6J1aCTHIO OTHOJUCTHOCTH SKCIOHEHIINAIBHON (DYHKIINY SBIISETCS
BCsIKasi TOPM30HTAIBHAS TI0JI0CA, NMEIOIIAs IITMPUHY, HE MPEBhIIafortyo 27. B gact-
HOCTHU, TOPU3OHTAJIbHASA IIOJIOCA {z: Y1 < Imz < yg} opua Yy — Y1 < 27 OIHOJIKUCTHO
orobpazkaercs Ha ceKTop {w: y; < argw < ys}, KOTODbIA B CIy4ae Yo — Y3 = T
SABJISIETCS TOTYILIOCKOCTBIO. [TockombKy

d
—e® = e* # 0,
dz
TO OTOOpa’KeHWe, OCYIECTBIIAEMOE IKCIOHEHIINAIbHON (yHKIHEl, KOHDOPMHO B
KaxK/I0i TOYKe.

Pynkmnusa 2KykoBckoro.

Pannonanbuas byHKIHS

1 +1 2241
w==\|\z+-] = ——
2 z 2z

naspiBaercsa ¢yakmueii ZKykoBckoro. Ee naszBamme 00yC/IOBJIEHO TeM, YTO ITY
dbyurnuo 2KyKOBCKUil MpUMEHWJ JJIs a3POJAMHAMUYECKOTO PACUeTa KPhLIa CaMO-
nera. OHa UMeeT JIBa MPOCTHIX MOJIOCA B TOUKaX z = 0 n 2z = oco. [lockosnbKy

dw 170 1
dz 2 22 )’

TO oTobpazkeHme, ocyiecTBasgemoe GyHkineir 2KyKoBckoro, KOHGOPMHO BO BCEX
TOYKAX PACIIMPEHHOI KOMILIEKCHOH miockoctu C, 3a HCKTIOUEHHEM JBYX TOYEK
z = £1. Koudopmuocts B Toukax z = 0 u z = 0O cjemyer 3 TOrO, 9TO B ITHUX
TOYKAX (DYHKIIUST UMEET IIPOCTHIE MOJTOCHI.

BblscHuM Tenepb, KAaKUM CBORCTBOM J10J1KHa 06/1a1ars obnacrs D C C, urobbt
dbyurnus 2KykoBckoro ObLTa B Helt oqHOMUCTHA. 11yCcTh 21, 23 — TPOU3BOJIBHBIE [TBE
rouku B C\ {0}. 113 pasencrsa

(1o 2)- () (oo )

BUIHO, 9TO D siBIsSeTCss 00JACTHIO OMHOIUCTHOCTU (DyHKIMH 2KyKOBCKOTO B TOM
¥ TOJBKO TOM CJIy9ae, €CJU OHA, HEe COMEPXKUT Tapbl TOYEK 21, 22, JJIsT KOTOPBIX
z122 = 1. Ilpocreitimumu TakuMu 001ACTAMY SABJISIOTCA BHYTPDEHHOCTD W BHEITHOCTH
eMHUYHOTO KPYTa, a TAKYKE BEPXHssT W HUKHSAS MOJIYILIOCKOCTH.

Jl1st 6osee MOTHOTO TIPECTABIEHHS O XapaKTepe 0TOOPAYKEHNs, OCYIIECTBISIEMO-
ro dyukiueii 2Kykosckoro, momozkuM z = re'’ uw w = u+ iv. Jpyrumu ciaosamu, B
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Z-IIJIOCKOCTHU MBI paCCMaTpUBa€eM IIOJIAPHBIEC KOOPDJAHUHATHI, a B W-IIJIOCKOCTH JEKap-

TOBBI. Torma
1 1 1 1\ .
u = —(r+—)cosb, v=—|r——|sinf.
2 T 2 r

W3 3TUX paBEHCTB CJIEIYET, YTO OKPYYKHOCTH |z| = r, r # 1, IEPEXOANT B SJLIHIIC C

TTOJTYOCSIMU
1 n 1 b 1
a=—-|(r+- = =
2 r)’ 2

n ¢okycamu B Toukax w = +1. JleiicTBuTEIHHO,

1
r— =
r

w2 v?

2 e =1

nc?=a2-b=1(re. (—c,0),(c,0)— dokycw smumnca). I[Ipu 5TOM NOTOKUTETH-

HOMY 00XO/Iy TOUKOW z OKPYYKHOCTH |z| = r pu 7 > 1 COOTBETCTBYET MOJIOKUTEb-
HBIA 00X071, 3JIJIUIICA TOYKON w, a B ciaydae 7 < 1 00X0J 3JLIUIICa OCYIIECTBIISETCS B
OPOTHBOIOJIOXKHOM Hanpasjienuu. Kpome Toro, okpyzKHOCTAM |2| = 7 u |z| = 1/r
COOTBETCTBYET B W-IJIOCKOCTH OJWH M TOT K€ 3JUIANC. EIMHUYHAA OKPYKHOCTb
|z| = 1 uepexoaur B orpesok [—1, 1], Koropblii 06xoauTCs aBaxKabl. K aromy orpes-
Ky CTATMBAIOTCS 3JLIUICHI, KOTOPBIE ABJIAITCA 00pa3aMu OKPYKHOCTeH |z| = 1 mpu
r— 1.

ITycrs remeps 6 € (0,7/2) dbukcnposano, a r Mersiercst ot 0 710 +oo. Torma mis
BCEX W, COOTBETCTBYIOIIUX TOYKAM ITOTO JIyda, OYJET BBIIOTHATHCSI PABEHCTBO

u? v? 1
cos?0  sin? 6 ’
T.e. TOYKH W HAXOAATCS HA rumepborne ¢ temu ke dokycamm w = £1. Jlerko

BHJIETH, 9TO KOrJa r MeHsercs oT 0 10 00, TOYKa w JBHKETCS 110 MPABOH BETBH
runepbobl CHU3Y — BBEPX. KcCau m3MeHuTb 3HAK 6, T.e. B3ATH €ro W3 MHTEPBAa-
aa (—m/2,0), To obpazom 31Oro Jyda Oyaer Ta ke BeTBb rulepboJibl, HO C IIPO-
THUBOIIOJIOZKHBIM 00x0/10M. JIy4m, BbIXOAsAIIME M3 HAYAAA KOOPAMHAT IO YIJIOM
0 € (7/2,7) K TONOKNTEIHHOMY HATPABJIEHUIO BEIIECTBEHHON OCH, OTOOPAYKAIOTCS
HA JIEBBIE BETBU THIEPOOJI, KOTOPhIe 00XOoAATCs cHI3y — BBepX. Cmena 3Haxa 6 u
B 9TOM CjIy4ae MPUBOAUT JIMIIb K CMEHE HANDPABJIEHUS OOXOIA BETBU TUIEPOOJIBL.
OrmernMm Takzke, 4T0o v = £ tg 6 - u — ypaBHEHUS aCUMIITOT TUIIEPOOJIBI.

O6pasom syua, coorBercryomero § = 0, sBigercs Jjyd [1,00), KOTOpbIil 06X0-
JIUTCS IBaXKAbl. AHATOrmYHO, 00Pa30M JIyda, COOTBETCTBYIOIErO 3HAYEHUIO 6 = T,
sigercd jayd (—oo, —1], Koropsiil Takxke obxomurcs aBaxapl. s sydeii ¢ Ha-
upassienueM 0 = £7/2 obpa3aMu sBJSIeTCd MHUMAs OCb C LIPOTHBOIOJOXKHBIMU
00X0laMHu.

B cuny xoudopMHOCTH 0TOOpaXkKEHHsI, OCYIIECTBIsAeMOro yHkmuei 2K yKoBCKO-
ro, ceMeiicTBO 3/uncoB (00pa30B OKPYKHOCTEH) U cemeiicTBO runep6os (06pa3os
Jiyueii) 06pa3yioT OpTOrOHANBHYIO CETKY B W-IIJIOCKOCTH.

3 npuBeIeHHBIX BBINIE PACCyKIAeHUil BUAHO, 9TO (pyHKIms 2KyKOBCKOrO KOH-
GOpMHO 0TOOPAKAET BHYTPEHHOCTH, & TAKYKE M BHENTHOCTH, EAMHUIHOTO KPyra Ha
C\ [~1,1]. Bepxmsg m HWXKHAA MOMYILIOCKOCTH KOH(MDOPMHO OTOOPAXKAIOTCA Ha
IJIOCKOCTD € ABYyMsi pa3pe3amu 1o Jjydam (—oo, —1] u [1,00).



JIEKIIMU 10 T®KII 95

Kpyrosoe cBOiicTBO ApOOHO-IHMHEHNHBIX TPeOOPA30BaHMIT TO3BOIAET KOH(MOPMHO
orobpas3uTh /1060l Kpyr (WU MOJIyIJIOCKOCTh) HA 00JIaCTh, OPPAHUYEHHYIO OKDY K-
nocreio B C. OkasbIBaercs, 4TO JIPOGHO-THHEHHBIME MPEO6PA3OBAHUAME U HCUYED-
MBIBAIOTCA BCE KOH(MOPMHBIE OTOOPaXKEeHN OJHON KPYroBOil 00JaCTH HA APYTYIO.

TEOPEMA 13.4. Cosoxynnocmsb 6cex KOHGOPMHBT (2040MOPHHOT U 00HOAUCTL-
Houz) omobpasicenuts f edunuunozo xpyea D na cebs onucwsaromes gopmyarot

J(z) = e

i0 zZ—a

—_— 13.5
1—az’ (13.5)
2dea €D, 0 €R.

JIOKABATEJIbCTBO. BbisichuMm BHawajie BUI ApOOHO-JHMHEHHOTO Tpeobpas3oBa-
uust L, Kotopoe orobpaxkaer D Ha cebs, T.e. L(D) = D. Ilpu srom oTobpaskeHnn
eIMHUYIHASA OKPYKHOCTH T momkHa mepeiitu B ceds. Ilycrs a € D — Touka, KOTO-
pasg nepexoaut B Hadasio koopauuat L(a) = 0. B cuily npuHIuna CuMMeTpun TOYKa
a* = 1/a nepeiiger B GeCKOHEYHO yJAJEHHYIO TOYKY. TakuMm oOpa3oM, Olpejesiu-
JIICh HYJIW UHUCIATENsT W 3HaMeHaTeNls APOOHO-TuHeRHOro mpeobpaszopanus L, a c
HAM ¥ BUJ OTOOParKEHUST

z—a z-—a
z—1/a 1T

Lz)=A

Ilockonbky npu z € T
z—a z—al _ 4

1—az zZ—a ’

10 |2¢| = 1w » = €%, § € R. Kpome To0ro, Besikoe orobpazkenue suja (13.5) ocy-
mecTBiser Kondopmuoe orobpazkenue D Ha cedsi, TOCKOIbKY ABJIAETCA TPOOHO-JH-
HEHHBIM TTPEOOpPA30BAHNEM, KOTOPOE TEPEBOIUT €IUHUYHYIO OKPYYKHOCTH Ha Ce0s,
a Touky a u3 ) mepeBOaUT B HAYAJIO KOOPIMUHAT.
Honyctum tenepsb, uto f: D — D — mpousBoabHoe KoHDOPMHOE oTOOpazkenue D
Ha cebst, u nycrb f(0) = a, a € D. Paccmorpum npobHo-nuHeliHOe peobpa3oBatue
L(z) = —=,
1—az
KoTopoe orobparkaer D Ha cebs U MEPEBOIUT TOYKY ¢ B HAYATIO KOOpPAUHAT. Torma
w(z) = Lo f(z) rakxke koHbOpMHO oToOpazkaer D na cebs u ¢(0) = 0. ITo memme
IIsaprma
lo(2)] < |z
a7 Beex 2z € D. C apyToil CTOPOHBI, ¢~ ' TaKk»Ke yIOBIETBOPAET YCIOBHAM JIEMMEI
IIsapmia u moTomy
o™ (w)] < |w|

qnst Beex w € D. IMomaras B 9T0M HepaBeHCTBe w = ¢(z), MOIyIaeM

2| < le(2)],

9TO BMECTE C NPEIBIAYIIAM HEPABEHCTBOM IPUBOAUT K TOXKIECTBY |p(2)| = |2|. B
cury siemmbl [Bapua rorma ¢(z) = sz, rae || = 1. CaenosaresbHo,

Lo f(z) = »z u f(2) = L7 (x2),

T.e. [ sBJseTCs APOOHO-JIMHEHHBIM IIPEOOPA30BAHUEM. O
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AHajoruysHo MOXKHO HaiiTi 00U BrT KOH(DPOPMHOro 0TOOparKeHus BepXHei 11o-
JIYILJIOCKOCTH HA eauHW4IHbIN Kpyr. CHOBa uMu OyayT Wb APOOHO-JTHHEHHBIE TIpe-
obpasoBanus. [Iycrb w = L(z) — npobHo-suHeiiHoe mpeobpasoBanue, 0Trodpazkaro-
1Iee BEPXHIOI0 noJysiockoctb Im z > 0 na eguauunbiii kpyr |w| < 1. Iycrs A € C,
Im A > 0, — rouka, KOTOpas 1epexoauT B Hadaio koopauuar, T.e. L(A) = 0. Torza,
nockosibky L(R) = T, To cummerpudnas Touka A H0/DKHA TepeiiTu B 6eCKOHEeIHO
yrajennyo Touky. CiemoBarensHo, L TOIKHA UMETH BUT,

z—A
L(z) = »——=.
z— A
Hockonbky |z — Al = |z — A| upu z € R, T0 ycjioBre COOTBETCTBUS BEIIECTBEHHOI

OCH W eJMHWYHON OKPY’KHOCTH NPUBOIWT K paBeHCTBY |»| = 1. Takum obpaszom,
o0t Bua KOH(MOPMHOTO OTOOPAYKEHWST BEpXHEH MOJYIIJIOCKOCTH Ha, €IMHUIHBIH
KpYT Ompemesiercss (popMyIoit

L(z) = ewg,

z—A
rmed € RulmA > 0.

B reomerpuuecku OpHEHTHPOBAHHON YaCTH TEOPUM AHAJIUTUYECKUX (DYHKIIW
npobsieMa KOHGOPMHOTO OTOOPAXKEHUsT UIPAET JOMUHUPYIONIYI0 POJb. Teopembl
CymieCTBOBaHUA U €IMHCTBEHHOCTU TTO3BOJIAIOT OINIPEAC/INTh aHAJIUTUICCKYIO (byHK—
U0 C BaKHBIMHA CBOﬁCTBaMH, MUHYAd €€ aHAJIUTUYICCKYIO 3alliCh.

B 1851 r. Puman obbsBun o dbyHIaMEHTATBHONW TEOpPeMe, COIJIACHO KOTOPOii
KaXKIyI0 OTHOCBSA3HYIO 00/IACTH, OTJIMIHYIO OT BCEil IJIOCKOCTH, MOYKHO KOH(pOPM-
HO OTOOpa3uTh Ha eauHuYHbI Kpyr. OmHAKO €ro J0Ka3aTeabCTBO OKA3aJI0Ch HE
JIIIEHHBIM HEJIOCTATKOB, HA KOTOpbIe obpaiiai BHumanue Beiepiirpace. Okoiio
MTOJIOBUHBI BEKA, MOHATOOMIOCH IS OTHICKAHWST CTPOTOT0 JOKA3ATEILCTBA ITOH Teo-
pembl. OauuM u3 mepBbix ero noayunia Kebe. Huke Mbr mpuBegemM 10Ka3aTe/1bCTBO
Teopembl Pumana, Om3Kkoe kK mpeajoxennomy Kebe.

B cuny teopembr JluyBuiis He cymecTByeT KOH(MOPMHOIO OTOOPAXKEHUS BCEi
IIJIOCKOCTH Ha eﬂHHHquIﬁ KDYT.

TEOPEMA 13.5 (PUMAHA). ITycms D — o0dnoceasnas 06aacms 6 KoMNAEKCHOU
naockocmu C u D # C. Jonycmum maxoce, wmo zy — mouka obaacmu D. Tozda
cywecmeyem eduHCMEEHHas 20A0MOPPHaAA U odHoaucmHas 6 D dynxyus f, xomo-
pas omobpasicaem D na edunuwnwnd kpye D u ydosaemsopaem ycaosuam f(zg) = 0,
f'(z0) > 0.

JOKABATEJILCTBO. JloKaxkeM BHadaJjle eIWHCTBEHHOCTh. JlomycTtmm, 9To mBe
dyukuuu f1 u fo yaosiaersopsior yciopusam reopembl. Torga dyukiusa ¢ = o(w) =
f2 o fi H(w) Gyner xondopmuo orobpaxkars eaummdEbii Kpyr D Ha cebs u p(0) =
0, ©'(0) > 0. Kak cuiemyer uz upeiplaylieii TeOpeMbl, @ IOJXKHA ONPeNesThCs

dopmytoit
g W—a
w) = e ——.
wlw) 1 —-aw
Oanako, nockosbky ©(0) = 0, To a = 0, a yciosue ¢’ (0) > 0 IPUBOAUT K TOXKIECTBY
o(w) = w. Ho Torna, noxcrasnss w = f1(z) B paBeHCTBO

f2 Offl(w) = w,
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nosyuaeM fa(z) = f1(z) U €JUHCTBEHHOCTH OTOOPAKEHUS TOKA3AHA.

s mokas3aTebCTBa CyIIeCTBOBAHUS OTOOpazkaomieil pyukiun [ BBeIEM B pac-
CMOTpEHHUE KJacC JF OIHOMMCTHBIX B oOjactu D dbyHKINH g, KOTOPHIE YI0BIETBO-
psitor ycnosusam: g(zo) = 0, ¢'(z0) > 0 u |g(2)] < 1 upu z € D, 1,e. g(D) C D.
Tlokaxkem BHaYa € HEITYCTOTY BBEIEHHOTO Kaacca pyuknnit. 1o ycroBusam Teopembr
D # C. Hosromy naiinercs a € C\ D. B cuny roro, uro D siBisiercs 0QHOCBsi3-
HOI 0071aCTBIO M 2 — a He obOparmaercsa B Hysb B D, MOXKHO B obsactu D BBILAETIATH
peryasipubie BeTBu byHKuui In(z — a) n

Q(z) =vVz—a= ez In(z—a)

HomyctuMm, 9TO J7ist Tapbl TOYEK 21 U Zo U3 obsacTv [ BBIMOMHSIETCS OTHO M3 pa-
BEHCTB

Q(z1) = Q(z2) mwm  Q(21) = —Q(z2).

Torma moc/e BO3BEACHUS B KBAAPAT ODEMX YacTell pABEHCTBA MOMYUYAEM 2] = 2.
9ro o3Havaer, uro Q) omHommcrtHa B D u Q(D) He COTEPXKUT Mapbl TOYEK, CUM-
METPUYHBIX OTHOCUTEIHHO HAYAJIa KOOPANHAT. B CHIIy IpUHIMIA OTKPBITOCTH TOY-
Ka wy = @Q(z9) npunamnexxkur objgactu Q(D) BMecTe ¢ HEKOTOPOH OKPECTHOCTHIO
O, (wp). Ho Torga, B cuny orMedeHHOro Bblme cBoiictBa obmactu Q(D), cummer-
puunas okpecraoctb O, (—wg) HomkHa uMerh mmycroe nepecedenue ¢ Q(D). Cue-
noBaresbho, |Q(z) + wp| > r mig Beex z € D, a dbyHxuus

r

wo + Q(2)

ABJIAeTCs OMHOMUCTHON B obsactu D u |h(2)| < 1 npu z € D. Beimonuss nonosu-
TeJIbHO ApOOHO-THHEHHOE Tpeodpa3oBaHue, MoIydaeM (hyHKIUIO

h(z) =

_ W(z0) h(z) —h(z)
W (20)| 1 — h(z0)h(2)’

9(2)

KOoTOpasi MpHUHaIeXKuT cemeiictey F, T.e. ¢g(D) C D, g(z0) = 0 n ¢'(20) =
|/ (20)]/(1 = |h(20)|?) > 0. Takum obpazom HemycToTa Kiaacca JF JoKa3aHa.
IIycrs Tenepsn

a = sup{g'(z0): g € F}.

Mbl 1OKa HE HMCKIIOYaeM BO3MOXKHOCTH TOro, 410 o = +00. U3 oupenenenus
CympeMyMa CJIeyeT CyIeCTBOBaHWE Takoil mocaemosatenwHoctn {f,} C F, d9rto
fl(z0) = a mpu n — oo. TlockoabKy cemeiicTBO F PABHOMEDHO OTPAHWYEHO B 00-
jgactn D, To B crily MPUHIATIA KOMIIAKTHOCTH W3 TOCJIEI0BATEIBHOCTH { fr } MOXKHO
BBIJIEJINTD HO/IIOCIIEI0BATEIBHOCTD fp, , KOTOPAsI CXOAUTCS JIOKAJIbHO PABHOMEPHO
B obmmactu D. 13 teopemsr 12.1 Beitepimrpacca caemayer, 9To npeaenbHas QyHKITHA
f momnocnenoBarenbHOCTH fp, ABIdeTcd rogomMopduoit B D u

f'(z0) = kli_?;ofék(zo) = a.

Orciofa, B 9aCTHOCTH, CJIJyeT KOHedHOCTh «. I[lo ciemcrBuio 12.2 u3 teopembl
T'ypBuna umeem Tak»ke OSHOJUCTHOCTDL mpenesbHoi pyukuuu f. Takum obpasom
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f mpuHagIeRuUT ceMelcTBY JF U SBJISETCS PEIEHNEM MTOCTABJIEHHON BBIIIE SKCTPE-
MaJIbHOU 3a/1a4u.

Tlokazkem Temepb, 9TO momydennas GyHknusa f u ABAsIeTCsT KOHPOPMHBIM 0TO0-
paxkenumem obmactu D ma emwHu4Hb Kpyr D. [lomycTmMm mpoTHBHOE, T.€. €TO
f(D) # D. Torma naiinerca rouka w* € D\ f(D). B oanocsasnoit obnacru D
BBLIEJIMM PEryJIsipHYIO0 BETBb

f(z) —w*
1—w*f(z)’

bukcupys mexoropoe 3padenne H(zg) = ¢* € {(—w*)'/?}. Kak u B ciyuae ¢ bynk-
uueit Q(z), serko uposepsiercs oguosucraoctb Gyukuuu H(z). Joburbes yciobus
HOPMUPOBKH MOKHO C IIOMOIIBIO JONOJHUTEIBHOIO JIPOOHO-THHERHOr0 Ipeobpas3o-
BaHUA, Mepexons K (pyHKIun

H(z) H(z)— ('
Fz) = Ahlz0) H(z) ¢

[H'(20) 1 — C*H(2)
Oyukmusa F' mpuHAIIEKUT ceMeilcTBy F n

H/
o= 2

Huddepentupyss paBeHCTBO

U nojiaras z = zg, NoJaydaeM
20 H/(20) = a(1 - [u” ).
CienoBaresibHO,
a(l —Jw*?) 1+ |w” 1+ [¢*
T¢I T 2T T A
IMockombKy |C*] < 1, 1o 1+ [¢*[? > 2|¢*|, u MBI mOTy9aeM TPOTHBOPEYHE OIpeieTe-
HUIO V. O

F'(20)

Kondopmuoe orobpaskenne OCyIIECTBISET B3AUMHO OTHO3ZHAYHOE COOTBETCTBHE
objracreii, T.e. OTKPBITHIX MHOXKECTB. BoOmpoc 0 TOM, NMpu KAKUX YCJIOBUAX KOH-
dopmHOE oTobpaykeHne MOKHO MPOIOJIKUTEL Ha MPAHUIy obacTu, 661 permen Ka-
pareomopu. Cdopmynupyem 6e3 A0Ka3aTEILCTBA OWH U3 €r0 PE3YJIbTATOB, KOTO-
PBI 9aCTO HA3LIBAIOT NPUHUUN COOMEEMCMEUA 2PAHULY,

TeoOPEMA 13.6 (KAPATEOZOPU). [Tycmwv obaacmu D u D* ozpanusens stcop-
darnosvimu kpusvtimu ¥ u Y . Tozda kongpopmnoe omobpascenue f obaacmu D wa
obaacmos D* mooicro npodoasicumsd do 2omeomopdnozo (63aumno 00HO3HAUHO20 U
HENPEPHIGHO20 KAK NPAMO20, TAK U 00PAMHO20) 0MOOPAACEHUA 3AMEHYMBLL 00AG-
cmed.

3ameTuM, 9TO B CUILy TeopeMbl Pumana Jjis JTI00bIX ABYX OJHOCBSI3HBIX 0DIACTElH,
OTJIMYHBIX OT BCeil KOMILIEKCHOM MJIOCKOCTH, CYIIECTBYET KOH(MOPMHOE 0TODpazKe-
HEe OfHOH 00/TacTH Ha APYTYIO.
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§ 14. AHaauTHmyeckKoe IIPOIOJIKEHUE

CorsacHO TeopeMe eIMHCTBEHHOCTH TOJ0MOpdHAs (yHKIHS OTHO3HAYHO OIpe-
JeIIeTcs ee 3HAYEHUSMH B CKOJIb YTOZHO MAaJIOil OKPECTHOCTH KAKOW-THOO OFXHOIM
touku. Bo Bpemena HbioToHa camTaioch, 9T0 Bee (PyHKIME TOJIHKO TAKUE, a TPY/I-
HOCTH BHJEJIH JIUIIb B BBIYUCJCHUM 3HAYEHUN TaM, I/e UCXOmHas (opMmysa ee He
OIpEJIeIIsia, T.€. B AHAJUTUYECKOM IpojosKeHur. (QCHOBHAs JIOTMYECKas TPYI-
HOCTb, CBA3AHHAS C AHAJIUTHIECKAM IIPOJIO/2KEHUEM, COCTOUT B €r0 HEOIHO3HAYHO-
CTH.

o sTOr0 MOMeHTa MBI 1O, (DYHKIMEH TTOHNMAJIN KJIACCHIECKOe MOHATHE, KOTIa,
KaXKJI0i TOUKe 00JIaCTH OMPEIE/IEHNs CTABUIOCh B COOTBETCTBHE TOJIHKO OIHO KOM-
mekcHoe aucyo. C apyroit CTOpOHBI, Tpu u3y4ueHnn jJorapudma u KOPHEH MbI CTaJ-
KHBAJIUCH C TPYAHOCTHIO MX OIPeesIeHusI, HO MPEOJ0IEBAIN ITY TPYAHOCTH BbLIE-
senveM BerBeil. B atom maparpade Mbl paCCMOTPHUM JPYTYIO KOHIEIIUIO, KOTOPasi
pacmiupser nonsaTre MYHKINK ¥ TaKKe HAPABJIEHA HA MIPEOIOJIeHIe TPYIHOCTEIH,
CBH3aHHBIX C MHOT'O3HAYHOCTHIO JorapudMa u KOPHEeN.

CreneHnHblie paabl.

Beitepmrpace B moCTpOEHMH TEOPUM AHATUTHYECKUX (DYHKIUI CHCTEMATHYIECKH
MCLOJIBb30Ba Ccrenennble paapl. CrenenHolt psag Y " ¢, (2 — 20)" onpepensier ro-
somopdnuyio byrkunio f B HeKoTOpoM Kpyre OR, (20), PAIANYC KOTOPOTO MOXKHO BhI-
qucauTh 10 KodddurnmentaM psaaa mocpeactsom dgopmyist (3.2) Komm—A gamapa.
Iycts 21 € ORy(20) 1 >0 gbn(z — 21)" — pasnoxenne B psix Teitopa 31oii ke
dbyukmun f. Pagnyc cxommmoctu R; 3TOro psija HE MEHBINE PACCTOSHUS OT 21 10
rparumpt kpyra Op, (20), HO MOXKeT OoKa3aThcst bosbie. Bo BropoMm ciaydae cymma
paga Y. by (z—2z1)" npeacrasnsier coGoit ronomopduyio dynknumio f1 B Og, (21),
Koropast cosnazgaer ¢ f Ha nepecedennu kpyroB Og,(z9) N O, (21). Takum obpa-
30M MBI IOJIy4aeM aHaguTrdeckoe npogoskenue dyukuun f #a Op,(20) UOR, (#1).
Unest Beliepmrpacca 3ak109anach B MOBTOPEHUU TAKOTO MPOLECCA IPOI0JIZKEHUS
GyHKIMM ¥ MO, aHAIATAYECKON (QyHKIMEH OH TTOHMMAJ COBOKYITHOCTH BCEX TPO-
Jomkennit HadaabHOi dyHkuu f. CTeneHHble psabl U3 3TOW COBOKYITHOCTU BCEX
MTPOIOJKEHU PACCMATPUBAINCH KAK PA3IWIHbIe (DOPMBI OMHON 1 TOH ke DyHKIWN.

Teopema 3.1 maer pagmyc CXOOUMOCTH CTEIEHHOTO Psa, HO HE JaeT HUKAKOM
nHMOPMAIAN O ero CXOAUMOCTH B TPAHAYHBIX TOYKAX KPyTa CXOAUMOCTH. MOXKHO
OBLIO OBI TIPEIIONOKUTE, 9TO CXOAUMOCTD PSAJA B TPAHATHON TOYKE KAaK TO CBSA3a-
HA C BO3MOXKHOCTBIO AHAJTUTHIECKOTO MPOMOJIKEHUsT €r0 CyMMbBI 9€Pe3 3Ty TOUYKY
3a mpenesnbl Kpyra cxogumoctu. OaHAKO 3TO He Tak, B 4eM MOXKHO ybemuThes,
PACCMOTPEB CJIEIYIOIIHUE JBA IPUMEPA.

Dyukuus f(z) =1/(1 — z) romomopdua B C\ {1}, HO B eIUHUIHOM KpYyTe TTPe-
craBjsieT co0oi CyMMy CTEMEeHHOTO PSIIa Zf;o 2™, KOTOPBIN paCXOIUTCI B KayKI0i
TOYKe eIMHIYIHON OKpyKHOCTH. C Ipyroif CTOpoHbI, CyMMa ¢(z) CTENEHHOrO psiia
>0 | 2™/n? He MOXKeT GBITh HPOJOJIZKEHA AHAIHTUYIECKH M3 €IHHUYHOTO KPYTra B
00J1aCTh, COMEPIKAIILYI0 TOUKY 2 = 1, MOCKOIBbKY

oo

" _ 77,+1n
g"(z) —;Wﬂz

CTPEMUTCA K 00, KOIJa z — 1 BIOJIb BEIIeCTBEHHOTO PAJIIYCA.
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OnpeAENEHUE 14.1. Ilycts S(z) — cyMMa CTEHEHHOTO PsIa

o
Z en2" (14.1)
n=0

C HOJIOXKATETBHBIM paauycom cxomgumoctu R. Bymem rosoputb, 9T0 TOUKa 2y HA
okpykHOCTH |z| = R aBisiercs pezyasapnol TOYKOi crenenHoro psaga (14.1), ec-
Ju S(z) aHAJIMTUYECKU LIPOIOJIZKAETCH B HEKOTOPYIO OKPECTHOCTb ITOH TO4YKU. B
OPOTHBHOM CJIydae OyeM Ha3bIBaTh 2o 0€000( TOUKOil crerneHHoro pana (14.1).

Cuteyromuii pe3ysabrar u3BecTeH Kak reopema Kormun— A namapa.

TEOPEMA 14.1. ITyecmw cmenennoti pad (14.1) umeem noaosicumenrvroii paduyc
cxodumocmu R. Tozda na oxpyosrcnocmu |z| = R umeemca xoma 6. 0dna ocobas
MoUKQ.

JOKABATEJIBCTBO. JonmyctuMm mpoTwBHOE, T.€. I KaxXKA0i ToYku ( € 7R,
vr = 00g(0), maiinerca xpyr U¢ ¢ merTpom B Totuke { u pagumycom R¢ > 0 Takoii,
aro cymma S(z) pana (14.1) amanurudecku nponomxaerca B Us UOR(0). Iockoms-
Ky cemeiictso kpyros Ue, ¢ € g, 00pasyer OTKPBLITOE IOKPBITHE KOMIIAKTHOT'O
MHOYKECTBA, YR, TO W3 HETO B CUIy JIeMMBI Leiine— Bopenst MOKHO BBIIEIATH KO-
HeuHoe noamokpsitue U, ..., U, . Ho Torma S(z) aHAIMTHIECKH IPOIOIKACTCS B
00J1acThb

D =0r0)J | U U
k=1

D10 1POOJZKEHHe KOPPEKTHO OlIPeJe/ieHo, HOCKoubKy B ciy4dae Ue, NUg # O
TaK¥Ke NUMEEM

Ue, NU; N Ogr(0) # @

U B IOCTIeIHEM IepecedeHnH TpeX Kpyros mpoxpomkennd B Ug, n U, coBmagarmor ¢
S(z), a 10 Teopeme eJMHCTBEHHOCTU OHU COBIIAJAIOT U BO BCeill 00JsiacTH Onpee-
Jenusi. B pesyibrare mbl nosydaem, 4ro S(z) asusercsa rosomopduoit dbyHskuueit
B obmactu D, KOTOpasi COMEPKUT KPyr OOsbIero pagauyca, dem R. Ho 3To mpo-
TUBOPEYUT TOMY, 9TO R — pauyc CXOIUMOCTH CTermeHHoro psijaa (14.1) u Teopema
JIOKa3aHa. O

OnPEAENEHUE 14.2. Ecnu pan (14.1) uMmeeT nojoKUTENbHBIH PAIAYC CXOIAMO-
crv R m kaxkast TOUKa OKPYKHOCTH |z| = R sijsiercsi 0coboii, TO 9Ta OKPYKHOCTh
HA3BIBAETCS €CMECTNEeHHoT epanuyet CyMMbl psaga S(z).

IIpumepaMu CTENEHHBIX PSAJIOB, /IS KOTOPBIX TPAHUIIA KPYTa CXOIUMOCTH SBJISI-
€TCd eCTeCTBEHHOI IpaHuIeil, MOTYT CIIy’KUTb PAIbI

oo oo
. n
E A E 22",
n=0 n=0

B oboux mpumepax Bce TOYKH €IMHUIHON OKPYKHOCTH SBIISIOTCS OCOOBIMU JJIS UX
CYMMBI.

Anasmmrnueckoe IIpoaoJi2keHue B/AO0JIb IIyTH.

YTouHuM BHaYAJE TEPMHHOJIOTUIO.
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ONPEAENEHUE 14.3. QYHKUUOHAALHDLM IAEMEHMOM UITH, KOPOUIE, IAEMEHMOM
6yaem nasbiBarb mapy (f,U) rme U — nekoropsiit kpyr, a f — rosomopduas B U
dyHKIHS.

Hpa snemenra (f,U) u (g,V) ABIAAIOTCA HeNOCPedcmMeeHHOM GHAAUMUKECKUM
npodoasicenuem npyr npyra, eciu UNV # S u f(z) = g(z) upu z € UNV.
Bwmecre f u g onpenensior ronomopduyo dyakmuio B odbeaunernn Kpyros U UV .
TTosTOMY TakzKe rOBOPAT, UTO § ABIACTCA AHAJTATUICCKUM IPOJOJKEHIEM (DyHKIINHT
f Bxpyr V. B cuny TeopeMbl € JUHCTBEHHOCTH /I AaHATUTHIECKUX QDYHKIMI TaKkoe
HPOJIOJIZKEHIE €MHCTBEHHO, €CJIH OHO CYIIECTBYET.

Homnycrum renepnb, uro (fi1,Ur),. .., (fn,Un) — ll€NOYKa 3JIEMEHTOB, B KOTOPOIl
(fx, Uk) u (fx—1,Uk—1) ABIASAIOTCSA HEMOCPEICTBEHHBIM AHATUTHYECKUM IIPOJIOTIKE-
HHeM JOpyr apyra mpu Bcex k = 2,...,n B srom ciydae Oymem roBopuThb, 9UTO

(fn,Uy) aBusiercst ananutudeckum npogosizkenueM ssnementa (f1, U1) Buosb nenod-
KU 3JIEMEHTOB.

Cpasy ke oTMeTuM OHO BaxKHoe 06cTosTenbeTBo. Ecu (f,,, U, ) aBiasgercs ana-
TIUTHIECKAM TIPOJO/KeRneM d1ementa (f1, U1) BI0Tb HEKOTOPOIT METOYKH 371eMeH-
roB u Uy NU, # &, 10 BoBCce He obs3arenbho, urodsl (f1,U1) u (fn,U,) aBis-
JIUCHh HEIOCPEICTBEHHBIM AHAJTMTHYECKUM MPOJOJIKEHueM Apyr apyra. Hanpumep,
paccmorpum kpyru Up,k = 0,1,2, enuHUYHOrO pajuyca C IEHTPAMH B TOYKAX
ap = €2F7/3 o B kauecrse GynKmil fi, BRIOEPEM PeryaspHbIE BETBH MHOIO3HAYHOI
bynxmmn {y/z} B atExX Kpyrax ¢ ycaosusmu fi(ay) = e*7/3. Torma, xak merko
ybennThest, napbt anementos (fo,Uo), (f1,U1) u (f1,U1), (f2,Us) siBAsIIOTCS HEmo-
CPEJICTBEHHBIMY aHAJINTHYECKUMHU TPOJOJIKEHUSIMU APYT Apyra, HO fo(z) # fa(z) B
niepeceuennu Uy N Us.

C apyroit cropoubt, eciu (fs, Us) siBiisercs aHAJIMTUYECKUM [IPOJIOJIKEHUEM DJIe-
menTa (f1,U;) Broas nenoukn snementos (f1,Ur), (f2,Us), (f3,Us) n

UlﬁUgﬁUg#@,

to (f1,U1), (f3,Us) MOMKHBI OBITH HEMOCPEICTBEHHBIM AHATUTHIECKUM TTPOIOIZKE-
HUEM JPYT APYyTa B CHJIY TEOPEMbI €IMHCTBEHHOCTH.

B srom naparpade Ham He Hy:KHO TpebOBaHUE [VIAJIKOCTU KPUBBIX (UM myTeil).
Kpowme Toro, B KauecTBe mpoMerKyTKa H3MEHEHHs TapaMeTpa I yao0ocTBa Oyaem
6parb orpesok [0, 1].

OnPEJAENEHUE 14.4. Ilycts v — nyTh ¢ napamerpusamueii z = z(t), 0 <t < 1.
Ecnu cymectByer Ttakoe pasbmenme 0 = tg < t1 < ... < t, = 1 u Takas memnoy-
ka smementoB (f1,U1), ..., (fn,Un), 90 (fr, Uk), (fx+1, Ug+1) ABASIOTCA HENOCDEI-
CTBEHHBIM aHAJATHYCCKUM IIPOJOJIKCHHEM APYT ApyTa and Beex k=1,...,n—1nu
2(t) € Uy upu t € [tg—1,tx] s Beex k = 1,...,n, 1o 6yaem rooputb, 410 (fn, Uy,)
SIBJTSIETCS AHAJIMTHIECKAM TIPOJOIKeHneM seMenta ( f1, Uy) Boomb mytu .

TEOPEMA 14.2. ITyemo (f,U) — snemenm u v — nymov ¢ HA%aAbHOT MOYKOU
20 € U u konewnot mowkot z1. Honycmum, wmo (f1,U1), ..., (fn,Un) u (91, V1),
v oy (Gm, Vin) — dee yenouxu ssemenmos, 0CYUECMBAAOUUT GHANUMULECKOE PO~
donoicenue anemenma (f,U) edoav nymu v. Tozda (frn,Upn) 6 (gm, Vi) A6asomea
HENOCPEICMBEHHBIM GHAAUMUYECKUM NPodosxceruem dpyz dpyaa.
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JLOKA3ATENBCTBO. Ilycth v: z = 2(t), 0 < t < 1, n nenouxe (f1,U1), ...,
(fn,Uyn) coorBercryer pasbuernne 0 =ty < t1 < ... < t, = 1, a nemouxke (g1, V1),
-+, (gm, Vin) coorBercrByer pasbuenue 0 = sg < 81 < ... < §, = 1. Ilo ycaoBuio
f1(z) = f(z) = g1(2) BU = Uy = V] u rouka z(1) = 2z NpUHAJIEKUT TIEPECEIECHUIO
U, NV,,. Teopema 6ymeT mokasaHa, €CIU IIOKA3aTh, 9TO B CIydae, KOTJA OTPE3KH
[ti—1,ti] m [sj_1, ;] EMeroT HemycToe mepecedenue, sneMenTst (f;, U;) u (g5, V;) 8-
JIAIOTCA HEIOCPECTBEHHBIM AHAJUTHYECKHM IIPOJOJIZKEHHEM JIPYT APYTa.

JomycTiM MPOTHUBHOE W yCTh TAPa WHAEKCOB (i, ]) IMEET MUHUMATBHYIO CyMMY
i+ j cpeaum Tex, KOTOpbIe yIOBIETBOPSIOT yCHOBHAM: [t;—1,t;| N [s;_1,8;] # @ u
(fi,Ui), (95, V;) He SBASIOTCS HEMOCPEICTBEHHBIM AHAJHUTHYECKHM IPOMOJZKEHHEM
apyr apyra. Ilycrs ans onpesenennocru sj—q < t;—1. Torma ¢ > 2 (B uporuszom
ciayqae ti1 = s;_1 = 0) u s; > t;_1. CiegoBaresnbpHo,

Z(tifl) elU,_1NnU;N V}

Ho rorma [sj—1,s;] N [ti—o,t;—1] # @ u B cuily CBOHCIBA MUHUMAJILHOCTH CyMMbL
i+ j snementsr (f;—1,U;—1), (g;,V;) ABAAIOTCS HEMOCPEICTBEHHBIM aHATHTIIECKIM
npozoskennem apyr apyra. C apyroit cropousr, (fi—1,U;—1) n (fi,U;) apasworcs
HETOCPEICTBEHHBIM AHAJUTUICCKAM MPOJOKEHAEM APYT APYTa TO ONMpPEIETCHHIO
AHAJIMTUIECKOTO TIPOJOJI?KEHNS BIOJIb IyTH. Y YATHIBAS TAKKE, ITO

Ui_lﬁUiﬂVj 75 o,

IPUXOAUM K 3aK/0uenuio, 410 (f;, U;) u (g;, V;) ABAAIOTCS HEOCPEACTBEHHBIM aHa-
JINTAYECKAM TIPOJOJIKEHHEM JIPYT Apyra. [lomydeHHOe IpOTHBOpedYne JOKA3BIBAET
TeopeMy. O

HokazanHas TeopeMa IOKA3bIBAET, 9YTO AHAIUTHIECKOE MPOJOJIKEHAE SJIEMEHTA
(f,U) Bmoaw myTH 7y IPUBOANT K €IMHCTBEHHOM (DYHKIWMHN, TOIOMOPGhHON B OKPECT-
HOCTH KOHIIeBOM Touky myTH . IlosTromy Gymem o6o3HawaTh fr 3Ty GYHKIHIIO.

ONPEJAENEHUE 14.5. ITycts D — obmactb u vo: 2 = @o(t), v1: 2z = p1(t), 0 <
t < 1,— nBanyru B D ¢ obummu kKoHmaMu ¢o(0) = ¢1(0) = 2o, po(l) = p1(1) = 21.
Bynem roBoputb, 9TO Y9 U Y1 20mOmMOnKb, B D, €Cnm CymECTBYyeT HEmpePbIBHOE
oTobpazkeHmne

®: [0,1]x[0,1] — D

rakoe, uto ®(0,t) = ¢o(t), ®(1,t) = ¢1(t) ans Beex t € [0,1] u ®(s,0) = 2,
®(s,1) = z, anst Beex s € [0,1]. B arom ciyuae © HasbiBaeTcs zomomonued; myTei
Yo 1 71-

Tomoronuio moxxaO pacCMaTpuBaTh KaK HEIIPEPBIBHYIO ,D;e(bOpMaIH/IIO KpI/IBOfI Yo B

Kpusyio y; B obsactu D. ['omoronus ocyiecTiisier 31y aedopMaIuio moCpeiCcTBOM
KpuBbIX Vs: 2z = D(s,t), 0 <t < 1.

TEOPEMA 14.3. JIwbvie dea nymu ¢ 00WuMU KOHUEBDLMU MOYKAMU 6 00HOCEA3-
HOT 00AGCTRU 20MOTMOTHDL.

JLIOKABATEJILCTBO. Ilyctb vo: 2 = @o(t), 11: 2 = p1(t), 0 <t < 1,— aBa myTu
B D ¢ obmumu KounesbiMu ToukaMu @o(0) = ¢1(0) = 2o u wo(1) = ¢1(1) = 2.
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Honyctum BHavase, 9ro D — Beinykas obaacts. Torma romoronus ¢ moxker ObIThH
onpejiesieHa PaBEHCTBOM

D(s,t) = (1= s)po(t) + ser(t).

B ciygae npou3BoabHONR OMHOCBA3HOM 0bacTu [ MOXKHO MOCPEACTBOM KOH(DOPM-
HOro orobpaxkenusi f, KOTOpoe cyiecTByer B cuiry Teopembt 13.5 Pumana, orobpa-
suth D mHa emmamunbii kpyr D. O6paser f(79) u f(71) MOXKHO TOMOTONIUPOBATD,
nMockosbKy I siBsIsieTcss BRIMyKION 06aacThio. 3areMm romororuio myrei f(yo) u
f(71) mepesecTn ob6paTHBIM O0TOGparKkenueMm f~1 B romoTomHIO Yo U 1. |

TeEOPEMA 14.4. ITycmv D — obaacmov 6 C u 7y, y1 — nymu ¢ o0wWumMu KOHUG-
MU 20 U 21, eomomonnve 6 D. Jlonycmum maxoice, wmo anemenm (f,U), U C D,
zo € U, anasumumecku npodoastcaemcs 60oab kaxcdozo nymu s, 0 < s < 1, xomo-
poie onpedeasem zomomonus. Toeda pesyavmamos npodoasicerus snemenma (f,U)
8doab nymeti o uy1 cosnadarom, m. e. fy (2) = fy,(2) 6 nexomopot oxpecmmnocmu
MOUKY 27 .

JLOKABATENBLCTBO. Ilycrs ®: [0,1] x [0,1] — D —romoronus nyreii o u 7.
Kak u Bbimre, gepe3 75, 0 < s < 1, Oymem ob603HAYATH IyTh C IapaMerpu3aiuei
z = ®(s,t), 0 <t < 1. Iokaxem, uro ausa kaxaoro so € [0,1] naiizerca Taxoe
§ > 0, aro npu Beex s € [0, 1], yAOBIETBOPAIONUX HEPABEHCTBY |$ — So| < §, aHa-
JIMTHYECKHe Tpooskennst saemMenTa (f,U) BIOIb MyTeil 5 COBMAIAIOT C AHAJIUTH-
YECKIM TPOJIOJIKEHNEM BIOIb Vs, T.€. fy (2) = Fre (z) B HEKOTOPOI OKPECTHOCTH
TOYKH 27.

Honycrum, uro (f1,U1),. .., (fn, Un) —1€IOYKA 3JEMEHTOB, OCYIIECTBIISAIOIIASL
aHanuTHdeckoe npogoskenue (f,U) Buons myru v, T.e. Uy = U, fi(z) = f(2)
npu 2 € U n 21 € U,. Ilyctb Takxke 0 = tg < t; < ... < t, = 1 —pa3duenne
orpeska [0, 1], npu koTopom

Qr = {z = ®(s0,t): tp—1 <t <t}

comepxkurca B kpyre Ug, k = 1,...,n. Ilockonbky Qk, k = 1,...,n, aBasgrOTCS
KOMITAKTHBIMHA MHOXKECTBAMU, TO

min dist(Qg,Ux) = ¢ > 0.

1<kLn
B cuny menpepwisrocTu dyukiuun ¢ maiigerca rakoe § > 0, 9To
|©(s,1) — P(s0,2)] < €

upu Beex t € [0,1] u |s — so| < ¢. B wacrmocru, mus Bcex k = 1,...,n u s,
|s — so| < ¢, Gyaer Bomosusroca ycaosue P(s,t) € U upu t € [tgp—1,tx]. Dro
O3HAYAET, 9To menovka 3meMentoB (f1,U1), ..., (fn, Uy) OCyIIeCTBISET aHATNTHYE-
ckoe miposomkenwe (f,U) w Baomb myTH s, T.€. fy (2) = f,, (2) mpn 2z € U, 7
|s — so| < 0.

IIycrs Tenepsn

Gi1 = {s€[0,1]: f,,(2) = fy,(2) B HeKOTODOIl OKPECTHOCTH TOUKH 21 },
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a Gy = [0,1] \ G;. Tlo mokazamnoMy, ecsiim s; € G, To Hadizercss §; > 0 Taxoe,
gro s € Gy mpw |s — 51| < 8. Amajormuwo, ecin sy € G, TO Hailzercs 6y > 0
Takoe, 9T0 § € G NpH |s — S2| < d2. B cmiy cesizHocTH orpeska [0,1] oxaHo u3
MHOKeCTB G mian Go m0mKHO ObiTh mycThiM. llockosmbky 0 € G1, T0 Gy = D u
41 (2) = fy,(2) B HEKOTOPO} OKPECTHOCTH TOUKH 2. O

Bynem rosoputh, uro asa ssnementa (f1,U1) u (fa,Us) skeusasenmmbi, eciau
OJIMH M3 JPYTOro IOJIyYaeTCsl aHAJUTHYECKUM HOPOJIOJzKeHreM (BIOJIb HEKOTOPOro
nyru). OueBUAHO, YTO TAKOE OIpPE/eJieHre SKBUBAJIEHTHOCTU sABJAETCs pediiek-
CUBHBIM, CAMMETPUYHBIM U Tpau3uTuBHbiM. Kitacc sxkBuBasenraoctu F 3jemenToB
OyJeM Ha3biBaTh NOAHOU anasumuueckold gynkyued. JIoboii saemenr (f,U) uz F
OTIPEJIEISIeT BECh KJIACC SKBUBAJIEHTHOCTH MOCPEICTBOM AHAJUTHIECKOTO TIPOIOJI-
KEHUS.

Homycrum Tenepb, 910 [ — HEKOTOpasi 00/1aCTh U B HEll OIpeIesieHa ro1oMopd-
nas Gynakuus f. Ecom kpyr U conepxurca 8 D, To npogoskenus saementa (f,U)
BIOJIb JTI0O0T0 myTH <y B D puBOAMT K TOi ke (byukuu f. B s3Trom ciyuae MokHO
cKkazark, 4ro 3aeMeHT (f, U) Bbimensier B D BeTBb MOIHOM aHAIMTHIECKOH (DYHKIINH
F.

TEOPEMA 14.5. ITycmv D — odnoceasnasn obaacmo u (f,U) — anemenm, xomo-
Poill aHaAUMUYECKYU NPOJOAdARCaEMCs 8004b A0b020 nymu 6 obaacmu D. Tozda cy-
wecmeyem eJuHCBEHHAA 20A0MOpPHas 6 D pynryus, xomopas cosnadaem ¢ f 6

U.

HOKABATEJABLCTBO. Ilycts 2y —uentp kpyra U u v, —uyTb B D ¢ HAYaiom B
TOUKe 2o ¥ KOHIOM B z € D. Uepes g(z) obosuasmm npomomxenue f,_ (z) smemeHTa
(f,U) Baonb nyru ~v,. U3 upeapiayieii TeopeMbl ciemyer, 4ro g(z) He 3aBUCUT OT
BbIOOpA Iy TH Y,. Takum oOpa3om, PyHKIHSS g KOPPEKTHO OIPEIeIeHa, TOJIOMOPGhHA
BDnug(z)=f(z) mpm z € U. O

3AMEYAHUE 14.1. Dra Teopema (a Tak:Ke NPEIblLylNasi) HA3BIBAETCS Meope-
Mot 0 moHodpomuu. Ee comeprkanne MOKHO CHOPMYTUPOBATH TAKKE CJIEIYIONTAM
obpazom. Ilonmnas amamuruyeckas (yHKINS, KOTOPAs JOMYCKAET AHAJIUTHIECKOE
MPOIOJIKEHNE BJOJIb JIIO0Or0 MyTH B OJHOCBs3HOUW obsactu D, ompenensier B D
BETBb, BBIJIE/ISEMYIO HEKOTOPHIM IJIEMEHTOM.

s OTHOM AHAJIUTHYIECKON (DYHKIMU BO3HUKAET HOBBI TUI M30JIMPOBAHHBIX
0COOBIX TOYEK TI0 CPABHEHHUIO C TeMU, KOTOpbIe ObLIN HU3YYeHbI s OJHO3HAYHBIX
dyHKIWMiA, T.e. BerBeil. Touka a Ha3bIBAETCS M3OTHPOBAHHON 0COOO# TOUKOM TOJ-
HO¥ aHATUTHYECKON dyHKIWE F, eciu CyIecTByeT mpoKoaoTas OKPECTHOCTh @T(a)
u snemenr (f,U), U C @r(a), 910# (DYHKIMH, KOTOPBIA MPOOIKACTCH BJIOJb JIO-
60ro myTu B @T(a). Iycts 0 < o < r U 7, — OKPY2KHOCTb C LEHTPOM B TOUKE d.
Homnycrum Takke, 4To 29 € v, U. Torma npm npofoKeHnn HavaJ bHOTO 3JIeMEeHTa
BIIOTIB TIYTH 7Y, TTOCTIE ee 00X01a MOKEM B Pe3yIbTaTe TOJYyYnTh TOT JKe 3JIeMeHT. B
9TOM CJIydae TOYKA ¢ HA3BIBAETCS 0c000U mowkol 00H03HawH020 Tapaxmepa. Ecan
00XOJ, Y, TIPUBOIUT K 3JIEMEHTY, OTJIMIHOMY OT MCXOTHOTO, TO @ HA3BIBACTCH MOUKOTU
semeenus. B IepBoM ciyuae MOMKHO MOKA3aTh, 9TO B OKpecTHOCTH O, (a) BBLIEIs-
ercs BerBb (pyuknuu F. Bo Bropom ciydae Bo3MOxKHBI JBa BapuanTa. CyiiecTByer
IeJIOE IHCIIO N 2> 2 TAKOe, YTO N-KPATHBIH 00XO01 Y, B OJHOM HAIIPABIEHHUU IPHBOIUT
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K MCXOIHOMY 3jeMeHTy. Torma To4YKa a HA3bIBAETCS TOYKON BETBJICHHUS KOHEUHO020
Nops#0Ka, a HaMMEHbLIee U3 4uces 1, 0DJIANAIIIUX ITUM CBOHCTBOM, HA3bIBAETCS
nopadkom eemenenus. KEcam ke 0OXOIBI B OJHOM HAMPABIEHUN TPUBOIAT KaXK-
JIbIH Pa3 K HOBBIM 3JIEMEHTAM, TO ¢ HA3BIBAETCS TOYKON BETBJIEHUS DECKOHEUHOZ0
NoOPAJKG NN A02aPUPMULECKOT TOIKON BETBIICHUSA.

IIpuanun cummerpuun Pumana— IIBapiia.

Paccmorpum Temephb CHemuasibHbIA CIydail aHAJIUTHIECKOrO MPOIOJIKEHUs, KO-
raa obmactu Dy u Do He TIepecekaroTcs, a UMeIoT OOIuii yIacToK TpaHuibl. IIpen-
BApPUTEJIbHO yCTAHOBUM OJUH PE3YJIbTAT, KOTOPBIA MHOIIA Ha3bIBAIOT ,,[€0pEMa O
cTHpaHuu paspe3a’ .

JIEMMA 14.1. ITycmwv obaacmv D u npamas L maxue, ymo DNL =1 # &.
Jonycmum maxoice, wmo Pynruyus [ nenpepwena 6 D u 2onomopdna na D\ I.
Tozda f aeasemca zoromopdroti u 60 eceti obaacmu D.

JOKABATEJBCTBO. IIoCKOMBKY CBOMCTBO TOJIOMOP(MHOCTU SIBJISETCS JIOKAJIb-
HBIM, TO JJIsl JIOKA3ATeTHCTBA JIEMMBI JOCTATOYHO YCTAHOBUTH TOJIOMOPGMHOCTL f
B TOYKAX MHOXKECTBA [, KOTOPOE MpEJCTaBIsieT COOOi CHCTEMY HEemepeceKaroIx-
ca uHTEpBAJIOB Ha mpsaMmoil L. IlycTth a —nmpowmsBosbHas TOUKa MHOXKeCTBA I u
O,(a) C D. Tlo npeanonoxenuto [ wenpepbisa B O (a). ITosromy B cuiy Teope-
MBI Mopepa romomopdHOCTh f OymeT moKa3aHa, eCIH YCTAaHOBHTH PABEHCTBO HYJIIO
HHTErpaaoB oT (GpyHKIuUA [ MO TPAHUIE KAXKJOTO TPEYroJbHUKA, PACIOIOKEHHOTO
B O,(a). Bamerum, uro npsmas L nepecekaer kpyr O,(a) 10 nuamerpy u Jejaur
ero Ha apa noaykpyra UT u U™,

IIycts Teneps A — TpEYroJbHUK, KOTOPBIH BMECTE C 3aMBIKAHUEM COIEPYKUTCS B
O,(a). Ecm A monmoctsio conepxkurca B U man U™, TO paBeHCTBO

/f(z)dz =0
oA

caenyer uz teopembl Komu. Iycrs AT = ANUT u A~ =ANU~. Torza

/f(z)dz= /f(z)dz+ / f(2)dz.
O0A

oA+ OA—

O,I[Ha,KO7 HUHTErpaJibl B HpaBOﬁ 9aCTU PaBEHCTBA PAaBHBI HYJIIO IO Te€OpeMe Ko u
JieMMa JOKa3aHa. O

Crenyromnii pe3yabTaT n3BecTeH Kak npunyun cummempuu Pumana— Illsapua.

TEOPEMA 14.6. ITycmv D — obaacmsv, cCumMmempuunas OMHOCUMENDHO 8EULECTT -
sennoti ocu, u DY ={z € D: Imz >0}, D- ={2€ D: Imz<0}, I =DNR.
IZonycmum, wmo f aeasemca nenpepuenoti na DT U I, zosromoppnoti 6 DT u npu-
Humaem seuecmeennsie 3navenus na I. Toeda ona umeem anmasumuyeckoe npo-
doaotcenue 60 6cro obaacmyv D, 2de ydosaemeopsem cOOMHOWEHUIO CUMMEMPUL

f(z) = f(2).
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JIOKABATEJILCTBO. Omnpemenum B obmactu D dysKimio F mOCPEICTBOM pa-
BEHCTB
f(z), ecom ze€ DT UI,

F(z) = <¢____
f(Z), ecmm zeD.

Teopema Oymer mokasaHa, €Cau Mbl YyCTAHOBAM roioMopdHOCTD GyHKmuu F B 00-
nactu D. Tomomopduocts F' B DT ciemyer u3 ee ompeneenns U MpeoIosKenuii
reopeMbl. Ilycrs zg € D™ u r > 0 Tmakoe, uro O,(z9) C D~. Torma B O,(z0)

dbyurnus F onpenensercsa mo HuxkHEN hopmyse u

limwz limM: 1jm<f(z)_f(0))_f/(20).

Z—20 z — ZO Z—20 z — ZO Z—20

Taxum obpasom, F romomopdua B8 D\ I.

Ilokazkewm, uto F' mempepbiBHA B D. 711 3TOr0O OCTaeTCd MTPOBEPUTDH HEMPEPHIB-
HocTh B Toukax Ha . Ilycrs g € I u e > 0. B cuny menpepbisnoctu f na DV U T
naiinercsa rakoe § > 0, aro | f(z) — f(xo)| < € mpu z € Os(xo) N[DF UI]. Ho rorna
st z € Og(xg) N D™ 6yaem umers Z € Os(xg) N DT u B cuily BelIECTBEHHOCTH
suavenus f(zo) nosaydaem

[F(z) = f(@o)| = [f(2) — f(@o)| = |f(Z) — f(=m0)| < e
ITockombky g € I u € > 0 BeIOUpanWCh TPOU3BOIBLHO, TO HEMPEPHIBHOCTL F' Ha I,
a, cimefoBaresibHO, U B D nokazana. YTBepxkiaerue o rosomopduoctu F' B obnactu
D cnenyer u3 JeMMBbI. O

JlokazaHHass TEOpEMa MMEET OUeBHIHbIE OOODIEHNS B CBS3W C TEM, UTO JIIOOBIE
nse okpyzxuocta O u Cy B PACIIEPEHHOH KOMILIEKCHO# m1ockocT C MOKHO 0T06-
pasuTh APYr HA APYra € MOMOIIBIO IPOOHO-JIMHEHHOTO peobpaszoBanus. O61acTb
D MOXKHO BbIOUPATH CHMMETPHYHON OTHOCUTEIHLHO OKpYyKHOCTH (1, & B KadecTBe
I Torma 6ymer BoicTynarh nepecedenne Cy N D. Ecan dyuknus f romomopdua B
gactu DT obractu D, KoTOpas pacHosIO¥KeHa BHYTpH Kpyra, orpanmaenroro O,
HenpepbibHa Ha DT U I u npunnmaer snavenus f(z) € Cy, Korga z € I, To ee MOXK-
HO TIPOJOJIZKUTH aHAJIATHYECKH BO BCIO 00jacth D. Ilpm stom mapsr Todek z1, 29,
CHUMMETPUYHBIX OTHOCUTEIHHO C7, OyAyT nepexoqurb B napbl Touek f(z1), f(z2)
cuMMerpudHbiX oTHOCUTENbHO Co. [Ipuanun cumverpun Pumana— IIsapua gacto
UCTIOTB3YETCS I TIOCTPOEHUST KOH(POPMHBIX 0TOOPaKeHU .

§ 15. Mepomopdmubie dyHKITUM

B komnre maparpada 5 Mbl pacCMOTpEIn HEKOTOPHIE CBONCTBA IEJIbIX (DYHKIHIA,
T. €. TaKUX, KOTOPBIE TOJIOMOPQHBI BO BCeil KoMmITekcHo# miaockoctu C.

OnpPEJAEJEHUE 15.1. @yuknusa f: C — C naswpBaercs mepomMopdHO, ecan
ona rojomopdua B C, 3a UCKII0YEHNEM, OBITh MOXKET, U30JIMPOBAHHBIX OCOOBIX TO-
Y9eK, ABJIAONIUXCA ITOJTIOCAMHU.

Samernm, 9TO TeJIble (PYHKIUU COCTABJISIOT MOMKJIACC KJIACCa MEPOMOP(MHBIX
dyukmit. pyroit BaxKHBIH MOAKIACC MEPOMOPMHBIX (PYHKIHHE 00Pa3yoT pParuo-
Hasibable QyHKIMH. OTMETHM HEKOTOPHIE BayKHBIE CBOWCTBA PAIMOHAIBHBIX (DYHK-
M.
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Iycrs P(2) = amz™ 4+ ... + ag, am # 0,—moamuOM crenenn m u Q(z) =
bpz" + ...+ bo, by, # 0, —nosmHOM cremenu n. Jomyctum Takke, uro P(z) n Q(z)
HE UMEIOT OOIIUX MHOXKUTEJIEH, & ClIeI0BaTeIbHO, 00Imux Hyei. Torma HanbobIee
U3 qucesl m u n OyJeM Ha3bIBaTh Nopadkom panuoHaubhoil dyukiuu P(z)/Q(z).
Hynu nonunoma P(z) apnstorcs uyiasvu u dpyukuuu R(z) ¢ TeMu »)e KpaTHOCTIMHU,
a Hysu nosmHoMa (Q(z) npeacraBisior coboii nosocs Gyukuuu R(z) Takxke ¢ Temu
JKe KpaTHOCTAMHU. Kpome TOoro, u3 npeacrasieHus

ﬁam—i-am_l/z—l—...—i—ao/zm
2" byt buo1/z4 ...+ by/2"

R(z) = = 2" "Ry(2),
rie Ri(z) = am /b, # 0 pn z — 00, BUAHO, UTO z = 0O ABIAETCS HYNEM (DyHKINH
R xparaocTH . — m, ecau m < n. B caydae m > n B Touke z = oo dyHKIUd R
uMeer moJc KpaTrHoctu m — n. Cirydait m = n COOTBETCTBYET yCTPAHUMOIT 0co00i
TOYKE B 2 = OO M 3Ta TOYKA He aABjsgercd Hyaém dyuxnun R. Takum obpaszom,
panpoHaIbHasa (BYHKIHA HMeeT OIUHAKOBOe YHCI0 HysTei u mommocos B C ¢ yaéTom
UX KPATHOCTH. DTO YUCJIO COBIANAET C MOPSAIKOM PAIMOHATBHON (DYHKIWH.
ITycte Temeps A — mpom3BOJBHOE KOMILTIEKCHOE 9HuCa0. Torma panmoHambHAS
bynkmua R(z) — A umeer To e uucao nomocos B C (oHu mpocTo coBmanaior),
yro u R(z). CuenoBareibHO, HOPANKU 9TUX PALMOHAJILHBIX (DYHKIMA COBLAJAIOT
n bynkmusa R(z) — A nveer B C porno k Hyseit ¢ y98ToM UX KpaTHOCTH, Te k —
TOPSIZIOK pannoHaimbHoi dbyHkunnu R(z). JIpyrumu cioBamu, BesKas PAIMOHATIbHAS
dbynxmmua R(z) mopsaaka k mveer B C poBHO k Hyeii u k MOMIOCOB, a TaKyKe KayKI0e
ypasuenue R(z) = A umeer B TounocTu k KOpHEii.

15.1. Teopema Murrtar—Jledbdaepa. Bosepamasics k 00meMy KIaccy Mepo-
MopdHBIX GYHKIHIA, 3aMeTHM, 9TO B KaxkaIoM Kpyre |z| < R mepomopdrast GyHK-
[IHsT MOYKET UMETh JIWIb KOHEYHOE YHCJIO MTOTI0COB. B MpOTHBHOM Ciiydae HAIIach
OBI TIpeie/IbHAsT TOYKA MOJIIOCOB. HakammmBarbes moochl MepoMopdHOi MyHKImMN
MOTYT JIUITh K OECKOHEYHO yHanéHHoi Touke. Jlomyctum Tenepsh, 9to f u g — nBe
MepoMopdubie GDYHKIMN, UMEIOIHe OJHU U T€ Ke TOJIOCHI ¢ OJUHAKOBBIME TJIAB-
HBIMHJ 9aCTAMU Pa3JIokeHuit B paapl JIopaHa B OKPECTHOCTSAX 3THUX MOIOCOB. Toraa
pasuoctb f(z) — g(z) 6yaer uenoit dyukumeii. Jro HabirogeHue IPUBOJAUT K CJie-
ayioriemy BbiBoy. O6uiuit Buj MepoMopdHO (DYHKIUU € 33/ JaHHBIMU [JIABHBIME
YACTSMU TPEICTABIISIET COOOH CyMMy MPOU3BOJILHON 1ET0M (DYHKIMM W HEKOTOPO
MepoMopdHOH (DYHKIMY C 33JaHHBIMY TJIABHBIMEA YacTaMu. Hampumep, COBOKYTI-
HOCTBH MEPOMOPMHBIX (DYHKIHUI, MMEIOIIUX TPOCTHIE TOJIOCHI C BHIIeTOM 1 B KaXK 10
TOYKE z = N, n € 7, ONUCHIBALTCA POPMYJIOi

f(z) = wetgmz + h(z),

rae h — nenas OyHKIWA.

3aMeTnm, 9TO THaBHAs 9acTh MEPOMOPGdHOH (YyHKIUM B MOMIOCE 2 = a, a4 €
C, umeer Bun P(1/(z — a)), rae P(z) — HOJMHOM C Hy/JIE€BBIM CBOOOZHBIM Y/IEHOM,
r.e. P(0) = 0. Boupoc nocrpoenusi MepoMopdHOii PyHKIUU ¢ KOHEYHBIM YUCIOM
HOJTIIOCOB G, . . . , Gp, B KOTOPBIX (DYHKIMs uMea Obl [IaBHbIE YaCTH

1 1
P ().
z—ay zZ—ay
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sierko perraercs. Cymma

(=)

TIPEICTABISIET CODOM MGpOMOp(bHyIO dbyurnuoo ¢ TpedyembiMu cBodicTBamu. Cym-
MUDYS €€ C TPOU3BOJIBLHOM IejIol (BDyHKIMEH, TOaydaeM OOIINil BUI PEIIeHUs 10~
CTaBJIEHHON 3aJa4HU.

CioxkHee 006CTOUT €710 B Caydae OECKOHEYHOrO 9MCJIa, TOJIOCOB. B paccmor-
PEHHOM BbIIIE IPUMEPe MepOMOPQHBIX (PYHKIUH € IPOCTHIMH MOJIOCAME B TOYKAX
z=mn, n € Z, psa1 U3 IIaBHBIX YacTel

oo

1
Z z—n

n=—oo

HE CXOJUTCS HU B OJHOM TOYKE KOMILJIEKCHON IJIOCKOCTH. JTO O3HAYAELT, YTO MbI
JIOJIZKHBI IPE0OPA30BATH Psi/l U3 TVIABHBIX YACTEN TaK, YTOObI OH CTAJI CXOISAIIUMCS.

OUPEJEJIEHUE 15.2. Pan u3 mepomopdubix dbyHKIn OymeM Ha3bIBATH CXO-
JISAIIAMCS JIOKQJIBHO PABHOMEDHO, €CJIH Il JII0OOro KOMIIAKTHOrO MHOXKecTBa K,
K C C, gumb KOHEYHOE YHCJIO UIEHOB Psijia MMeeT MoJiockl Ha K, a mocie ux
YJIAJE€HUsT OCTATOK PsIa CXOAUTCS PaBHOMEpHO Ha K.

Crenyromuii pe3yibprar u3BecTeH kKak Teopema Muttar— Jleddiepa.

TEOPEMA 15.1. Iycms {ar}32, — nocaedosamerbrocms pasaushss movex, He
umerwan 1y 00nol npedeavnott mouku 6 C, a {Py(2)}72, — nocaedosamenvrocmo
NOAUHOMOE 0e3 c60000nux waenos. Tozda cywecmeyem mepomopdras GYHKUUS
f(2), Komopas umeem zaasnvie wacmu Py(1/(z —ay)) 6 mowkazr a, k =1,2,..., u
He umeem dpyeux ocobvr movex 6 C.

JIOKABATEJBCTBO. 3anyMepyeM TOUKH OC/IE0BATETLHOCTH MOJTIOCOB TaK, YTO-
ObI BBITOTHSAINCH HEPABEHCTBA

lar| < |az| < |as]

Honycrum BHavase, 9to a; # 0, u BbiGepeM MoJIoKUTeIbHbIE Yucia ak, k= 1,2, ...,
oo

TaK, 4ro0bl cxomMiacH psi » p- o. Ilockosbky ruahas 4dacts Pr(1/(z — ax))

apjigerca rojomopduoit dynxmueit B kpyre O)q,(0), To ee pax Teitiopa

Pk (Z—ak) Z (k) n

cxomutest B O, (0) m cxomures abCOMIOTHO W PaBHOMEPHO B Kpyre [z| < |ax|/2.
IlycTs

Nk
k) n
Qr(z) = E c; )2
n=0
— ero JacTW4YHasl CyMMa, TJIe HOMEp Nj BBIOpaH TakK, 4TO

max

12| < sl

< .
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Paccmorpum Temepns psi

i [Pk (Zlak) _Qk(z):|- (15.1)

k=1
Qukcupyem R > 0 u pa3obbeM 3TOT P/l HA JBE YaCTH

> [Pk (Z_lak) Qk(z)} + Y [Pk (z_lak) Qk(z)} :

k: lak|<2R k: lax|>2R

3amernM, 4TO Jist BCEX HOMEPOB k, yIOBJIETBOPSAIONINX YCIOBHIO |ag| > 2R, byHK-
mn Py (1/(z — ay)) ronomopdusr B O25(0) u

() o

nockoIbKy R < |ag|/2. CremoBarenbHO, OCTATOK DsiZia CXOAWTCS PABHOMEDHO W
abcoumoTHO B Kpyre |z| < R, a moromy mpescrasisier coboit rosomopduyio B Or(0)
dynkuuio. Koneunas cymma siBjisiercs paimonaabHoit dyaknueit u B kpyre Or(0)
uMeeT TpedyeMble TMOMI0ca ¢ 33JAHHBIMU MJIABHBIMHU YaCTSIMHU.

IMockonbky R BbIOMpAIOCh NPOM3BOJILHBIM 06pa3oM, T0 psz (15.1) cxomurcs 0~
KaJabHO paBHoMepHo. Ero cymma nmeer Tpebyemoe nosesenue B C, 3a HCKIIIOYEHTEM
BO3MOXKHO JIMIIb B Hadajie Koopaunatr. Jlobasiiss K 9TOi cymMMe IVIABHYIO 9acTh B
z = 0, mosrygaem tpebyemyio MepoMOpPGHYIO (DyHKIIHIO. a

max

< Ok,
|zI<R

B KauecTBe MepBoOro mpuMepa paccMoTpuM MepoMopdmyio dyrkimo 72/ sin? 7z,
KOTOpasi UMeeT JABOWHBIE TIOIOCHI B TOYKAX z = n, n € Z. [J1aBHO# YacThio pas3jo-
>kenust B ps Jlopana B OKpeCTHOCTH TOUKH 2 = n sBaserca 1/(z—n)?. TlockonbKy
pan Yoo 1/(z—n)? cXOmUTCS JTOKATBHO PABHOMEDPHO, TO

2 e 1

#: Z m‘h@(z),

sin® 7z
n=-—oo

rae g —nenast dyukuus. ITokaxkewm, uro g(z) = 0.
Ipexx e Beero 3amerun, uro byukmus 72/ sin? 7z u cymMmma psaia

o0

1
n:z_:oo (z —n)?

SABIAIOTCS nepuoaudeckumu ¢ nepuogom 1. ITosromy dbyuxnus g(z) Takxke qomxHa
uMeThb TOT 2Ke nepuox. Ecmau z = x + 1y, TO

|sin7z|? = ch? 7y — cos? 7z
u, ciepoBarenpno, w2/ sin? 7z — 0 upm |y| — oo pasnomepno mo x € [0,1]. Drum
2Ke CBOCTBOM 00sa/1aeT u cymMma psaga. JleficrBurenbHo,

1
. v
|z +iy —nf2 1

Y2+ (n—1)2

mpun=0,0<z <1, |yl =1,

upun #0,0< z < 1, |yl > 1,
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OTKY/Ia BHJHO, YTO

oo

1
Z — — 0 npu ly| — oo,
(z—n)

n=-—oo

paBHOMepHO 10 x € [0,1]. B cnay mepuoguanocT DYHKIUHK ¢ TIOIyYaeM ee orpa-
HWYEHHOCTh BO BCeil KOMIIIeKCHOI mockocTr. ITo Teopeme 6.1 Jluysmis g(z) =
const, HO MOCKOJIBKY ¢(2) — 0 mpu z — 00, T0 g(2) = 0. B pesynbrare npuxomum K

PaBEHCTBY
2 oo

m 1
sin?rz nzz (z —n)?

Tz
—o00

Bepuewmcst Teneps K MmepoMopdHOit GYHKITNN C TPOCTHIMHA MTOTIOCAMA U BHITETAMHI
1 B mesbix Toukax. Ee rimaBHBIE YaCTH TMPEICTABISIOT cO0O0i hyHKIII

= ———-=-=- (lz2| <n,n#0,n€Z).

zZ—n n n

JobaBJieHne OCTOSHHOrO CJIAraeMoro 1/m NpUBOAUT K JIOKAJIBHO DABHOMEDPHO CXO-
JIAMEMYCs Psily W MTOTOMY KOPPEKTHO Ompejesiena MmepomopdHas GyHKIus

1 1 1 1 z 1~ 22
) = z+g;0<z—n+n> B ;+T§n(z—n) N ;—'_T;zz—nf

ITIo Teopeme 12.1 Beitepmrpacca 3TOT psj MOKHO TOUIEHHO IupHepeHIinpoBaTh,
9TO TPUBOJUT K PABEHCTBY

d
f(z) = _zi?_ E 7(2_171)2 = £(7rctg7rz).
n#0

CrenoBaresbHO,
f(z) —mctgmz = const.

O,ILHaKO CJIeBa CTOUT HEeYEeTHaAdA d)yHKI_[I/IH U KOHCTaHTa JOJI2KHa PaBHATHCA Hy.HIO.
Takum obpazom

oo

1 1 1 1 z 1 2z
t = - — = — e _—
T z+§(z—n+n) er;n(z—n) z+zz2—n2

n=1

s mepomopdubix byHKINE nMeeT MeCTO aHajgor teopembl [luwkapa: ,Mepo-
MopdHuas GYHKIWSA, OTINIHAS OT MOCTOSHHON, TPUHUMAET BCE KOMILJIEKCHBIE 3HAYE-
HUsI, 32 UCKJIIOYEHNEM, ObITh MOXKeT, AByX" . 3amerum, 94T0 PYHKIUA tg 2 ABISIETCA
MepoMOopHOH U HEe TIPUHUMAET 3HAUEeHnH +1.

15.2. Beckoneunbie mnpousBejenus. llennie QyHKIMM 00Pa3yiOT MOIMHO-
KECTBO B KJjacce Bcex mepoMopdubrx dynknuit. Eciau nenas dbynkmnus g He 00-
pamaercsa B Hysb, T0 B C BblIessiercs peryispHasa Bersb h(z) = Ing(z), koropas
TaKxke apusercs nenoii dynkmmeit. Ipu stom g(z) = e?), O6parno, s moboit
nesioii dbyukiuu h pasencrso g(z) = eM?) onpenensier nesyio GyHKIMIO, KOTOpas
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He obpamaercsa B Hytb B C. Ecim teneps y aByx nenasrx dbyHKIU# g U go COB-
[ajaloT HyId (C y9eTOM WX KPATHOCTEH), TO OTHOIeHHUEe go(2)/g1(z) Oymer nemoii
dbynkmmeii, ne numeromeii B C mymeii. CrenoBarensuo, ga(z) = g1(z)e®), roe h—
nesag GyHknug. Ilocrpoenue nenoil GyHKIMA ¢ 33JaHHBIMA HYJISMH €CTECTBEHHO
OCYIIECTBUTDH B BUJE IPOU3BE/ICHUS.

OnPEJAENEHUE 15.3. Iycrs {a,} — mocjieq0BaTeIbHOCTh KOMILJIEKCHBIX YHCEJI.
Bynem roBopurh, 9TO IpOM3BEIEHHE

ﬁ 1+ ay) (15.2)

CXOZUTCSI, €CIIN CYIIECTBYET MPEeesl MOCIeI0BATEIbHOCTH JaCTHIHBIX IPOU3BEIE-
muit [[}_,(1 + ax). Byzaem raxxe rosopurb uTo mpomssegenue (15.2) cxomures
aBCOIMIOTHO, eCITH CXOMUTCS PAL Yooy |an].

ITPEJJIOXKEHUE 15.1. Ecau pad Y., | |an| cxodumea, mo npouseedenue (15.2)
cxodumca. Kpome mozo, abcosromno crodaweeca npoudsederue crodumes K HY0
6 TOM U THOALKO MOM CAYUaAE, ECAU Toms 0o, 0dun us muoocumenet (1+ay,) pasen
HYN10.

JIOKABATEJILCTBO. [IOmycTHM, 9TO psaf » ., |ayp| CXOZUTCS, U IMyCTH

P, = (14 ag)

=

k=1

— "gacTUIHOE Ipou3Beenne. HeobxXoammoe yeIoBIe CXOAUMOCTH PSA BIC€IET Gy, —
0 mpu n — oco. Ilosromy maiinercs rakoit Homep N, uro |a,| < 1/2 mpu n > N. B
eIMHAYHOM Kpyre |z| < 1 ompenenena rojsomopdHas dyHKINs

n—1

In(1+2) =

et
0

u o k > N oupenesensl 3uadenus In(1 + ay). Hanee, nng n > N gacTudsble
[IPOU3BEIEHM MOXKHO IIPE/ICTABUTh B BUE

P, =Py [[ (+ar) = Pye,
k=N+1

rae S, = > r_ny1In(1 + ax). Hemocpencrrenno m3 pasmowxkennst In(1 4 z) B cre-
TMEeHHOU pad BUIHO, UTO

(14 2) = > (_171"7 Z 2 = zz| 22|

n=1 n=1

upu |z|] < 1/2. CnenoBaresnbHo, npu k > N BbIIOJHSAIOTCS HEPABEHCTBA

[In(1 + ag)| < 2|akl,
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YTO BJI€YET CYIIEeCTBOBaHUE TIpeaesia

S = lim S5, = Z In(1 + ay).

n—oo
n=N+1
B cuuty meupepsiBaOCTH DyHKIUU €° NPUXOIUM K PABEHCTBY
; s
lim P, = Pye”,
n—oo

U3 KOTOPOI'O CjejlyeT JJ0Ka3blBaeMOe yTBEPIK/IeHUe. m|

ITPEAJIOKEHME 15.2. ITycmo {pn} — nocaedosamenvrocmo 2040MophHuiL 6 06-
aacmu D pynryud u wucaosasn nocaedosameavrocms {ay,} maxue, wmo o, > 0,
Yool ian <0 ulpn(z) — 1| < ay daa ecexn =1,2,... uz € D. Tozda umerom
MECNO CAEQYOULUE YMBEPHCICHUS,.

(i) Hpouseedenue [, ¢n(z) cxodumea pasromepro 6 D K nexomopoti 2040~

MopProt Ppynryuu ©(z).
(i) Ecau on(z) #0 npu ecex z€ D un=1,2,..., mop(z) #06 D u

P'(2)
el

o(2)

z

A
Pn (Z

JLOKA3ATEJIBCTBO. s mokasarenbcTsa (i) 3aMeTHM, UTO MPH KaxKJIoM z € D
MBI MOYKEM ITPUMEHUTD MPEIBIIYIIee TPEJTIOKEHNe, MOJO0KUB ¢, (2) = 1+ay,(2), e

lan(2)] < . ITockoabKy mMOCIEHEe HEPABEHCTBO BBIMOJHSAETCS /s BeeX z € D,
TO TMPOU3BEICHUE

[T = [0 +an)

cxonmTest paBHOMEpHO B D K HekoTopoit dbyHKunn ¢(z). B cury Teopembr Beiiep-
IITpacca ¢ saBisercs rogoMopduoit B D dbyHKIIRE.

g nokazarenbersa (i4) GUKCHPYEM MPOM3BOIHHO KOMIAKTHOE IIOMHOKECTBO
K C D. Ilyers P, (2) = [1;_, pr(z) — wacTuanoe npoussenenue. Ilo Teopeme Beii-
epmrpacca P/ (z) — ¢'(z) paBHomepHo Ha K, nockombky P, (z) — ¢(z) mokampHO
pasuomepuo B D. Ilo npeamnonoxenuo ¢,(z) #0upun =1,2,...u z € D. Do
Bieder ¢(z) # 0 upu z € D. Ho rorga

min [p(2)] > 0

u P (2)/P,(2) = ¢'(2)/¢(z) paBaomepno na K. 3ameuas renepb, 4ro

P(2) _ i)
Pn(2) B kg

< oi(2)’

MIPUXOJIUM K TPEOYEeMOMY YTBEDKIEHHIO. |

A

AS)

ITPEAJIOXKEHUE 15.3. ITycmo {a,} — nocaedosamesbrocmo HEHYALEBHT KOMT-
oo 2
NEKCHOLT wucen makas, wmo pad y_ -~ 1/|a,|* cxodumca. Toeda beckonewnoe npo-

useedenue -
z
1— =) e*/on 15.3
II(-2) (15.3)

n=1
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cxodumea daa ecex z € C u npedcmasasem cobol ueayro dynryuro, Komopas ob-
DAULGETNCA 8 HYAD TNOALKO 6 MOYKAL (.

JIOKA3ATEJILCTBO. 3amernm BHavase, uyro mis ¢ € C, || < 1, BemosnHseTcs
HEPABEHCTBO

(1= Q)et —1] < [¢*.

HeiicTrBUTEBHO,

_Oel| = (Lo L
(-Q)es-1] = [¢P <KPY (5= o) = 9P

n=1

> (=)

n=1

®ukcupyeM Temeps mpoussoabHo R > 0. B cmy toro, wro pag Y oo 1/|a,|?
CXOmUTCH, G, — 00 IpHu n — oo. CremoBarensHo, Haiimerca momep N Takoii, 9TO
R/la,| < 1 mpu n > N. Ho torma nms secex z € C, |2| < R, mn > N Gynyr
BBLIIOJTHATLCA HEPABEHCTBA

2
1= 2 et | < 2
an |an|?

Orciona u u3 npenjioxkenus 15.2 ciaemyer, uro Geckoneunoe npousseienue (15.3)
CXOZIUTCS W TIpeJicTaBisier coboii ronmomopdHyio B kpyre |z| < R dbyukuunio. Ilo-
ckonbKy R > 0 BbIOMpPa/OCh MPOU3BOJIBHBLIM, TO mpoussejaenue (15.3) aBagercs
estoi (pyHKIMeH, KOTopasi 00paIaercss B HyJIb TOJbKO B TOYKAX Gnp, N = 1,2, .. ..
O

B kauecTse TMPUJIOZKEHU A TOJTYYICHHBIX PE3Y/IbTAaTOB JOKAXKEM PAaBEHCTBO

sinmwz = 22
= 1-— ). 15.4
LTI 5) (15.4)

n=1

JIOKABATEJBLCTBO. [st ymobcTBa BBEIEM ODO3HAUEHIIS

f(z) = smﬁ”, o(z) = zf[l (1 - f;)

IlockombKy psif Zf’:l 1/n? cxomures, TO B cuily npejioxenus 15.2 npousseieHue
g(z) sinsiercst nesnoi byHKIMeH 1

gz 1 = 2z
g(z) z+n;1227n2'

C apyroit croponsl, f/(z)/f(z) =  ctg w2 n, yauThIBas NpeacTaBiIeHne 1Jis T ctg w2z,
OPUXOJUM K PABEHCTBY

FE\ _fG) (Fe) d@)N
(55) -5 g -55) -o
Takum obpasom, f(z) = cg(z), rue ¢ — nekoropoe 4yucyo. OaHako

lim@ = limM =1

z—0 z z—0 z

u pasercTBo (15.4) moxaszaHo. O
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15.3. Tamma—dysknus. IIpomoskenne GyHKIWE N! ¢ MHOKECTBA IEJIBIX HEOT-
PHUIIATEILHBIX YuCesI HA 00JIee MUPOKOe YUCIOBOE MHOXKECTBO PACCMATPUBAJINA MHO-
rue mMareMaTuku. JIBa cmocoba pacmmperus (pakTopuasa, MpeIIoKeHHbe Dilie-
pPOM, NPUBOAAT K TaK HasbiBaeMoil ramvma—byskuuu. Eciau oupenenurs I['(n) =
(n — 1)!, 10 ™Mbl nosyuuM (QYHKIMIO, OLPENEIEHHYIO HA LEJbIX [10JIOKUTEIbHbIX
YUCIIAX, YAOBIETBOPAIONLYIO YCAOBHUSIM:

ra =1, I'(n+1) = nI'(n), n=12...

3azada coCTONT Temeph B TOM, YTOOBI ONpeaeanTh ['(z) 1715 KOMIIEKCHBIX YHCeT 2
C BBIIIOJIHEHUEM yCJIOBPIIVI

ra =1, T(z+1) = 2[(2).
3aMernm BHAYAJE, UTO I JIIOOBIX HATYPATBHBIX 1 U Kk IMEET MECTO DPABEHCTBO
'n+k)=1-2-...-(n=1nn+1)...(n+Ek—=1)] = T(n)(n)k,

re oz (n), NOHUMAETCS TaK HA3bIBAEMbIH cdeunymoili armopuan, KOTOPBI ompe-
JIeJTSIeTCS [IJIsT JII000r0 KOMILJIEKCHOTO 2 PABEHCTBOM

() =2(z+1)-...-(z+k—1).
Mensgs ponsavu n u k, moaydaem
L(n+k) = L(n)(n)y = T(k)(k)n,

OTKY/la CJieJiyeT, 4To

L(n)(n)k
I'(k) =
(k)n
IIpu dpurcupoBaHHOM k U N — 0O UMEET MECTO COOTHOIIEHNE
. nk n n n 1
im -—=Ilm -+-——-...- —— = 1.

WNnes Ditnepa 3akI09a/gach B IPEICTABICHAN

k
n®(n—1)!
r(k) = lim 2=
n—00 (kj)n
u 3aMeHoi k Ha z.
IMokaxkem, uro I'(z) KOppPEKTHO OMpe/esieHa M MpencTaBasier coboit MepoMopd-
HyI0 (PYHKIMIO, €CJIN TTOJOKHUTH
n?(n —1)! n*(n —1)!

PG = m —— = e T arnon (139

IIpeoGpasyem 006parHy0 BeMuuHy 00IIEro 4jeHa nocienosareiabioctu (15.5) cie-
JYTOIIM 00pa3oM

nzéf)_"l)! = e T (1+7)

k=1

n—1
1 1 z
- 14 +... ~1 (1 7) —=/k,
zexp{z( +2+ +n71 nn)}g +k: e
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IlockombKy

n—oo

1 1

lim (1+-+...4 ———Inn| =~v = 0,5772...
2 n—1

— mocTosiHHask Jiepa, To

Ge) = Jim o [T (142) et

n—oo n?(n — 1)! pue]

KaK CJIeIyeT u3 mpeajioxkenus 15.3, apisercs neioit (pyHKIHed ¢ TPOCThIMY HYJISAMU
B Toukax z = 0,—1,—-2,....

Takum obpazom, npegen B (15.5) onpeneiser mepomopduyo GYHKIMO € IPO-
creiMu osiocamu B Toukax z = 0, —1, —2,.... Kpowme Toro, ramma—byHKIu0 MOK-
HO OIIPEJ/IeJINTH KAaK OECKOHEYHOE IIPOU3BEICHIE

oo

1 z\ !
I e z/n
r(z) =z [ (1 + n) e/, (15.6)
n=1
"3 (15.5) Bugso, aro I'(1) =1 u
(- 1) (n—1)!
I'(z+1) = lim nn— Lt = z lim _n rn- L = zI'(2),
n—oo (24 1), n—oo z +n (2)n

T. e. I'(2) ynosierBopsier BceM TpeGyeMbIM yCIOBUSM.
Jlpyroit moaxo K paciiupeHuio MoHATHS (HhAKTOPUAIIA CBA3aH C PABEHCTBOM

o0
n! :/ the~tdt,
0

KOTOPOE TIPUBOJNT K PACCMOTPEHUI0 DyHKITUN

oo

Fz) = / 1ot (15.7)
0

rme t*~1 = e>=DInt n¢ ¢ R. Wurerpan, onpenenstomuii dynkmmo F(z), s-

agercs HecoOCTBeHHbIM. [[09TOMY BHaTase MCCIIEMLYeM €ro HA CXOMUMOCTh. 1lycThb
O<a<f<oom
S(a, 5) = {z € C: aa<Rez< f}.

Hns z € S(a, f) ut € (0,00) BBUIOTHAETCH HEPABEHCTBO
|tz7167t| — tRezfleft < Maﬁ(t)’

rIe

o1 npu 0<t<l,

M, 5(t) =
o:s(%) {tﬁ—le—t mpm 1<t < o0.

oo
TlockombKy MHTETpAJT fo M, 5(t)dt cxoaurcs, To B cuy Kpurepust Ko uarerpat
B (15.7) cxommrest abCOIIOTHO U paBHOMeEpHO B mosioce S(cv, B). IIpu sTom

n

F(z) = lim F,(2), F.(z) = /tz_le_tdt.

n—oo
1/n
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Janee, u3 HempepbiBHOCTH bynkmun P(z,t) = t*~le™! cmeayer HempepbIBHOCTD
F,(z) B monoce S(a,3). Kpome rtoro, eciu A — TpeyrojibHUK, PACIOIOKEHHbIIT
B S(a, 8), u OA —ero MOJIOKUTEJILHO OPUEHTUPOBAHHAS I'DAHUIA, TO YIUTHIBas
ronomopduocTs dbynkmun 2! B S(a, B), monygaem

n n
/Fn(z)dz = / /tzfleftdt dz = / /tzfldz e tdt = 0.
0A oA \l/n 1/n A
CrenoBarenbuo, mo teopeme 5.4 Mopepa byaknuu F,, n = 1,2,. .., TomoMopdHbI

B noJioce S(a, ).
IMokaxewm renepsb, uro F,(z) — F(z) upu n — oo paBHoMepHo B nosioce S, ).
Iycrs m,n — aBa Harypanbabix uuciaa u m < n. Torna nig z € S(a, f) umeem

l/m n 1/m n
|F(2) — Fru(2)] = /tZ*le*th/tZ*le*tdt < /M%ﬂ(t)dtju/Maﬁ(t)dt.
1/n m 1/n m

o0
Orcrona u u3 cxomumocTn maTerpaia [, Mq p(t)dl ciemyer paBHOMepHAs CXOIH-
moctb nocsegoBarensbaocru {F,(z)} B nonoce S(a, ). Ho Torma o reopeme 12.1
Beitepuirpacca dyukuus F(z) sBiserca ronomopdnoii 8 S(a, §) Kak JIOKaJIbHO paB-
HOMEPHBIH IPEeIes MOCJIeI0BATETbHOCTH TOJOMOPGHBIX dyHKImMA. [locKOIbKY B
[IPOBE/IEHHBIX BBIIIE PACCYKICHUAX ¥ [ BbIOUPAJIUCH IPOM3BOJIBHO, TO WHTErPAJI
B (15.7) onpenensger rosoMopdHYIO B MpaBoii mMoaymiaockoctu Rez > 0 dynkuuio

TEOPEMA 15.2. Jlas ecex z u3 npasoti noaynaockocmu Re z > 0 umeem mecmo

paseHCcMB0
oo

T(z) = /tz_le_tdt.
0
JIOKA3ATEJNBCTBO. Ilockonbky dyukims F(z) u3 (15.7) u ramma—dyHKms
rosloMopdHBI B MPABOil MOMNYIIJIOCKOCTH, TO B CHJLy TEOPEMBI 6.3 eIMHCTBEHHOCTH
JIOCTaTOYHO N0Ka3arh paBeHctBo F(x) = I'(z) upu x > 1. @ukcupyem x > 1 u

3aMeTHM, YTO WHTETPUPOBAHME TI0 YACTAM N + 1 pa3 NPUBOAUT K PABEHCTBY

n 1
t\" nln®
1— = z—1 — T 1— )" rz—1 — .
/< n) Brdt =m /( 8)"s™ ds zx+1)-...-(z+n)
0 0

Orciona n u3 npencrasienns (15.5) paBercrso F(x) = I'(x) Gyzner caemoBarh, ecin
MOKA3aTh, 9TO

t\" T
lim (1 — > t*tdt = /e’tt“’ldt. (15.8)
n— oo n
0 0
Ilycrs
t n
(1—) npu 0t n,
Son(t) = n
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[Mockonbky dbynkIms ,(t)e! apaserca meBospacraiomeit Ha [0, 00) (Ha 3TO yKa3bI-
BaeT 3HaK MPOM3BOAHOI) U npuHuMaeT 3Hadenue 1 mpu t = 0, To 0 < p,(t) < e™?
npu t > 0. Crenoparenbho, o, ()" ! <e '* ! mpuscex t >0un=1,2,.... Ho
TOrAa 1mo Teopeme Jlebera 0 MaXKOPUPYEMOi CXOIUMOCTH

o0 oo

lim [ @, (t)t" tdt = / et lat,
n—oo
0 0
49T0 KBHUBaJEHTHO (15.8), U Teopema JOKa3aHA. O

Hexkoropsie cooTHomenusi ¢ ramma—dyHkiumeii. 113 papercrsa I'(1 — z) =
—2I'(—2) n npexacrapienus (15.6) ciaexyer

T(2)T(1 - 2) — if[l (1 _ ;i)_l'

9ro ¢ yuérom pasencrsa (15.4) naér dopmyasy donoanenus Dinepa

™

I'l—-27I(z) =

sinmz

TMomaras B 370it hopmyse z = 1/2, npuxoaum K paercty I'(1/2) = /7. Orciona ¢
UCIONb30BaHNeM (DYHKIHOHAILHOIO YPAaBHEHUs J1Jis raMMa—QyHKIUNHA BBIBOIATCS
6ostee oOIIE PABEHCTBA

F(;nLn) = \/7?:1_[; <k+;>,

n=12...

SAMEYAHME 15.1. Ing « > 0 uaTerpas

oo
/ e * dx
0

cxomuTces. BuimomHAd B HEM 3aMeHy MepeMeHHON T = 1/ mpuxomnm K PaBEHCTBY

T 1._/1
/e_”” dr = F<>

o o
0

B wactaocTu, npu o = 2 mosyguaem
o0 \/7
.2 ™
e ¥dr = —. (15.9)
2
0
Ucnonb3ys paseHcTBo (15.9), BEIMUCINM Tak Ha3bIBaeMblii unmezpas Ppeners

(oo} (oo} (oo}

/eitht — /costht+i/sint2dt.

0 0 0
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Paccmorpum 3amkayThIf KOHTYD I'p = L + Y — AR, R > 0, rae

Lr: 2(t) =t, 0<t<R; Ar: z(t) = te'™*, 0<t<R;
yr: 2(t) = Re™, 0<t< /4

. 2
IMockonbky f(z) = €*" aBngercs neoit GpyHkuueit, To

[ feraz =
I'r

npu Bcex R > 0. 3aMeTuMm Takke, 910

w/4

/f(z)dz =R /eiR?giQteitdt
R

0
/4 /4

R/ —R? bln2tdt < R/ —R24t/7rdt
_ -0 (1 _ .-R
T IR / a6 = (1 ")

lim / f(z)dz =
R—o00
TR
Ho Torma mockonbky

0= /f(z)dz - /f(z)dz—/f(z)dz+/f(z)dz
Lgr AR YR

I'r
Jim. / J(z)dz = Jim / f(2)dz
LR )\R

OTO IKBUBAJIEHTHO PABEHCTBY

N

u, caeg0oBaTeaIbHO,

TO

oo

o0
/eit2dt = ei”/4/e_t2dt,
0

0

u3 Koroporo ¢ yderoMm pasencrsa (15.9) nosmygaem

o0
/eitzdt _ ﬁem/g
2
0
B wactaocTH,
V2
/costht = /Sintht = TW

0 0

(15.10)
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§ 16. I'apmounyeckue dyHkuuu u 3aga4da JIupuxie

Hamomuwmm, uT0o moz rapMmoHndeckoit B obnactu D dyHKIWeH MTOHMMAETCs Be-
[IECTBEHHO3HAYHAS J(BAXK /bl HenpepbiBHO nuddepennupyemas Gysruusa u(z) =
u(x,y), z = x + iy, yAOBJIETBOpPsIOIAd ypaBHEHUIO Jlanaca

Pu  Pu

Au:@—’_@in_

0.

B cuny numeitnoctu oneparopa Jlamnsaca sinneiinas kOMOMHALIASA ABYX rapMOHUYE-
ckux (PYHKIIAH TaK2ZKe ABJISETCs TapMOHUIEecKoil dpyukiueit. Paree 66110 10Ka3aHo,
uro ecan f(z) = u(z) + iv(z) saBasercsa ronomopduoii B obnactu D dyukimei, To
BellleCcTBeHHas 4acTh u(z) = u(x,y) n MEAMas JacThb v(z) = v(x, y) TPEICTABISIOT
coboit rapMonndeckue B obsactu D DyHKIHIH.

TEOPEMA 16.1. ITyecmv D — odnocsasnasn obaacms. Tozda das ecarol 2apmo-
nuueckol 6 D dynrxyuu u(z) natidemes maxas 2onomoppran 6 D pynxuyua f(2),
wmo u(z) = Re f(z) dan ecex z € D.

JIOKABATEJILCTBO. Omnpenenum B obstactu D GyHKINIO g TOCPEICTBOM DaBEH-
CTBa

92) = Gole) =52

z = x + iy. Ilockonbky dyrkuus u(z) = u(x,y) sABiageTcda ABaXKIbl HEIPEPHIB-
Ho mudpepeHnupyeMoii, To KOMILIEKCHO3HaTHAA QYHKINA ¢ nuddepeHnupyema B
BEI[ECTBEHHOM cMbicjie. Kpome Toro, BeIecTBeHHAss U MHUMAasi 4acTh (QyHKIUA
g(z) ynosaersopsitor ycaosusam Komun— Pumana, 4o sBisiercs cieicrsueM rapmo-
anaaocTr byukuun u(z). CnenoBarenbno, Gynkmus g(z) apuaserca mudbdepenmn-
pyeMoii B KOMILIEKCHOM CMBICJIE, T.€. rojoMopdHa B obmactu D. B cumy Toro,
uyr0 D sIBASIeTCss OJHOCBSA3HO 06macThio, Juist GyHKImU g(z) cymecTByer nepBoos-
pasnas f(z) B 910it obacru. Vcnonb3ys ajIuTUBHYI0 KOHCTAHTY, IEPBOOOPA3HYIO
f(z) = U(z) + iV(z) MoxKHO BBIOpaTh TaK, 9TOOBI J[JIsi HEKOTOPOH TOYKH 2zg € D
BBIIOJTHSIOCH paBeHCTBO U(zg) = u(zp). I3 npencraBieHns IpOR3BOIHOM

f'(z) = Uy(2) = iU(2)

u pasenctBa f'(z) = g(z) cmenyer, uro y dbyuxkumit U(z) n u(z) 9acTabIe IPOU3-
BOJHBIE 110 T ¥ 10 Y COBHAZAIOT. D10 BMecTe ¢ pasencrsoM U(zg) = u(zg) Bieder
roxaectBo U(z) = u(z). Takum obpaszom,

u(z) = U(z) = Re f(2)

U TeopeMa JOKa3aHa. O

CHEJACTBUE 16.1. Beakasa 2apmonuneckas 8 npoudeosvroti obaacmu D dymx-
yua u(z) = u(x,y) asaaemes beckoneuno dudiepernyupyemod.

JOKABATEJIBLCTBO. Ilycts 2y — nmpousBosbHas To4uka obsactu D. B cuiy Toro,
4910 D — OTKPBITOE MHOXKECTBO, Haiigercs r > 0 rakoe, uro O,(zg) C D. [ockonbky
kpyr O,(z9) npexacrasisier coboil ONMHOCBs3HY0 061aCTb, TO HalineTcst roaoMopd-
Has B O, (z9) byskuus f(z), nusa xkoropoit Re f(z) = u(z) npu z € O,(29). Takum
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o6paszom, Geckoneunast auddepennnpyemocts dyukmn u(z) = u(z,y) (Mo & u mo
y) ciaexyer u3 Geckoneunoil muddepennupyemoctu rojgomopduoit dyukimu f(z).
O

B oxnomepHOoM ciydae ypasmenwne Jlamnaca cCBOAMTCS K PABEHCTBY HYJIO BTO-
poit upoussoauoii. Pewmenusivu 3roro ypashenust siisitorcs GyHkuuun Bujga u(x) =
ax + b. Pan cBoiicTB rapMoHUYecKUX (DYHKIWH aHAJOTMYIEH CBONCTBAM JIMHEHHBIX

byHKIWMIA.

TEOPEMA 16.2 (IIPUHIIUI SKCTPEMYMA). Henocmoannas 2apmonuveckas 6
obaacmu D dynxyus u(z) ne moorcem docmuzamsd A0KGABHOZ0 MAKCUMYMA UAU
MUHUMYME 80 SHYMPEHHET Mouke 0bAaCMU.

JIOKA3BATEJILCTBO. lomyctum, 910 u(zg) ABJseTcs HAMOOIbIIMM (MU Hau-
MeHbIITM) 3HadeHneM GyHKImA u(z) B Hekoropoit okpectHoctn O, (z9) C D. Tlo
npeplayieii Teopeme Hadinerca takas rojoMmopduas B O,(zo) dyukuusa f, mus
koropoii Re f(z) = u(z) upu z € O,(2p). Ho Torma no npunumny skcrpemyma s
BerecTBeHHON yacru rosomopduoit dbyukuuu f(z) = const B O,(29). Cuenosa-
resibHO, U u(z) = const B O,.(29). Yr0bbl pacupocrpanuTh 310 Ha BCo obiacrb D,
CHOBA PAcCMOTPUM (PYHKITHIO

92) = o)~ 1502

KOTOpas onpejesena u rogomopdua Bo Beeit obnactu D. Opuako B O,.(zo) umeer

mecTo paBercTBo g(z) = f/(z) = 0. Ilo Teopeme eAUHCTBEHHOCTH 17151 TOMOMODPQHBIX

dbynxumit g(z) = 08 D. CremoBarensro, y GyHkimu 4 (2, i) 9aCTHBIE TPOU3BOTHBIE
! I

U

x> Uy TOXKIECTBEHHO PaBHBI HYJIO BO Beeit obmacrn D. DTo 3HauwT, uTO U(2) =
const B D u Teopema JoKa3aHa. a

W3 mpuniuna skcTpeMyma cpasy ke CIeIyioT JBa BAPUAHTA TEOPEMbI €IMHCTBEH-
HOCTH I TapMOHWYeCKUX (byHKIWi. 3aMeruM [pu TOM, YTO MOCKOJbKY Pas-
HOCTb JBYX I'apMOHMYECKUX (DYHKIMI TAKHKE ABJIAETCA TaPMOHUYECKON DyHKITHeid,
TO yCJIOBUE COBMAIEHUS IBYX TAPMOHUYECKUX (DYHKITHI MOXKHO C(hOPMYINPOBATH B
BUJE YCJIOBUN PABEHCTBA HYJII0 TAPMOHWIECKOU (DYHKIIAU.

TEOPEMA 16.3 (EAUHCTBEHHOCTH). Ilyemo u(z) — eapmonuneckas 6 0baa-
emu D gynkyus u 6unosneno 0010 u3 Ycaosuti:
(i) u(z) =0 6 nexomopot oxpecmmuocmu Or(29) C D;
(ii) obaacmo D oepanuvena, a dynryus u(z) HeNpepuLeHO NPOCOANCAEMCA 6 3a-
mukarnue D obaacrmu D u u(z) = 0 npu z € OD.

Tozda u(z) =0 6 obaacmu D.

JIOKA3BATEJILCTBO. JlomycTum BHAYAIE, YTO BHIIOJIHEHO ycJoBue (1). D10 O3HA-
qaer, 4ro GyHKuug u(2z) JOCTUrAeT JIOKAIBHOIO MAKCUMYMa (M MUHUMYMA) B TOYKE
zo. Ho B cuity npuniuiia skcrpeMmyMa Toria rapMonudeckas pyHnkuus u(z) 10J2KHa
ObITh TOXK/IECTBEHHO LOCTOsHHOM, T.e. u(z) =0 B D.

Homnycrum renepb, 4ro BoinosaneHo ycaosue (ii). Ha orpanuveHHOM 3aMKHYTOM
MHOXkKecTBe D HenmpepbiBHas GyHKIHsA u(z) JOMAKHA JOCTHTATH CBOETO MAKCHMY-
va u MuHEMYMa. OJHAKO B CHJIy NPHHIMIIA KCTPEMyMa MAKCUMYM M MHHUMYM
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rapMOHUYECKON (DYHKIINU HE MOYKET JOCTUTAThCS BO BHYTPEHHUX TOYKAX OOJIACTH,
eciu u(z) Z const. Iockonbky Ha rpanune 0D dynkuus u(z) npuHUMAET TOJHKO
OJIHO 3HAYEHMe, PaBHOE HyIO, TO u(z) = 0 B obsactu D u Teopema jokazana. O

3AMEYAHUE 16.1. YrBep:KieHue TeopeMbl O TOM, 4TO U3 ycaoBus (i) caemyer
TOK/IECTBEHHOE ODpAaIllieHre B Hy/Ib TApMOHUYIEcKO# B obmactn D yHKImH, HA3bIBA-
0T BHyTpPEHHEH TeopeMoil equHcTBeHHOCTH. JleficTBUTEIbHO, eC/iu ABe TapMOHUYIe-
cxue Gynkuuu u1(2z) u uz(z) coBuagaor B nekoropoit okpecruocru O,.(zg) C D, To
UX pa3HocThb u(z) = u1(2) — uz(z) HOMKHA GBITH TOXK/IECTBEHHBIM HyJIeM B 001aCTH
D, r.e. ui(z) =ua(z) B D.

3AMEYAHUE 16.2. YTBep:KJIeHHEe TEOPEMBI O TOM, UTO M3 ycaoBus (ii) ciaeayer
TOXKIECTBEHHOE ODpAIlleHNe B HYJIb TApMOHUYIECKON B obsactu D dyHKImu, naer
TeopeMy eIMHCTBEHHOCTH pemenus 3amaqdn lupuxme. Ilox kmaccuaeckoit sadaued
Jlupurse MOHMMAETCS 3aJa4a OTHLICKAHUS FApMOHUYECKOR B obnactu D u Hempe-
PBLIBHOM B 3aMbiKannd D GyHKmmm u(2) M0 33 JaHHBIM TPAHTIHBIM 3HAUEHHAM.

IIpumep. B cBa3u ¢ paznuaabsiMu 06006meHnaMu 3a0a4u JIupuxiie moge3Ho pac-
CMOTPETh CJIAYIONHI MPUMEDP TapMOHWYECKOH B eauHUIHOM Kpyre D dysKimm,
KOTOpast HEIPEPBIBHO IPOJIOJIZKAETCS BO BCE TOYKU eAUHUYHON OKpyzkHOCcTH T, 3a
nckimouennem oxuoit ( = 1. Ilycrs L(z) = (1 + 2)/(1 — z) — apobuo-nuHeiinoe
Mpeobpa3oBAHNE €IMHUIHOrO KPyra Ha MPaByo MOMYIIOCKOCTh. Touka ¢ = 1 me-
pexouT B OECKOHEYHO yIAJIeHHYIO TOUKY. BerectBennas 9acTb

2

u(z) = ReL(z) = 2L

1 —z[?
sisisiercd rapmonuyeckoii B D dbyunkuueii u npunumaer Hysesbie 3Hadenus Ha T \
{1}. U3 orobpazkatonux ceoiicts L(z) Buano, uro munusvu yposHst GyHKIum 1(2)
SABJIAIOTCH OKPY2?KHOCTH, KOTODbIE KACAIOTCHd €JUHUYHON OKPYKHOCTH T B TOYKE
¢(=1.

Crenyrommii pe3yabTar ¢ yueroMm Teopembl KapaTeoqopn mo3BOJIseT peryupo-
BaTh 3amady Jwpuxiie ¢ mTpOM3BOJBLHON OMHOCBS3HON objactu D, OrpaHWYeHHOM
JKOPJAHOBOIT KPUBOI, HA eJWHUYHBIN KPYT.

TEOPEMA 16.4 (KOHOOPMHASI UHBAPUAHTHOCTD). Iycmos u(z) — eapmonu-
weckan 6 obnacmu G gynryus, a f(z) asasemes zosomopdrot 6 obaacmu D u
npurumaem snavernus uz G, m.e. f(D) C G. Toeda v(z) = u(f(z)) asasemca
2apmonuneckoli 6 obaacmu D dynryuer.

JLOKA3BATEJILCTBO. Ecau f(z) = const, 1o u v(z) = const, T.e. saBiagercs rap-
monudeckoii dyukuueii. Jonycrum reneps, 4ro f(z) # const. @uxcupyem upous-
BOJILHO TOYKY 29 € D u nycrs wg = f(29). B cuuy upunuuuna orgpsirocru (uiiu
coxpanenus obmactu) Haiimercs ¢ > 0 rakoe, uro O,(wo) C f(D). Ilockomabky
O, (wy) sBISETCS OMHOCBSI3HON 00JIACTBIO, TO HafileTcst ronoMopduas B Hell HyHK-
mus g(w), ms koropoit Re g(w) = u(w) mpu Bcex w € Oy(wp). B cuny menpepsis-
woctu f mHafimercs r > 0 takoe, at0 O,(20) C D 1 f(O,(20)) C Op(wo). Ho Torma
B okpectHOocTH O, (29) Gyner BinOMHATHCH paBeHCTBO v(2) = Reg(f(2)). Takum
obpasom, Gyukius v(z) apiasiercs rapmonudeckoil B okpecrHocru O,.(2g), IOCKOIIb-
Ky B 3TOH OKDECTHOCTH OHA IIPEJCTABUMA KAK BEIIECTBEHHAA YaCTh FOJOMOPQHOI
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dbyurnuu. [TocKOIBKY 2 BHIOHPAIOCH TPOU3BOIBHO, TO U(z) TapMOHUYHA B 00JIACTH
D wm Teopema nokazaHa. a

JlokazanHas TeopeMa dYalle BCEro MPUMEHSIeTCs B CiIydae, Korma f sBisercs
KOH(OPMHBIM OTOOPaKEHUEM. IJTUM O0bSICHAETCS ee Ha3BaHwe. |apMOHUYECKUE
dbyHKIEE 00/131aI0T TAKKE BAYKHBIM CBOWCTBOM CPEIHErO 3HAYEHUs, KOTOPOE HC-
MOJIB3YeTCsl IPU YUCTIEHHOM MOJIETUPOBAHUN.

TEOPEMA 16.5 (O CPEIHEM). ITyemo u(z) — eapmonuueckan 6 xpyze Or(2o)
u nenpepvienasn 6 damuranun O, (z9) dynkyus. Tozda

27
1 ) 1
u(zg) = %/U(ZO—FT@ZG)de = %/U(ZO + rQ)ld¢],
0 T

2de T — noaostcumenvro OPUEHMUPOBAHHAA e0UHUYHAA OKPYIHCHOCTND.

JOKABATEJILCTBO. Brawase 3aMeTnM, 9TO B CHIIy OJHOCBSI3HOCTH KpyTa Haii-
nercst Takasi rogomopdHas B O, (z9) byuakuus f(z), aro Re f(z) = u(z) npmu Bcex
z € O,(20). Hna kaxgoro ¢ € (0,r) npumenuma unTerpajibaas dhopmysa Ko,

COIJIACHO KOTOPOM ( )
1 f(€
feo) = 5 [ Hac
Ye

L€ 7, — HOJIOKUTEIBHO OPHEHTHPOBAHHASL OKPY’KHOCTE |( — zo| = ¢. Ucmomn3ys
TMapaMeTPHU3AINIo Y,: ¢ = 2o + 0e? 0 < 0 < 27, paBeHCTBO BBIIIE MOMKHO TIEpeIn-
caTb B BUIE

27
feo) = o= [ £o+ oe)ds
0

Oraensst B 06erxX 9aCTAX ITOr0 PABEHCTBA BEIECTBEHHYIO YACTh, MOIydaeM

27

1 _
u(zp) = %/u(zo +Qele)d0.

0

B cuiy nenpepbiBHOCTH DYHKIWE ©(2) B 3aMKHYTOM KpyTre |z — 29| < 7 B HHTErpaje
MOKHO OCYIIECTBUTD TIPEAEIbHBINA MMEPEXOI IPU ¢ /* 7, 9TO MPUBOANT K YTBEPKIe-
HHIO TEOPEMBI. ]

TEOPEMA 16.6 (®OPMVYJIA ITVACCOHA). IIyems u(z) — 2apmonuyeckan 6 edu-
nuunom Kpyze D u nenpepuenan 6 e2o0 samwuranuu D dynxyus. Tozda dan ecex
a € D swnoansemes pasencmeo

o _lal? al?
u(a)1/1.||(“’d9/|%|| )| ds]. (16.1)

27 ) |e? — al? —a\Q
0

JIOKABATEJILCTBO. B ciaydae a = 0 pasenctso (16.1) BhIpaxkaer TeopeMmy o
cpeauem. Jlomyctum Temnepsh, 9To a # 0 ¥ paccMOTpuUM JIpOOHO-THHEHHOE TTPeoOpa-
30BaHUE

z—a
L(z) = ——
(2) 1—az’
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KOTOpOe KOHMOPMHO oTobpaxkaer exquHIYHBIH Kpyr D Ha cebs n L(a) = 0. Onpeze-
num dyrxmmio v(z) = uo L7(2). B cuty korndopMHON WHBADHAHTHOCTH CBOHCTBA
rapmonnyHOocTH (byHKIus v(z) Takzke Oyzer rapmonuyeckoii B . Kpowme Toro, ona
6yner menpepbsHa B D 1 v(0) = u(a). IlosToMy, TpUMeHsAS TeOpeMy O CpeaHeM K
dbyukuuu v(z), nosyuaem

u(a) = v(0) = / w(LY(0))de].

T

Boimosinum B mHTErpasie 3aMeny mepeMeHHOi
= L7YC¢), ¢ =L(x), d¢=L(x)dsx

U IEepenuIneM IMOJayIYeHHOE PAaBEHCTBO B BUIE

—laf?
u(a) = %/u(z)u/(%)ud%\ = 2177/u(%)|11—c|1%||2|d%|'
T

T

TTockonbky mpu » € T umeer MeCTO PABEHCTBO
|1 —ax| = |z—a| = |»—al,
TO TMOJIy4YeHHOe COOTHOIIeHne s u(a) SKBuBajeHTHO (16.1). O

Pasencrso (16.1) uzBecrno kak ¢opmysa [Iyaccona, koropas BoccranaBauBaer
rapMonndeckyio B D u Henpepbishyto B D dynknuio u(z) 10 ee 3HaYCHEAM Ha rpa-
uune T. Takum obpazom, dpopmyna [lyaccora maer KOHCTPYKTHBHOE PENTEHNe KIac-
cuveckoit 3amaun Iupuxiie ajist € IMHUIHOTO KpyTra D, eCcim u3BEeCTHO, UTO PEIeHHe
cymecrByer. Jlajiee MbI MOKaXKeM, 9TO [jisi jF000#1 HempepbiBHON HA T dyHKIMM
zagada Jdwpuxiae paspermmma. MbI JOKaXkKeM pa3perrmMoCcTh Jaxke 0ojee obmeit
3a/a9m, KOraa Ha rpanuie T 3a7aeTcs He 00s3aTeIbHO HENPEPhIBHASA (DYHKITHS.

Nurerpan Ilyaccona.

IMycts p — unrerpupyemas (abcomorao no Pumany uiu no Jlebery) na T Berie-
crBeHHO3HAYHASA dyHKIUs. Torna s z € D onpenenen nHTErpas

1— |z i0 |2?
p Vd = d
(z¢) 277/ lei? — 2|2 2\2 wle 277_/|% z|2 ()],

KOTOPBI! Ha3bIBaeTCs urmezpasom Ilyaccona c miornoctsio . Boipaxkenne
2 2
(1= 2%)/]5¢ — 2|

HasbBaOT A0pom Ilyaccona. Jlerko Bumerb, uro g z € D u » € T umeer mecto
PaBEHCTBO
1—|2)? x+z
= Re

|2 — 2|2 w—2z
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Beipaxenwue (s + z) /(5 — z) HazwBatOT Adpom Illeapya W 175 TIIOTHOCTH © OTpe-
JeIeH Takxke unmezpan sapya

Se) = 5= [ Z el

2
T
CBasb

Re S(z;9) = P(z;0)

Mexkay marerpanamu [lyaccona u IIIBapriia ¢ oaHON 1 TOM Ke IMIOTHOCTHIO TO3BOJIS-
€T WCIOJIb30BATH METO/IbI TEOPUHU AHAJUTHIECKUX (DYHKIUN TPU U3y UEHUH CBONCTB
naTerpasia Ilyaccomna.

TEOPEMA 16.7. Iycmo ¢ — unmeepupyemasn wa eduruunol oxpyocrocmu T ee-
wecmeennosnaunas pynxyus. Tozda S(z; p) asasemcesn 2000mopProt 68 edunuwHOM
xpyze D pynryuet. Kpome mozo, ecau @ obpawaemes 6 Hysb Ha HEKOMOPOT OM-
xpumoti dyze v C T, mo S(z; ) anasumuuecku npodoasicaemces wepes y 60 6HEWs-
HOCL edUNUYHO20 KpYea U Ha Y dynkyus S(z;0) NPUHUMGEM YUCTNO MHUMbLE
BHAYEHUA.

JOKABATEJILCTBO. Ilycth zg — npou3BosibHASA TOYKA eAUHUIHOTO Kpyra D. Bor-
G6epem r > (), MEHBIIUM IIOJIOBUHBI PaccTogHus OT 2o 10 1. Ilockoinbky

S(z;0) — S(z050) = Z_ZO/(% () |d],

™ —2)(3r — 29)

o g z € O,(z0) UMeeT MeCTO CJiejyioiee

Slese) = Seaie) L [ ooy |Z;Zo| /(% ()

z— 2z T P ) — 2)(5 — 2p)

T
Zol
d
Eol /w x|

Orciona cienyer komiekcHas auddepeniupyemocts dynkuuu S(z;¢) B TOUKE 2.
TMockonbKy zp BBIOMPAIIOCH IPOU3BOJIBHO, TO rosoMopduocThb S(z; ) B D nokazana.

IMycrs reneps ¢(s¢) = 0 na orkpwiroii ayre v C T. Hus noboro zg € v paccros-
Hue or 2o 10 T \ 7y OyJer 10JI0KUTEJIbHBIM U IIOCKOJbKY B 9TOM CJlydae

S(z:) = 1/””so<z>\d%|,

2T n—z
T\~

3 |d|

TO PACCYKEHUsI, AHAJIOTMYHbIE TIPOBEJIEHHBIM B Caydae zg € D, mpuBoadaT K Herpe-
PBIBHOCTH 1 KOMILIEKCHOM Juddepenuupyemoctu Gyukiuu S(z; @) Ha ayre . Kpo-
M€ TOr0, IIOCKOJIbKY

w4z 1—|z
w—z  |x— 2

Re =0

npu z € yu x € T\ v, 10 ReS(2;¢) = 0 Ha . AHanuTU9ECKOE NPOIOJIZKEHUE
S(z; ¢) yepes ayry v caenyer u3 npunnuia cummerpuu Pumana— [IIsapua. Teope-
Ma JOKA3aHA. O
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CJUENCTBUE 16.2. Jlas 4100600 unmezpupyemoti naommuocmu @ unmeezpan [lyac-
cona P(z; @) asanemes eapmonuseckot 6 edunuunom xpyee D dynryued, a ecau
NAOMHOCTD O 00PAULAEMEA 8 HYAb HA HeKomopol omxpumot dyze v C T, mo
P(z; @) 2apmonunecku npodosstcaemces wepes y 60 BHEUWHOCTID eOUHUNHO20 KDPY2a U
P(z;¢0) =0 npu z € .

Ormerum Tpu BaxkHbIX cBOiicTBa mHTerpasa [Iyaccona.

1. JImmeitnoctb. P(z;p1 + ¢2) = P(z;01) + P(z;02), P(z;ap) = aP(z; @),
7€ ¢, 1, P2 — INIOTHOCTH, & (r — YHUCIIO.

2. MosotonHoctb. Ecimu ¢(s) > 0 mus Beex » € T, To P(z;¢) > 0 mas Bcex
z e .

3. P(z;1) =1 m inf p(s) < P(z;0) < sup ().

€T »eT
JIOKABATE/IbCTBO. JIMHEHHOCTH SIBJISIETCS CJI€ICTBHEM CBOJCTB MHTErpaJa.
[yt oKa3aTesbcTBa MOHOTOHHOCTH 3aMeTHM, 4To sipo Ilyaccona
1— |22 _ R X2

|5c — z|? w—z

npeacTaBiser coboit HeoTpunaTeabuyw Gyukuo #Ha T npu Bcex z € D. ITlosro-
My, YMHOXKas sapo IlyaccoHa Ha HEOTPHUIATENbHYIO MJIOTHOCTL (), MOMyIUM B
pe3yabTaTe WHTErpupOBaHus 1m0 T HEOTPUIATENbHYIO (DYHKIWIO OT 2 B ID.

IIpucrymas K J10Ka3aTeIbCTBY TPETHErO CBOUCTBA, 3aMETUM CPa3y Ke, UTO pa-
BeHcTBO P(z;1) = 1 aBngerca ciaencrsuem uHTerpasbHoii popmynst [yaccona mis
rapmonuyeckoil dbyukiuu u(z) = 1. Ilycrs renepsb

a = infp(a), B = supp().
»€T €T

Torja B CUIy CBOHCTB MOHOTOHHOCTH ¥ JIMHEHHOCTH IIOJIydaeM
a = P(z;a) < P(z;9) < P(z;8) = 5.
O

TEOPEMA 16.8. ITycmb ¢ — dynxyus, unmezpupyemas va T u Henpepueras 6
mouke >y € T. Tozda

Lm  Pz9) = ¢().

JIOKA3ATEJICTBO. @ukcupyem npoussosibHo € > 0 u Beibepem ayry v C T ¢
LIEHTPOM B TOUKE 37 TaK, YTOOBI JJIsI BCEX > € <y BBIIOIHSIOCH HEPABEHCTBO

lo(2) — 0(50)| < €/2.

DTO MOXKHO CJIEJIATh B CUJIy HEMPEPBIBHOCTH ¢ B TOYKE 3. Onpemenum uHa T aBe

ILIOTHOCTH
@(x) = p(300) mpnm x €7,
p1(5) =
0 nmpu 2 €T\ vy
u
0 mpu  x € v,
p2(x) =

@(x) — () mpu xeT\~.
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Tockonbky P(z;p(30)) = ¢(5), TO
P(z0) = p(0) = P(z01) + P2 ¢2).

Bamerum reueps, 4ro P(z; o) HEUPEPBIBHO HPOIOJKALTC HA AYLY Y 1 0Opallaercs
Ha weit B Hyab. CiemoBarenbHo, Halimercs Takoe § > 0, 9To

|P(z;02)| < €/2 upu |z — 3] < 4.

Kpowme Toro, n3 coiicts narerpasa Ilyaccona ciemyer Takxke, 9TO

€
[P(z01)] < sup () — (o) < 5.
ey
TakuM obpaszoM, mist o6oro z € D), yIoBIETBOPSIOIIETO YCIOBUIO |z — 3| < 6
BBIMIOJIHACTCA HEPAaBEHCTBO

[P(z:0) = p(0)| < |P(z00)] +[P(2502)] < e
m

Jlokazannas TeopemMa NOKa3bIBAeT, YTO HE TOJHLKO KJlaccuydeckad 3aa4a Jupuxie
(oTBICKAHME TAPMOHUYECKOM (DYHKIINYM, KOTOpas Ha TPAHUIIE COBIAIANA ObI C 33aH-
HOIl HENpepbIBHOW (bYHKIMEH) paspermumMa MOCPeJICTBOM KOHCTPYKIIUYA WHTErpaJia
Ilyaccona st eqmamanoro kpyra D, HO n Oostee obmas 3ajada, KOrja 3aJaHHAsA
na T dyHKIUS @ HE SABJISETCS HENMPEPLIBHON. B 9YacTHOCTH, MOXKHO PacCMOTPETH
cydail KyCO9HO-HEITPEPBIBHON IPAHUYHON (DyHKIUU .

3anmaga JImpuxie s KyCOYHO-HENIPEPHIBHBIX I'PAHUYHBIX yCJIOBUIA.

IMycrs Ha eauuuuHOil OkpyzkHOCTH T onpenesena GyHKIUs @, KOTOpas HEIpe-
peBHA Ha T, 38 MCKIIOYEHUEM KOHETHOTO YUCTA TOUEK 31, . . . , %y, B KOTOPBIX OHA
TEPIUT PA3PBIBBI IEPBOTO POJIA.

Bamaga: natimu ozpanuuennyro 2apmonuveckyro 6 D dynxyuro u(z), xomopas
nenpepviero npodoasicaemea na D\ K, K = {s0,...,5,}, u coenadaem c ¢ na
T\ K.

Pemmenne sroit 3amaun naer nHTerpan IlyaccoHa ¢ TIIOTHOCTBIO @, T.€. u(z) =
P(z; ). JokaxkeM eIMHCTBEHHOCTh DEIeHNs TIOCTABJIEHHON 3a/1a9H.

Homycrum, ato uy u us — asa pemenus. Torma U(z) = uy(z) — ua(z) Oymer
rapMormdeckoit B D u menpepeisroit Ha D\ K dbynkmueit. [Ipn stom U () = 0 npn
» € T\ K. Ham nyxHo nokasarb, uro U(z) =0 B D. Iycrs

M = sup|U(z)|, d = H;in|%i_%j|a s, = €% 9, e0,2n), k =1,...,m.
zeD 7]

Dukcupyem pousBosibHO €, 0 < £ < d/2, u onpeneaum ayru
Vi 2(0) = e'?, 9k—§<9<9k+§7 kEk=1,...,m.

Paccmorpum va T aBe mmoTHOCTH, ONpeiesisieMble PABEHCTBAMHA

+M upu x €A = Ufy,i,
Pe (%) = k=1

0 mpm sxeT\A..
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Unrerpamsr [yaccona ¢ stmvm motroctsivim UX () = P(z; ¢F) mpeacrasasior co-
6oit rapmonmdeckue B D byukuun u ynosaersopsior yenosuam U (z) > 0, UZ (z) <
0 pu z € D.

B ¢ty npuHiuma skectpemMywma Jyis rapmMornkeckux dbynxmmii U (z) —U(z) > 0,
U(z) — U (2) 2 0 nmpu z € D. [leiicTBATENBHO, €CIN 2, — 2 € T npu n — 00, TO

lim [U:(Zn) —U(z,)] = 0.

n— oo

Ina » € T\ K sro crexyer u3 toro, uto U(z,) — 0 npu n — oo, a UF (z,) = 0
npu Beex n. B caywae »x € K sro caenyer u3 toro, uro UX (z,) — M npu n — oo,
a U(zn) < M pna seex n. CrenoBarenbHo, ecam

inf[U7(2) =U(z)] = @ <0,

TO MOXKHO BBIOPATh TO/ITOCIIEI0BATEILHOCTD {2, } TaKyIo, 4To

lim [Uf (2,) — U(zn)] = a

n—oo

W3 3T0if moC/aen0BaTebHOCTH MOXKHO BLIOPATh CXOMISAIIYIOCH IIOAIIOC/IEI0BATE b
HocTs {2, }. Ee npexnen 2* ne moxer npunasiezkars T, HOCKOIBKY

lim (UM (2,,) — U(zn,)] = o < 0.

Jj—o00
CrenoBarensbho, z* € D u B HEl TOCTUTAETCS MUHEMYM TAPMOHHYECKON (DyHKIAN
U} (2)—U(z), aro nporusopeunt npunnuiy skcrpemyma. Takum obpasom, U (2) >

U(z) npu Beex z € D. Ananorm4no ycranasimusaercs, aro U (z) < U(z) npu z € D.
C xpyroit cropoust, misg z € D nmeem

UEG] = 5 Z/|% et e

M1+|zm/ M1+ |z

< o dx| = —

2771—|z\kz::15|%| 27r1—|z|nE
v

Ho Tornma n
nM 1+ |z

< .
S

TMockonbKy & BBIOUPAIOCH IPOU3BOJILHO U3 mpoMexyTKa (0,d/2), T0o B moyYeHHOM
HEPABEHCTBE MOXKHO OCYIIECTBUTD IPEJEIbHBIN nepexo npu € — 0 1 MbI IPUXOIUM
K pasencrBy U(z) = 0.

PesynbraTnl, cBA3aHHBIE ¢ peIneHnem 3a1a9u Jlupuxie B e IMHAIHOM KPYyTe, MOXK-
HO TIEPEHECTH C UCIOIb30BanneM TeopeM Pumana u Kapareomopu Ha obmactu, orpa-
HUYEHHBIE YKOPIAHOBBIME KPHUBBIMHU.
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§17. Acummrroruueckue Meroabl. PyHkius Jiipu

Mmuorue ¢dusngeckne 3aK0HBI (GOPMYIUPYIOTCT B TepMuHAX auddepeHuaib-
HBIX ypaBHeHuil. Penenns BO3HUKAOIUX OYeHb €CTECTBEHHO AuddepeHnnabHbIx
YPABHEHU JATEKO HE BCEJIa BHIPAXKAIOTCS B 3JIEMEHTAPHBIX (DYHKIUIX. ITO MPH-
BeJIO K TOSBJIEHUIO IIUPOKOrO KJacca Cueruasbubix dbynknwmii. IIpu sTom wacto
crieruasibable (DYHKIUHA BBOJATCH KAK HECOOCTBEHHBIE MHTEIDAJIbI, 3aBUCHAIINE OT
napamerpa. Hekoropbie cnernuajbabie (DYHKIUU IPOTAOYIUPOBAHBI, UTO Celdac
MO3BOJISAIOT C JIETKOCTHIO JIEJATh COBPEMEHHbIEe KOMTbIoTephl. C APYTroif CTOPOHBI,
UCCJIEOBAHNE ACUMIITOTHIECKUX CBOWCTB CIEIMUAILHBIX (QYHKINH TpedyeT pa3Bu-
THS AHAJUTUIECKUX METOMOB. B srom maparpade mHa npumepe dbyHKIun Ditpu
Oy/ileT paccMOTPEHO NpPHUMEHEHHe MEeTO/IOB KOMIIJIEKCHOTO aHAJIN3a ISl U3YUeHHs
ACHMITOTUYECKUX CBOWCTB CIIENUATBHBIX (DYHKIIHIA.

B 1838 1. Diipu npu u3yuenuu 3324 ONTUKY (sIBJIEHUS PAJyrH) HpuUiies K aud-
depernuanbHOMY ypaBHEHHIO 3 = 17y, KOTOPOE BIOCIEACTBUHN HOJIYIHIIO €r0 MM,
Emy ynamoch maiitu pererHne B BHI€ HECOOCTBEHHOI'O MHTErPAIa W IIPOTabyIHpO-
BaTh HafijieHHOE pelienne HA HeKOoropoMm uHrepsase. B 1928 r. Txeddpuc ssen
caM TepMUH , Pynryus FUpu’ 7 ee TTPeICTABIECHNE

, 1 [ t3
Ai(z) = = [ cos §+xt dt.
™
0
/ sin (3 —|—J:t> dt = 0,

Samedast, 94T0

U, YIUTHIBAS Y€THOCTh KOCHHYCA, (DYHKIUIO DAPU MOKHO MPEJICTABUTH B BUJIE

= L[ itsian gy (17.1)
2w

— 00

Ai(x)

r eR.

OrmernM TakKe, ITO MTPUMeHeHne mMpeodbpazoBannst Pypre K penieHnio ypasHe-
HUsT DUPH TPUBOIUT K OOBIKHOBEHHOMY mubdepeHInaIbHOMY YPABHEHUIO TIEPBOTO
MOpsIIKa, KOTOPOE JIETKO PeInaercs B djeMeHTapHbIX dyHKImAX. lIpunMenenne o6-
parHoro npeobpazosanus @ypoe maér npencrapienue (17.1) ¢ TOYHOCTHIO 10 MHO-
JKUTEJS.

Oxnako uarerpai B (17.1) GbICTPO OCUMIIIMPYET U HE ABJIAETCS aBCOIOTHO CXO-
JSIIIAMCS, 9TO 3aTPyAHAET UccaegoBanne (pyHKIUMH UPU B TAKOM MIPEICTABICHIH.
Bonee nosHo packpsbiBaioTcsi cBoiictBa dbyHKImE Ditpu U pocruraercs dosee s¢-
bEKTUBHOE HCCIIEIOBAHUE YPABHEHUsI DIPH € BHIXOIOM BO BCIO KOMILIEKCHYIO ILJIOC-
KocTh. K perennio ypasHeHust 9Upn B KOHTEKCTE KOMITJIEKCHOTO TIEPEMEHHOTO MBI
BEpHEMCSI TIO37Ke TMOCse OOCYXKIeHUs HEKOTOPHIX ACHMIITOTHYECKUX METOJOB JJIs
HMHTErPAJIOB.

Ipezxk e BCero HanoMHUM HEKOTOpbIE TepMubbl: f(2) = 0(g(z)) npu z — w, ecau
f(z) = a(2)g(z), rne a(z) — 0 mpu z — w; f(2) = O(g(z)) mpu z — w, ecn
f(z) = B(2)g(z), rue |8(2)| < K B HEKOTOPOIi OKPECTHOCTU TOYKHU w. Byjem rakxe
nucarb f(z) ~ g(z) upu z = w, ecau f(z) — g(z) = o(g(z)) upu z — w.
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17.1. Meron Jlammaca. Ilox unmezpanramu Jlanaaca mOHUMAIOT WHTEIPAIIBI
BHJIA

b
F(\) = / f(x)eM @ dz, (17.2)

vue f(z), S(x) — peiicrBuresbuble (DYHKUMU, KOTOPbIE HA3BIBAIOTCH AMNAUMYOHOT
Pynxyued (uam aMIaTyI0#) U pasosoti Pynryuet (nmm Gas3oii), a A — BeIIeCTBEH-
HbIii mapamerp. OcHoBHO# Bompoc: acuMnroruka F'(A) mpm A — oco. B crenu-
ampHOM ciaydae (korma S(z) = —z, a = 0, b = oo) F(\) npencrasiasier coboii
npeobpasosanue Jlamnaca dyuknuu f(x). Iosromy marerpan B (17.2) Has3bBAIOT
uaTerpajom Jlamaaca.

Hus ynpomenus hopMmynupoBok 6yzgem cuutarb, uro dbyukiuu f(x) u S(x) Gec-
koneuno auddepenuupyembl, XoTsi 310 He obs3arenbHo. Hurerpan B (17.2) mo-
KeT ObITh HECOOCTBEHHBIM KAaK B CBS3H C HEOIPAHHYEHHOCTHIO MOJBIHTErPATHHO-
IO BBIPAXKEHWs, TAK M B CBA3H C TeM, ITO JUOO @ = —o0, b0 b = oo, aubo
(a,b) = (—00,0).

B ocnose meroma Jlamnaca jgekuT HaOMIOJEHNE, 9TO OCHOBHON BKJIAJI B aCHMII-
TOTUKY WHTerpaJa Jlammaca JaroT JIUIIb 3HAYEHUs TONBIHTErPAILHON (DYHKIIUU B
MaJjIo# OKPECTHOCTH TOYKHM MakcuMyma (ha3oBoil DyHKIHUHU. IJTO MPOSBIISETCS B
CJIETYIOIIEM YTBEPIK/ICHUH.

JIEMMA 17.1. ITyemv a > 0 u r > 0 durcuposanv.. Tozda npu A — 00 66104~
HAETCA COOMHOULEHUE

/efmxafld:r = L)(\S) +O(€7T/\).
0

JLOKABATEJILCTBO. Ycaosue « > () rapaHTHPYET CXOAUMOCTh WHTerpaja. Kpo-
Me TOTO,

r o0 o0
/e*’\zxaflda: = /e*Amxafldxf/e*)‘I:cafld:r.
0 0 T

IlepBblii mHTErPAT B IPABOR YACTU MOCIEIHETO PABEHCTBA MOC/IE 3aMEHbBI IIEPEMEeH-
HOIl unrerpupoBanusi Ar = t paer sbipaxkenue I'(a)/A*. Uro kacaercs Broporo
WHTErpaa, To Ipu A > 1 numeem

o0 o0 o0
/e—)\zxa—ldx — e—r)\/e—)\(m—r)moz—ldx < e—rk/e—(x—r)xa—ldx,
T T T
T.e. 9TOT WHTerpan apasgerca O(e” ) mpm A — oo. O

ITocKoMbKY MBI IOMYCKAEM HEOTDAHUIEHHOCTH TPOMEKYTKA HHTErPUPOBAHHUS, TO
HOJ, ycioBueM ,,S(x) docmuzaem mMakcumaisbHozo 3uauenus na [a,b] 6 edurncmeen-
Hnoli mouke xg € (a,b)“ OyleM LIOHUMATH BbIIOJHEHUE HEPABEHCTBA

S(zg) > sup S(x)

|z—x0|>0

nas Beex 6 > 0.
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TEOPEMA 17.1. ITyems S(x) docmuzaem makcumasvhozo snauenus Ha [a,b] 6
eduncmeennoti mowke xo € (a,b) u S”(xo) < 0, f(xo) # 0. Tozda ecau unme-
epan 6 (17.2) abcoaromno cxodumes npu HEKOMOpom A = Xg, MO OH aBCOAIOTNHO
CTOOUMCA NPU 6CET X = Ao U

2 eS (o)
74'_0 -
w0 (5)

JOKABATEJABCTBO. Ilycts A > A\g. Torma

F() = flmg)e)

npu A — 00.

‘f AS(:p _ \f(x)|e’\05(””)e(’\*>‘0)5(’0) < e(/\f)\g)S(a:g)|f( )|exos ©)

OTKYy/Ia CJIeyeT CXOAMMOCTh uaTerpasa B (17.2) mpu A > A\g. asee Oyaem cuurars,
910 A > max{\g, 0}.
IMockonbKy xo siBAsieTcs: ToUKO# MakcuMyma dyrkmum S(z), To S’ (xg) =0 u

S(a) — S(xo) = 38" (o) @ — 0)h(a),

rae h(x), kak u byunkuus S(z), 6eckoneuno auddepennupyema. Ipu srom h(zg) =
1 u, cemEBaTENBLHO, B HEKOTOPOH OKPECTHOCTH TOUKH T dbyHKIusa h(z) npuauMaer
HOJIO?KUTE/IbHbIE 3HAYEHUs. B 3T0i OKPEeCTHOCTH paccMOTpuM PyHKIIUIO

g9(x) = (z = z0)V/h(),

rae y/h(x) npuanMaeT nonoxnTeabHbIe 3HadeHnst. [lockonbky g(xg) = 0u ¢’'(z9) =
1, To Haiiayres x1, o u3 (a,b) ur > 0 Takue, 9to a < 1 < To < To < b, a GyHKIWA
g(x) orobpazkaer roMmeoMopdHO OTPE30K [x1, xo] HA [—T, 7]

IIpeacrasum renepp unrerpan F(A) B Buze

F(\) = eME)(E(A) + Fy(\) + F5(\),

rae

b

_ /f(x)e/\[S(x)—S(xo)]d% Fy(\) = /f(w)eA[S(x)—S(xo)]dx

x2

/ F(@)eMS@ 5@l gy

B cuny caemaHHBIX TIPEANOIOKEeHMH
sup{S(z) — S(zg): = € (a,z1] U [x2,b)} = —
rae > 0. IlockoambKy mmpu A > g BBITIOJTHSETCS HEPABEHCTBO

AlS(x) = S(z0)] = (A= X)[S(x) = S(20)] + Xo[S () — S(20)]
—(A = Ao — XoS(x0) + Ao S(x),
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To st Fy () momy4aem oreHky

T
IFL(V)] < efmexowfs(mo))/|f(x)|exos<m>dx,

T.e. F1(A) = O(e ") mpu A — oo. Amamormano momygaem, arto Fp(A) = O(e #*)

npu A — o0.
IMpucrynas k ouenke unrerpaia Fz(\), BBegeM obo3HaveHue
1
o = —55’"@0).

Bamernm, 9To 0 > 0 W HA OTPe3Ke [T, T2| BHIMOIHACTCA PABEHCTBO
S(a) = S(wo) = —o(g(x))*.

Kaxk ormeuasocs Beire, dbyHkuus g(a) romeoMopdHO 0TOOpasKaeT OTPe30K [T, 2]
na orpe3ok [—r,7]. Ilycrs p(y) = g~ !(y) —obparnas dbyukiusa. Bomoanum B
unrerpajiie F3(\) sameny nepemenuoii = ¢(y) U OpeJCTaBUM €ro B BUJIE

=/}wwnfwf¢@My

:f@M/EM%@+/vW@Mﬂwfﬂmﬁ””wy
IlockombKy i )
FleW)e' (W)l,—g = f(wo),
o f(o(y)¢'(y) — f(zo) = y¥(y), rae 1(y) —beckonewno anddepenmmpyemas
dyuxims wva [—r,r]. Iycrs

M = max [¢(y)|.
y€E[—r,r]

Torna

T

/ ()¢ (y) — f(zo)le 7 dy

T

N

M [ yjay
2

= 2M/e_)“’y2ydy= M/e_k”tdt

<M | e ?tde = —.
[ = 2
0

Jlanee, NCTONB3yst 9ETHOCTD TIOABIHTErPAIBHON (QYyHKIINA W BBITIOIHAS 3aMEHy
u = oy?, nomygaem
T r

(TT2
1
/e_A”yzdy = Z/e_AUdey = 7 / w1 2e N .
0 0

—-Tr
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U3 npeapiayiiero ¢ ucmoab30BaHueM JeMMbI 17.1 TpuxoauM K aCHMIITOTHKE HH-
rerpana F3(\) npu A — oo

B0 = 10 2 10 (1) = s/ S +0(3)

YTO BMECTE C OleHKaMu WHTerpasioB Fi(\) u Fa(\) MpUBOANT K yTBEDPIKIECHUIO TEO-
PEMBIL. O

SAMEYAHME 17.1. 3akiod9eHne TeopeMbl 03HATAET, ITO

21
F(\) ~ f(zg)e@o), [ =
B CJlydae, KOrja Touka MakcuMmyma (aszosoit dbyuknuu S(x) pacnosokena BHYTPH
npoMexyTKa [a,b]. 13 xoma moka3arebCTBa TEOPEMbl BUIHO, U4TO B CJIy4dae, KOTa
Zo NONAJAET B KOHIEBYIO TOYKY OTPE3Ka [a, b], acumnroruka uarerpaia F(\) Gyuxer
UMETH BH/I

21

~ = AS(zo) [___ 27
F()‘) f(lCo)e A‘S//(x())l .

B xadecTBe IPOCTOro NPUMEHEHUS JOKA3AHHON TeOPEeMbl IIPUBEIEM ACUMIITOTHKY
ramma-bysxiuu I'(A) upu A — oo. HeiicrBuresbHo, 1us A > 0 umeem

o0 o0

DA +1) /t’\e_tdt / A t=t/N) gy

0

Boimonnum 3ameny mepemennoit ¢t mo dopmyne t = Ax. Torma Int = In\ 4 Inx,
dt = Adx n

P(A+1) = aer? / AT gy = M / @ dg,
0 0

rae S(z) = Inz — x. U3 pasencrsa S'(x) = 1/x — 1 Bugno, aro S(z) uMeer Ha
(0,00) MaKCUMyM B €IMHCTBEHHON ToukKe ro = 1. Ilpum srom S(1) = S”(1) = —1.
Ho Torga B cumy Teopemsr 17.1

e ((Eo(2)) - () (-0

npu A — oo. s mespix A 3TO paBeHCTBO u3BECTHO Kak ¢dopmyna Crupswmara

nl =T(n+1) = V2mn (g)" <1+O (\/15>)

npu n — 00. WHTEpecHo, 9TO yKe mpu n = 2 rJIaBHAS YACTh ACUMIITOTUKH JIAET
sHadenue 1,919. .., 6iauskoe K 2!.
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17.2. Meroxa cranmonapsoii ¢dassei. Temnepb paccCMOTPUM ACHUMMOTOTHKY WH-
TerpaJjioB BHUIA

b
d(N) = / f ()@ dy (17.3)

npu A — 00, e [a, b] — KoHeuHbI# MpoMeRyTOK, a dyukimn f(x) u S(z) mo-npex-
HeMy OyzneMm cantarh 6eCKOHETHO audOEpeHInPYyeMbIMU U HA3BIBATH COOTBETCTBEH-
HO amMIIUTyA0i u dhaz3oBoit byukiuamu. [IpemgmomokenHne o BemecTBeHHOCTH (hyHK-
mun f () MOXKHO OYEBUIHBIM 00OPA30M 3aMEHUTDH TaK, 4TOOBI OHA TPUHUMAJIA KOM-
[JIEKCHBIE 3HAYCHU S, TPEICTABUB €€ B BU/I€ CYMMBbI BEIIIECTBEHHOM U MHUMOI JaCTEi.
Wurerpan Buga (17.3) B sureparype HasbiBaor unrerpaioMm Pypeoe.

NzBecrnas temva Pumana—JleGera yTBep:K1aeT, 9TO eCJIH HHTErPAT ffooo |f(x)|dx

CXOJIUTCH, TO
e}

/ f(x)edx — 0

— 00

npu A — co. Eciu S(x) MOHOTOHHA, TO MOXKHO 3aMEHOIl [EPEMEHHON MHTErpUpO-
Banus npeobpasosarb uarerpaj ®(\) u Bocnosb3oBaThCs jJgemMoii Pumana—Jlebera.
OzHAKO 3TO He JaeT IPEeJICTaBIeHHs O CKOPOCTH cTpemiieHus K Hyaio P(N\) mpu
A — 0o. Oxka3spBaeTCd, 9TO IVIABHBIA WIEH ACHMITOTHYIECKOIO PA3JIOKEHUS HHTE-
rpana @ypbe Oymer ompenensaTbCsa MOBEICHAEM IIONBIHTErPAILHOIO BHIPAXKEHUS B
OKPECTHOCTH ,, CMAYUOHAPHHZ To4eK hazoBoil pyukuuu S(x), 1. e. peienuil ypas-
weunst S’(z) = 0. IHTYNTWBHO MOHSITHO, YTO B OKPECTHOCTH CTAI[MOHADPHON TOUKM
dazosast byukuus S(z) Oymer He CHIBHO MEHSTHCS, YTO 3aMEIJISIeT OCIUIIISINIO
9KCIIOHEHTHI.

CranponapHasi ToUKa xo OyJeT HA3BIBATHCS Hesbposicdennod, ecam S” (xqg) # 0.

JIEMMA 17.2. ITyemo o € (0,1) u r > 0 durcuposann. Tozda npu A — oo
BLINONHAECTNCA COOMHOUWEHUE

f 1 INa) 1
a—1 _i\z _ iam/2 -
/x e"dx e e + 0 <)\> .

0

JIOKA3BATEJIbCTBO. B KOMIIIEKCHO# MJIOCKOCTHU C pa3pe30M BJIOJIb OTPUTIATEb-
HO# BemecTBerHON mosryocu C \ R_ paccmorpum BeTBb (DyHKIUU zo‘fl, KOTOpad
OPUHHUMAET IIOJIO?KUTE/IbHbIEC 3HAYECHNUA Ha IIOJTO2KUTETHHOM BeHIeCTBeHHOfI IIOJIYOCH.
Iycrs g(2) = 2% Le?. Iyers 0 < e < R. B obmactn Dr. = {z € C: € < |z| <

R,0 < argz < 7/2} nupumenuma reopema Komu st dynxuuu g(z), corsacHo Ko-

TOPOIt
/ g(z)dz = 0.

ODR, .

Ipu stom DR = [g,R] + yr — lig,iR] — e, vr: 2(t) = re®®,0 < t < 7/2. Tlo-
ckonbKy |g(2)] < >~ npu 2z € 4., To uHTErpas 1O Jyre Y. CTPEMUTCH K HYJIIO
npu £ — 0. Wurerpan no jayre yg crpeMurcs K Hysiio npu R — 00 B CHJLy JIeMMbI
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ZKopmana 9.2. CiieoBaTesibHO,

Jin | [ gz [ g@is] =0

€20 e R] lie,iR)]
YTO MPUBOJUT K PABEHCTBY

oo oo

/$a71611d$ _ 61047r/2/ya7167ydy — ezaﬂ'/2l-1(a).
0 0
Hamee,
T o) o)
/xozflez)\zdx _ /xaflez)\mdm_/xaflez)\xdx.
0 0 T

Beoimosnasis B mepBoM WHTErpaJje 3aMeHy MepeMeHHONH WHTEIPUPOBAHUS AT = ¥, MO-

Jydyaem
oo oo

/xa—lei)\xdx _ i/ya—leiydy _ F(a)eiom/g
A% A
0 0

1 OIleHK¥ BTOPOI'O MHTErPAJia BOCIOJIB3YEMCs HHTEIPUPOBAHUEM IO YACTAM

® ) 1 ) eikx
xa—lezz\xdx N xa—lezkxloo _(a_ 1) — dx
A T x27a
T T

N
> =
S
Q
L
+
—

\
L
—

)

b o
)
Q

\

Q
N
> =
N———

Jlemma nmokazaHa ]

TEOPEMA 17.2. ITyemv ¢ynxyuu f(z) w S(x) beckonewno duddepenyupyemo
Hna ompesxe [a,b], dynryus S(x) umeem eJuncMEEHHYIO CMAUUOHAPHYIO MOUKY
zo € (a,b), 6 komopol f(xg) # 0 u S"(x0) > 0. Tozda dan unmeepara (17.3)
BHINONHACTCA COOTNHOUEHUE

b

Dd(\) = /f(x)e“‘s(z)dl‘ — eiw/4ei)\8(zo)f(x0) )\S’2’7(Tm ) +0 (/1\)
0

a
npu A — 00.
HOKABATEJIBLCTBO. Kak u B x0/1€ noka3aresbcTBa Teopembl 17.1 BbIemm OKpecT-
HOCTb TOYKH T, UCHOIb3Ysl MPEJCTABICHIE

S(a) — S(ao) = 38" (o) @ — 0)h(a),

¥ PacCMOTPUM (DYHKITHIO
9(z) = (z —z0)V/I(x).
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B pesysbrare BO3HWKAET OTPE30K [T1, 3], KOTOpHIH dbyHKIms g(2) romeomopdHO
orobpaxkaer Ha orpe3ok [—r, 7], r > 0. IIpu stom g(zg) =0 n ¢'(xp) = 1.
ITpeacrasum unrerpan ®(\) B Buge

Q(A) = P1(A) + P2(A) + P3(N),

rae
b

D(N) = /f(x)ei)\s(r)d,r, Dy(N) = /f(x)eiw(m)dx

T2

By(A) = / F@)eS @ dg,

ITockoNbKY () — eTMHCTBEHHAsT TOYKA Ha [a, b], B KoTopoii S’(x) obparaercs B
HYJIb, TO

min{|S’(z)|: z € [a,ml]U[xg,b]} =pu >0
Ho Torma

x1

|1 (N)| = /f($>eiAS(x)dx - % /g((ﬂi)) %{eusw)}dx

a

!
1

<s||gg=l ]+ / ) (§i5)
<3| [seal+ 56 +/ ’ (F6)]):

re. ®1(A) = O(1/N) mpu A — oo. Amnamorm4no nomydaem, 9to $o(A) = O(1/))
npu A — o0.
Nurerpan ®3(\) npexcraBum B BUIE

x3
(DS()\) — ei)\S(aco)/f(x)ei)\a(g(a;))2dm7
1

rne 0 = 35"(xg) > 0. OGosmaunmm uepes ¢(y) dbynkumio, obparnyo kK g(x) n
BBITIOJIHAM B WHTErpajie 3aMeHy nepeMenHoidl v = o(y). B pesymbrare maTerpas
®3(\) npeobpasyem ciemyoimmM 00pa3zom

Bs(2) = eMS(mO)/ Flo()¢' (y)er7v dy

T T

= 5@ | f(z0) / e dy + / yib(y)e oV dy |

-7 -Tr
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rae y(y) = fle(y)¢' (y) — f(xo). Vcnonp3yss uETErpupPOBAHUE 1O YACTSIM, TIOJIY-

qaeM
/ w z)\a'y dy

< = [ woI+weEni+ / [/ (y)ldy O(D

npu A — oo. Jasee, monaras ¢ = oy?, noaydaem

2

/ez)\ngdy _ 2/61)\ay2dy _ % / t—1/2ez)\tdt.
-7 0 0

W3 pemwmbr 17.2 crienyer Tenepsb, 910

T

) R i /4 1 1
iAoy _ € - -
/e dy ;AF<2)+O(A)

-r

npu A — oo. Ho Torma

B = Sl e [T o (1)

opu A — 00. DTO ¢ y4eTOM IIOJyYEHHBIX BbIIIE Pe3yJbTATOB M PABEHCTBA 0 =
15" (x0) UPUBOAUT K YTBEPIK/IEHUIO [10KA3bIBAEMOI TeOPeMbL. O

3AMEYAHUE 17.2. Eciau B ycioBusx Teopembl 17.2 mepasencrso S”(xg) > 0
3aMeHuTb Ha HepaseHcTBO S” () < 0, TO 3aKJ/I0OYEHHE TEOPEMbI IIOMEHIETCS Ha
creytonee

2

. . 1
_ —im/4 iAS(zo) -
DN\ = e f(zo)e 357 (z0) +0 ()\) .

npu A — o0.

Heiicreurensro, mis dhas3ooit dyskmu —S () Gy/IyT BHITOIHEHBI BCE YCIOBHUS
Teopembl. [IpumveneHne TeopemMbl K 3TOMY CIy9ai0 MPUBOJAUT K COOTHOIIEHUIO

2m 1
f + O N .
—AS"(x0) A
Ilepexos B TOM paBeHCTBE K KOMILJIEKCHOMY COLPSZKEHUIO [IPUBOIUT K [IPUBEJICH-
HOMY BbILIE COOTHOLLIEHUIO.
Acumnroruka Ai(x) mpu x — —oo. Meton craruoHapHOil (a3bl MO3BOJISET

Haiitu acumnroTuky dyaknuu Jitpu (17.1) npu z — —oco. B srom ciayuae u = —x
MOYKHO PacCMaTpHBATh Kak G0bmoil mapamerp. [Ipn sTom

W _ ei‘n’/4f(x0)e—i)\5(xo)

ei(t3/3—ut)dt.
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[lockonbKy w > 0, 3aMena mepemenuoii ¢ = u'/27 npeobpasyer UHTErpas K BH
)

12
Ai(—u) = S [ @y,

— 00

3/2

O603nauuM A = u°/“ U paccMOTPUM HHTETrPaJI

12 7
B(\) = “27 / erS@ gy,

—00

rae S(z) = 23 /3 — x. ®azosas bynkmma S(x) = x3/3 —x umeeT JBe cTanHOHApPHBIE
TOYKH T = %1, B KOTOPBIX
2 1 2 1
S(1) = —3 S"(1) =2, S(-1)==, S'(-1) = -2

O6e cranuoHapHbIE TOYKU ABJSIIOTCA HEBBIPOXKIAEHHbIMU. Jljis MOJIyYeHUus: acuMII-
roruku P(A) mpu A — 00 pazobbeM MPOMEKYTOK MHTErPUPOBaHUs (—00,00) Ha
uHTepBaBL (—00, —2), (—2,0), (0,2), (2,00). Torga ans ®(A) nomyunm npecras-
JIeHTe

—2

2
(I)()\) _ /ei/\S(z)dx+/ IAS( z)dx+/6zAS x)dx+/ i)\S(m)dl,
0

—o00 —2

oo

= &1 (A) + Pa(A) + P3(\) + Pu(AN).

Acumuroruyeckue cpoiicrsa unrerpaioB Pq(A) u ®4(\) noayyarorcs ¢ ucnosab3o-

BaHMEM HHTErpUpOBaHu#A 10 dactam. Ilockombky S’(r) = 2% — 1, T0
—2
) 1 iAS(z)
P1(A) = / PS5y = — | 2

s —2
42 xezAS(z) J
x| 2?2 —1|_ (xz—l)zx ’

— 00 — 00

orkyaa caeayer, aro $1(A) = O(1/\) mpu A — co. Anasorngro nosydaem Py(A) =
O(1/X) mpu A — oo.
Hasee, w3 Teopembr 17.2 ciemyer, 9T0

— 17\'/4 —i27/3

Anasiorngano u3 3amedanus 17.2 norydaem

, , 1
CI)Q()\) _ e—lﬂ/4612)\/3\/§+0()\>.

TaxkuM 06pa30M, MIABHBIH YIeH acCUMITOTHKY WHTerpaia $(\) onpenessiercst nHTe-
rpanaMn Po(N), P3(N) u

o0 = 000 00 =2 fFeos (2-) w0 (3)



138 B.B. I'OPSIIIHOB, E.C. IIOJIOBUHKWH

mpu A — oco. Bosspamasics k dyukimn itpu, morydaem

1/2
Ai(—u) = u—@(ug/Q) = 7727 cos (§u3/2 - Z) +0 (1>
u

21

Ipu U — 0O.

17.3. Meroz nepesBasia. Mero nepesaJjia (UM MeTOJ, HAUCKOPEHIIEro cyc-
Ka) MOXKHO pacCMaTpUBATh KaK KOMILIEKCHBIH BapuanT Meroza Jlamiaca. ror
METOJ, CBS3aH C M3YYEHUEM ACUMIITOTHKH MIPA A — OO WHTETrPAJIOB BHUIA

() = / F(O)5O e, (17.4)

rae f(¢) u S(¢)— ronomopdubie byHKIMU, & Y — HEKOTOPBIA KOHTYD B 00JAaCTH
KOMILJIEKCHOH ILJIOCKOCTH.

OcCHOBHAS BJess METOJIA 3aK/II0YAETC B UCIIOJIb30BAHUU TOJOMOP(HOCTH MO/ IbIH-
TErpaJbHOrO BbIPAXKEHUs /1 NPeodpa30BaHusi KOHTYPA <y B HOBBIA KOHTYD ¥, Ha
koropoMm (azosasa pyrkmms S(¢) IMeeT MOCTOAHHYI0 MHUMYIO 9acTh, T.e. ImS(¢) =
vo tipu ¢ € v*. Ho rorma unrerpan (17.4) MoxkHO OyJer 3amucath B BUIE

() = e / FORS g,
J

T.e. Ha " uarerpai I(A) ¢ TOYHOCTHIO JO MHOXKUTEJIS IPEBPAILACTCH B MHTErPaJ
Jlamnaca. 37ech CHOBa BaXKHYIO POJIb MIPAIOT KpUTHYecKue TOYKu. Kak u BbI-
e, ToJ, Kpumuueckol moukod OyieM TOHMMAaTh KOopeHb ypapuenus S'(z) = 0 u
KPUTHYECKYIO TOUKY 2o OyJeM Ha3bIBaTh Heguposcdennot, ecnn S (zg) # 0.

Paccmorpum noseerve dbazosoit pyukmu S(z) B OKPECTHOCTH HEBBIPOXK JEHHOM
KPUTUYECKOI TOUKH 2. [lockombKy S’(29) = 0 u S”(20) # 0, TO TOYKa 2o ABAAETCS
HyJieM BTOporo mopsinka mist dbyakuun S(z) — S(zp) u

S(2) = S(z0) = (2 = 20)*h(2),

riae h(z) —romomopdrast dbyHKuus B Toit ke obmactu, uro u S(z). Ilpm sTOM
h(z0) = $5”(20) # 0 n ycnosue h(z) # 0 Gyzer COXpaHATHCA B HEKOTOPOH OKPECT-
vocru O,(zg), r > 0. B cuny ciencrsus 10.2 (0 BblAeIeHUN DEry/SpPHON BETBU JIO-
rapudMa B OTHOCBS3HON OOTACTH) B 3TOH OKPECTHOCTH MOYKHO BBIJIEJATH PETYIIAp-
HyI0 BeTBb 1)(2z) KopH# /h(2). Onpeaernnm B O, (zo) dyurmio g(z) = (2 — 20)Y(2).

Torna B O, (zp) uMeer MeCTO paBEeHCTBO

S(z) = S(z0) = (9(2))*.

Ipu srom ¢'(z0) = ¥(20) # 0 u 1o Teopeme 11.4 0 JIOKAIBHOI CTPYKTYpE OTOOpazKe-
Hus Hafinercsa okpecTHOCTh O,(0), B KOTOPO OIpemeseHa i OJHONUCTHA 0OpaTHas
dbynxmusa p(z) = g~ 1(¢). Ho rorma
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3 paBencTsa Bbillle BUIHO, 9TO

V(e() = Im¢* = 261

obparraercst B HyJib B Kpyre |¢| < ¢ Ha BeIeCTBEHHOM W MHUMOM JHiamerpax. Ilpu
roM byHKIHS

Ue(Q) = & -0

mJocturaer B Touke ( = 0 MUHMMyMa, Ha BEMIECTBEHHOM JUAMETDE W MAKCHMYyMa, Ha
MHHUMOM JTHAMETDE.

Takum obpazom, kpusas v*: z(t) = ¢(it), —o < t < 9, IPOXOAUT YEPE3 TOUKY
20 = 2(0) u yaoBJIeTBOPSIET YCIOBUAM:

(i) ImS(z) saBasgercsa nocrogHHON Ha Y*;

(ii) ReS(z) mocTuraer MmakcmMyMa Ha Y* B KPUTHUYECKOH TOUKE Zg.

3ameTnM TakKe, 94TO 2 SABJISAETCH ,,cedno6ol’ Toukoit mius dbyrkuun U(z) Ipn
9TOM, BBIXOJS W3 TOYKH 2o BIOJL KPHUBOH ~*, MBI MMeeM HamWCKOpeiimee yObiBa-
mne gynxmm U(z). Ilocnennee obbacusercs tem, uro rpaauent VU = Uy + iU,
dbyuknun U nampasieH Broab Kpusoit v*. JleiicTBUTENBHO,

2'(t) - VU = |Z'(t)] - [VU|(cos @ + isinh),

rae @ —yron mexay z'(t) w VU. C mpyroit CTOPOHBI, C MCMOJIB30BAHUEM YCJIOBHI
Kommm— Pumana n paBencrsa V(z(t)) = 0, —o < t < p, nonydaem

Im{z/(t)VU} = Im{(2'(t) — i/ (t))(U, +iU,)}
= U, -2'(t) - U, -y (1)
= —[Vi-2d'()+V, (1)

= —%V(z(t)) = 0.
Caenoaresnbho, sinf) = 0, . e. z/(t) u VU nanpasiienbl BJIOIb 0AHON npsimoii. B
CBSI3U C 9TUM METOJ, IEPEBAIA HA3BIBAIOT TAKIKE MEMOIOM HAUCKOPETUWELO CNYCKa
Wl Memodom ,,cednosot* mouku.
Kak u B ciygae mnarerpanos Jlannaca n @yphe MeTOI IepeBajia MOKHO CBECTH
K TIpoCTOii hopmyie.

TEOPEMA 17.3. ITyecmv dynxuyuu f(z) u S(z) 2osomopdro. 6 obaacmu D C
C, enadxan wpusas v: z = z(t), —r < t < r, pacnoaoscena 6 D u nporodum
wepe3 Heswposicdennyro kpumuseckyro mouky zo = z(0), 6 xomopot f(z9) # 0.
Jonyemum maxorce, umo ImS(z(t)) = ImS(z0) u maxcumym ReS(z(t)) na [—r, 7]
docmuzaemcesa 6 eduncmeennot mouxe t = 0. Tozda dasa unmezpana (17.4) umeem
MECTNO COOMHOWEHUE

2T

70\ id AS(20) 0 e?s(z0)
( ) =€ f(ZO)e )\|S”(Z0)| + ( By )

npu A — 00, 2de ¢ = arg 2’(0).
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JIOKABATEJILCTBO. B cumy caesaHHbIX TpeanonoKenuii pyHKIus
S(t) = S(2(t)) — S(2)

oTpe/ie/ieHa ¥ TIPUHUMAET BeIeCTBeHHbIe 3HaueHus Ha mpoMekyTke [—r,r]. Ilpu
stom S(0) = S’(0) =0, S”(0) # 0. TlosroMy K HHTErpaIy
r
I(A) = ¥t / F0)M ()t
r
npuMeHnMa Teopema 17.1, cormacHo KOTopoit

/f(z(t))e/\g((t)z'(t)dt = f(20)2'(0) 2 +0 (/1\)

npu A — oo. Ilonaras B paBencTse

§"(t) = S"(z(1))(='(£)* + S'(=(¢))=" (1)

smasenne ¢ = 0, noxygaem |S”(0)] = |S”(z)| - |2/(0)|2, orxyna caeayer, aro
Z/(O) AS 2T 6/\5(’20)
I = (=) [ =" _ 10 :
O R P YE e I
Teopema mokazama. O

3AMEYAHUE 17.3. Muoxurems ' B acuMITOTHIeCKO#H hopMyTe TeopeMsr 17.3
MOXKHO TIPEJICTABAThH B TepMuHAX (Pa30BOi DYyHKITUN:

T 1 .
¢ = — — —argS"(20).

JleficTBUTENIBHO, KaK CJIEIYeT U3 paccyXiaeHuil mepeln (popMyJupoBKOH Teope-
Mbl 17.3, B OKPECTHOCTH HEBBIPOXKIEHHON KPUTHYECKOH TOYKU Zzg (C TOYHOCTHIO

JI0 OpPHMEHTAINK) MapaMeTPU3AIMIo KPUBOHl MOXKHO 3amucarh B Buje z(t) = ¢(it),
—0 <t < p, rue 2(0) = zp — KpuTHUECKAA TOUKA, U

S(e(¢)) = S(z0) = ¢,
I¢| < o. CnenmoBarenbho, 2/ (0) = iy’ (0). C npyroit cTOpOHBI, TIOIAarast B PaBEHCTBE

S" (@) (€))* + S ((O))e"(¢) = 2

¢ =0, momyuaem (¢'(0))? = 2/5"(29). Orciona caemyer, aTo

1
arg ¢’ (0) = *55’(20),

U B pe3yJsbTare

1
arg 2’ (0) = g— §arg8”(z0).



JIEKIIUN IO TOKII 141

17.4. YpaBHeHHe Diipu B KOMILIEKCHOI IJIocKocTu. Paccmorpum Tenepb
ypaBHeHHE DWpPU B KOMILIEKCHOM MJIOCKOCTH

w” = zw, (17.5)

[JI€ 2 U W SBJILIOTCH KOMILIEKCHBIME IIepeMeHHbIMU. Ecin 3aduKcupoBaTh Ha4aib-
uble yeaorus w(0) u w'(0), To METONOM HeompeneNeHHbIX K03(hMHUIMEHTOB MOKHO
HajiTn pasznoxenne Teitnopa nus GyHKIMK w(z), KOTOPOE MPEICTABISET cOBOil cTe-
TTEHHON PsJ, CXOAAIMMICA BO BCeHl KOMILJIEKCHON IIJIOCKOCTH. TO O3HAYAET, UTO
pererne w(z) ypaBHenust (17.5) siBnstercs nesoii dbynkumeil. OxHako pasioxe-
ane Teitmopa mI0Xo NPUCIOCOOIEHO K M3y IeHHIO aCUMITOTHIECKUX CBOMCTB (PyHK-
uu. VHTerpanbHble MpecTaBIeHns] PEIeHnil ypaBHEHHsT MOKHO MOy 9UTh METO-
J10M 060b1eHHOrO TpeoOpa3oBanns Jlamsaca.
Bynem uckarb pemenune w(z) ypasaenus (17.5) B Buze

w(z) = /F(Qe*%dg, (17.6)

T

rae kouTyp I' u pyukmua F' moamexxar onpenenennio. IogCTaBasasa 3TO BLIPAKEHAE
B ypastenue diipu (17.5), NpUXOAUM K DABEHCTBY

JIGEEG

T

IIpeobpasyem Temepp mOCJIETHEE PABEHCTBO TAK, YTOOBI IEPEMEHHAs Z OCTABAIACH
TOJHKO B Mokazaresie cremern. [Tockoabky

d
(e %C) — 26
@ (e™%%) ze

TO UHTETrPUPOBAHUE TI0 JaCTAM TIPUBOJIUT K PABECHCTBY

—Z/F(C)e‘ZCdC = [F(Qe™], —/F’(c)e—ZCdg,

T r

rae [-]r o3HauaeT BBHIYMCIIEHHME B KOHIEBLIX TOukax koHrypa . C yuerom sToro
pasencrBa dyukius (17.6) aBisercs penienuem ypaBHeHus DU, €CJlU BbIIOJIHEHO
COOTHOIIIEHTE

/@mmfwmw%@+W@fﬂF:&

T

Cwmbica meTojia cocrout B Boibope kKouTypa I 1 dpysknuu F tak, 4robbl 0ba ciia-
raeMBIX B TIOCTIeTHEM PaBeHCTBe 0GpaTUIuCh B Hyibh. ¥Ypasuenue F'(() = (2F(()
umeer pemenne F(C) = ceS’/3. Takum obpasom, ecau [F(¢)e=*]r = 0, T0 B Kade-
cTBe pertiennst ypapHeHust ifpu (17.5) MOXKHO B3STh

1
Ai(z) = e3¢, (17.7)
r
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Dynkuns G(¢) = e~ #+C*/3 gpasmerca 1EJION W CTPEMUTCS K HYJI0 pu ( — 00 B
CEeKTOpax

Alz{CG(C:%<arg<<g}, Agz{CGC:i;r<argC<7g},

AS:{CEC: —g<argC<—%}.

DTu cekrTopbl BBLIeAAIoTCA yeaosuem Re(® < 0. Ecaum B xadectse I' BLIOpaTh 3a-
MKHYTYI0 KpuByio, T0 [F({)e™*¢|r obpatutca B nymas. Omgaako mpu stoM u (17.7)
06paTuTCst B HyJIb, YTO JACT TpuBUasbHoe pemenue w(z) = 0.

B nanbueiimem nox kourypom I' B hopmyiie (17.7) Gyaem noHUMAaTh KyCOYHO-T/Ia~
JKYI0 KPHBYIO, KOTOPasi BBIXOJAT M3 OECKOHEYHOCTH B CEKTOpe Az W yXOIWT HA
6eckoneqHOCTh B cekTope Aj. Ilpm 3TOM BepxHsAsS €€ 9acTh ACHMITOTHYECKHU NPHU-
Gmmkaerca K ayay arg( = 0', /6 < 6’ < 7/2, a HIKHASA IACTH ACHMIITOTUIECKH
npubnuxkaerca kK ayay arg( = 0", —m/2 < §” < —7w/6. B arom cayuae uaTerpasn
B (17.7) OGBICTPO CXOAWTCS W TIPEICTABISAET COOOI METYI0 (DYHKINIO. DTa (DYHK-
[Us ABJIAETCA peIeHueM ypashenus Jiipu (17.5). Muoxkurenb nepes WHTErpa-
jiom B (17.7) BbIOpaH Tak, 9TOOBI TIPU BEINECTBEHHBIX 2 WHTErPAIbHOE MPECTaBIIe-
aue (17.7) npusoamio k ucxonuoii dyukimu itpu (17.1). g qoka3aTenbCTBa 3To-
ro JOCTaTOYHO NpoBepuTh, uTo Ai(x) npu x > 0, Boruuciaennas 1o dopmyne (17.7)
cosnagaer ¢ Ai(z) u3 (17.1).

IIycts & > 0 dpurcupoBano u ' — KOHTYp Takoil, Kak OMUCAHO BhImte. Ecin ny —
JIyTa OKPY?KHOCTH pajnyca R, pacmosoxenHas B cektope Aq, T.e. 7?%_: ((t) = Re®,
/6 <t < w2, To

/eﬂ<+<3/3dg -0

7

npu R — 00. DTO JIErKO yCTAHABIUBAETCH PACCYKICHUSIMU, AHAJOTHIHBIMHA TEM,
KOTOPBIE UCIOJIb30BAJINCH MIPU TOKA3ATEIbCTBE ieMMbl 2Kopgana. 3aMeTnm BHAYA-
Jie, 9To

/2
: 1
/e*wCJr@/SdC <R / exp{—chost+ gRs cos3t} dt
g w/6
/2

1R3 cos
< R/63R CObStdt.

w/6
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BeimonHssi B MoceHeM WHTerpase 3aMeHy nepemenHoit = 3(t — 7/6), monyvaem

/2 T
R/C%Rscos?)tdt _ ?/eféRgsineda
/6 0
/2
_ ? e—ERSmede
0
/2
2R _ 2R3y T
S 5 e 3l < g — 0

upu R — 00. AHAJIOrUYHO YyCTAHABJIMBAETCH, 4TO

/e—zC+CS/3dC >0

Tr

npu R — 00, rze 7y — Jlyra OKpy?KHOCTH pajuyca R, pacrooKeHHasd B CEKTOpe
Ajz. /TokazaHHbBIE TPEIETbHBIE COOTHOIIEHUS W CTAHJAPTHOE MPUMEHEHNE TEOPEMBI
Ko nokaseisator, uro npu Bbraucaenuun Ai(z), x > 0, B paBencrse (17.7) B Ka-
gectBe I' MOXKHO B3sATHh MHUMYIO OChb. IIpu srom momydaem ( = it, —oo < t < 00,

u
Ai(z) = o [ emitat+/mgy = L / el gy
2m 2m )
—00 —0o0

Takum obpasom, pasercrso (17.7) gaer anaguTHyYecKoe MpopoJiKeHue PyHKIUK
Diipy BO BCIO KOMILIEKCHYTO ILJIOCKOCTb.

Ucnomnb3ysa npeacrasienue (17.7) dyukuuu Ditpu, paccMOTpUM BOIIPOC €6 aCHMIT-
TOTHYECKOTO TIOBEJICHUS TIPU & — OO. BBIMOJHUM B MHTErpaJie 3aMeHy MepeMeHHOM
¢ = x'/?w. TIpu srom KouTYp I', HA KOTOPOM MEHSIETCs IepeMeHHAsI HHTErPHPOBa-
HUSI W, TAKKe BBIXOIUT U3 HECKOHEYHOCTH B CeKTOpe A3 U yXOIUT HA GECKOHETHOCTD
B cektope Aj. Termepb uHTErpas NIPpUHUMAELT BUJL

2mi
T

1/2
Ai(z) = L/e’\s(“’)dw,

e A = 2%/2 n S(w) = %w?’ — w. Kpurnyueckne TOUKH OMPEIETAIOTCS W3 ypaB-
nenus S'(w) = w? — 1 = 0. Takum 06pa3oM, MbI UMeeM J[Be KPUTUUECKUE TOUKHU
w = +1, B xoropbix S”(1) =2 u S”(—1) = —2, . e. 06e KPUTHIECKHUE TOUYKH SBJIIS-
10Tcst HeBbIpoxkAeHHbiMu. [Ipu sTrom S(1) = —2/3, S(—1) = 2/3. Nurepecyomue
HAC KOHTYPBI, TIPOXOJSINNE 9€pe3 9T TOYKH, OyJIyT ONPENeNAThCA W3 ypaBHEHUS
ImS(w) = 0. Ecmu w = u + v, T0

1 1
S(w) = u<3u2—02—1)+iv(u2—3v2—1>7
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OTKY/Ia BUIHO, 9TO KPUBBIE C HYJIEBOH MHUMOIi yacThio pyHKImN S(w) B w-TIOCKOCTH
ompesenstoTcs ypasreruavu v = 0 mwim v? = 3(u? — 1). Ypasuenmne v = 0 omnpe-

JleJisieT BEIeCTBeHHYIO OCh, Ha KOTOPOM PACIOIOXKEeHbI 006 KPUTUYIECKUe TOYKH, HO

OHA He fABJIseTCd JOmycTuMOl B uurerpaie (17.7). Kpome Toro, Ha 310il junuu B

KPUTUYECKOIl Touke w = 1 BemecrBennas yactb ReS(u) umeer nOKaIbHBIT MUHU-

MyM.

Boibepem B Kadectse I' Berb rumepGomsr v = 3(u? — 1), KoTopas TPOXOIUT
yepe3 KPUTUIECKYI0 TOYKYy w = 1. 3amerum, 9T0 BepXHss 4dacTh rumepbosbr I
ACHMIITOTUYECKH NPUOINKAETC K JIydy argw = /3, a HUKHAS 9aCTh ACUMIITOTH-
YeCKM TMPHOIMIKAETCS K Jydy argw = —n/3, T.e. I' siBasteTcst qomycTnmoit Kpugoit
B (17.7). IIpu sTom BemecTBerHas 9acTb pyuknun S(w)— S(1) Ha kpusoit I' nmeer
BUJT

Re{S(w) — S(1)} = —gqﬁ +out ;

Ilockonbky Ha ' BbIOSHSIETCST HEPABEHCTBO U > 1, TO BEIIECTBEHHAS YaCTh
Re{S(w) — S(1)} wa T gocturaer abcomoTHOro MakcuMyma B Touke w = 1. Ta-
KM 00pa30M, BBIMOJIHEHBI BCE YCIOBUS TeOpeMbl 17.3 u

—2)
/e)‘s(w)dw = iegA\/?+O %

r
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npu A — 0o. 3xech ¥ = 4, HOCKOIbKY KacareibHas K Kpusoil I' B Touke w = 1
HAMpPAaBJIEHA BIOJIh MHMMON ocu. B pesymbrare, BO3BpAIAsiCh K MEPEMEHHON T,

MOJIy 9a€eM
Aile) = gx e Ve B (14 0 ?)
opu & — 00. YUUTbIBas TakxkKe acuMnToTuky Ai(x) npu x — —00, MOJIyYeHHYIO

paHee, IPUXOIMM K CJIEAYIOIIEMY PE3YJIbTATY.
TEOPEMA 17.4. Jlas ¢dynrxyuu Dipu (17.1) umerom mecmo caedyrousue coom-

HOWEHUA

Ai(z) ~ 72274 cos (§|z|3/2 - D
npu r — —0o0,
Ai(x) ~ %w‘l/zx_l/‘le_%ms/z
npu x — 00.

17.5. dBaenme Crokca. 3amernm Temneph, 9To KpwsBas L', KoTopas Oblaa Mc-
MOJIb30BAHA MIPH TIOJYYeHUH aCUMITTOTHYECKOTO mpejcTaBienus Ai(x) mpn x — oo,
UMEEeT B Ka4eCTBE ACUMIITOT JIy4Yd, KOTOPBIE JEJSAT CeKTOpbl A; m Az momosam.
CiriesoBaTenbHO, 3aMena mepeMennoit ¢ = wz'/? B unrerpasne (17.7) mpu ycaosum

larg 2| < = -3,

3
rje § > 0 u mayo, npeobpasyer kpusyto [' B gonycrumyio Kpusyio. Ilpu arom
1/2 ~
z
Ai(z) = =— [ M Waw
(=5 ,
r

rie A = |23/2, a S(w) = e39/25(w), z = |z|e?. JIna S(w) kpurnueckue TouKn TE
ke, uro u s S(w). Tosromy ¢ yaerom Toro, 4to ¢ = /2 — 30 /4, nonyuaem

Ai(z) ~ L 143

npu z — 00 B ceKTope | arg z| < /3 — 4.

Sanuiiem TakKe B TEPMUHAX KOMTLIEKCHO TTePeMeHHONH aCHMITOTHIeCKYIo (hop-
Mysy 3 TeopeMbl 17.4 nmpu x — —oo. Ha oTpunarenbHOit BemmecTBeHHON MTOTyoCcH
z=|z|e"™, i|z]3/2 = —23/%

2 1 . )
cos <3|Z|3/2 - Z) ) (e_m/‘le_%zg/2 + e”r/‘le%ZS/z) .

CiietoBaTeIbHO,

NIPA 2 — OO BJOJIb OTPUIIATEJIBHOI BEIIECTBEHHON MOIyOCH.

Takum obpazom, dyukuus Ai(z) umeer pasaudHble aCUMITOTUYECKUE TPUOJIU-
KEHUs IPYU z — 00 B PA3JIMYHBIX CEKTOPAX KOMILIEKCHOHN MIockocTu. B nmrepary-
pe 31oT 3pdEKT CBA3BIBAIOT C TAK HA3BIBAEMbIM AsieHuem Cmoxca. ITO sBICHUE
MO2KHO MPOUJIIIIOCTPUPOBATH HA IIPOCTOM IIPUMEDE.
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Paccmorpum ypasHenue w' = v2w, rae v > 0. OHO IMeeT 1Ba IHHEHHO He3aBH-
cuMbIx perierus e”’? u e”#. C apyroii cropomnsl, pemenue ch(vz) npu Gonbumx |z|
MOYKHO 3aMEHUTh IPUO/IMKCHHBIME BBIPAXKCHUAMMU:

1
ch(vz) ~ 56”'2 opu  z — 00, —g <argz < g,
! 1 3
ch(vz) ~ 56_”2 opu 2z — 00, g <argz < ?ﬂ

Ipu arg z = +7/2 Hu 0uHO U3 druUx UPUOIUKEHUI HE SBJIETCH KOPPEKTHBIM.

Curyanns B ciayuae bynkunn Ai(z) yeIoKHSIETCs €llle TeM, 4TO0 ACHMIITOTHYE-
CKUe PEIIeHuUs]

Up(z) = PRRaS S u U_(z) = P L

ypaBHeHus Jiipu, KOTOPBIE [IAeT, HAPUMED, U3BECTHBIN B ureparype BKB-meron,
OPECTABIAIOT cO00ii MHOrO3HAYHBbIE (DYHKIUKM C TOYKOW BETBJIEHUS B HAYaJe KO-
opaunar. C apyroii cropoubi, TouHoe perienue Ai(z) aBisgercd neaoil GyHKIm-
eii. ITosromy, eciiu mMbl OBoiizeM BOKpYr Hadajga KoopauHar, To Ai(z) Bepuercs K
[EPBOHAYAIBHOMY 3HAYEHHIO, YTO He mpousoitner ¢ Bersamu Uy (z) u U_(z). Cre-
JIOBATEIbHO, HUKAKas JUHEfHAas KOMOMHAIMsA 3TuX (PyHKIUIA HE MOXKET CJIy>KHUTb
anpokcumanueii Ai(z) upu z — 0o cpa3dy BO Beex HanpassieHusx. Koadduuumen-
ThI JINHEHHONW KOMOUHAIINY JTOJIZKHBI 3aBUCETH OT CEKTOPA KOMILIEKCHOMN TJIOCKOCTH,
9TO MOATBEPIKIAIOT TI0JIyYEHHBIE BBINIE PE3Y/IbTATHI.

B namem ciaygae ogna uz dyunkiwmii Uy, U_ MaKCUMaJIbHO JOMUHUDYET HAJ IPY-
roit ma aunuaz Crmokca, KOTOpBIE ompeensiorcs ypasuennem Imz3/2 = 0. Dro
ypPaBHeHHue ompejessier Tpu jyda argz = 0 u argz = +27/3. Ha ayuax argz =
+7/3 u OTpUIATENTbHOI BEIIECTBEHHON HOIyOCH nMeeT MecTo paseHcTBo |Ut(z)| =
|U_(z)|. Oru mydn HA3BIBAIOT GHMUCTNOKCOBHLMU AUHUAMU.

To, uro ko3pdunuentot upu Uy (z) u U_(z) B aCUMITOTUYECKOM LIPE/CTABIEHUN
dyHKIWE JiTpU NOJKHBL 3aBUCETH OT 001acTH, Biepsbie 0bHapykui Croke B 1857 .
O TakKe yTBEpKIAJ, 9TO u3MeHeHNe KO3 DUIUEHTOR TOJKHO TPOUCXOIUTH TaM,
rae onna u3 byukumit Uy (z),U_(z) MakcHMaJbHO JTOMWHUDYET HaJ APYToOi, T.e.
na juangx Crokca. l3menenne K03(DDUIMEHTOB TPOSBIISIETCS BHE3AMHO TOJBKO
TOr/Ia, KOrJa Mbl OPUOIMIKAEMCs K aHTUCTOKCOBbIM JmuusaM, riae Uy (z) u U_(z)
,COATTAHCHPOBAHBI, TIOCKOJIBKY Ha 9Tnx JunusAX |Ut(2)| = |U—_(2)|.

Cremyer OTMETUTDH TaKKe, 9TO B HACTOSAIIEE BPEMsS B JUTEPATYPE CyIIECTBYET
[yTAHUIA B TEPMUHOJOTAU. B HEKOTOPBIX HCTOYHUKAX MEHSIOT MECTAMH MOHSITHUS
yAaunuy Cmokca“u ,,aHmucmorcosnle AuHUY.
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