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§ 1. CayuaiiHblii 5KciepuMeHT u akcuomatuka KoJsimoropoBa

IlounsaTusa CHy‘IaﬁHOCTb 1 BEPOATHOCTH €CTECTBEHHO BO3HUKAIOT B HOBCG,HHGBHOI‘/JI
Ku3uu. Mbl ¢ HUMEI CTAJIKUBAEMCA, KOTJa UTPaeM B a3apTHHIEC UTDBI, y9aCTByEeM B
PO3BITPHINIE JIOTEPEN NUJIN TIOKYTIaeM aKIIWN. HpI/I 9TOM HaM IPUXOJUTCA OIEHHUBATDH
BEPOATHOCTH HACTYTLJIEHUA TE€X WUJIA WHBIX COOBITHIA.

@ B. B. T'opsaiinoB, 2025
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Teopust BEpOATHOCTEH NMPEACTABISIET MATEMATUIECKUE MOJIEIH, KOTOPbIE OTpa-
2KaloT CBOiicTBa Ciydaiinbix sapienuii. Kak u B i1000ii apyroit reopuu (Haupumep,
KJIACCUYECKONH MEXaHWKe, TE€OMETPUU U JP.), OCHOBHBIE TIOHSATHUS TEOPUH BEPOATHO-
cTeil OTPaykaloT HEKOTOPBIE CBOWCTBA PEATbHOTO MUPA, HO SIBIISIOTCS HA€ATbHBIMA
obbekTamu. MbI OymeM MCXOIUTH U3 TMOHATHS CJIYYANHOTO SKCIEPUMEHTA, PEe3Yilb-
TaT KOTOPOI'O HEJb3sI 3apaHee IPe/ICKa3aTh, HO caM IKCIEPUMEHT MOYKHO ITPOBECTH
B OJHHUX M TEX K€ YCJOBHUIX JTI000€ KOMMIecTBO pa3. [IpumMepsl: moadpachiBAHNE MO-
HETBI, TTOA0PACHIBAHIE UIPATBHON KOCTH. B pe3ynbrare S5KCIepUMEHTa Mbl MOYKEM
HADJIIOJIATH Te WU WHbIE COObITHsI, KOTOpbIe Oyaem obo3nadars A, B,C,. ... Eciu
[POBOJIUTH KCIEPUMEHT B OIMHAKOBBIX YCJOBHAX OOJIBIIOE KOJUYECTBO 1 Pa3, TO
qacrora ng/n ( na —aucao nossiaernsa A) cobbitust A Oyer cTpeMUThCs K HEKOTO-
poit BeIuYnHE. DTO TO3BOJISET MPEINONOKNATE, 9T0 COObITHE A 00/1a1aeT HEKOTO-
POil CKPBITOM XapaKTEPUCTUKON, KOTOPYIO HA3BIBAIOT BEPOSTHOCTHIO U 0O03HATAIOT
P(A).

YT00ObI TOCTPOUTH MATEMATHYECKYIO MOJIEb KOHKPETHOI'O CJIyYaifHOrO IKCIIEePH-
MEHTa, HYXKHO TPONTH TPHU dTala: ONPEIENUTh MPOCTPAHCTBO 3JEMEHTAPHBIX CO-
ObiTuil (), BbLAEAUTH B HEM Kijacc F# cobbiruil (mogmuoxkecrs (1), oupeienurb Ha
BBIJICJIEHHOM KJIacce MOAMHOXKECTB BepoaTHOCTh P(A), A € 7.

1.1. IIpocTpaHCTBO 3JIeMEHTAapHBIX coObITHMI. B pe3synbrare mposeaeHns
CIIy9aiiHOIO SKCIEPUMEHTA MOYXKET HADJIIOATHCs TOJBKO OJHO JEMEHTAPHOE COObI-
tue (ucxom). COBOKYNMHOCTH BCEX BO3MOMKHDBIX 3JIEMEHTAPHBIX COOLITHH 0Opasyer
MHOKeCTBO ), KOTOpOe HA3BIBAIOT NPOCMPAHCINEOM INEMEHMAPHHLT COOBMUT. Die-
MEHTBI 3TOrO MHOXKECTBA (anemenmnaphvie cobvimus) 06o3uadaT w. OBGBIYHO HAC
MHTEpecyeT He TO, KaKOe MMEHHO 3JieMeHTapHoe cobbiThHe w € () Mpom30iijeT, a
MOSIBJIEHIE HEKOTOPOTrO moaMHOXKecTBa A C (), KoTOpoe Mbl OyIeM Ha3bIBATH CO-
ovimuem. Ecnu uexon w npunagmexur A, T.e. w € A, TO rOBOPAT, YTO COOBITHE
A npowusormniio, ecid ke w ¢ A, 70 cobbitie A B 3TOM CIydYailHOM SKCIIEPUMEHTE
He npor30nLI0. TeopeTHKO-MHOKECTBEHHBIE OMEPAIMA U OTHOIICHUS COOTBETCTBY-
10T JIOPHYECKUM onepanusaM Haj, coobitusvu. Eciu A C B, 10 310 03HaYaer, 410
HACTyTJIeHne coObITust A BjedeT HacTyrmienune cobbituss B, T.e. u3 A caexyer B.
Cobritue A = Q\ A masviaercst orpunanuem coobrrus A. O6weaunennio A U B
COOTBETCTBYET COOBITHE, KOTOPOE MPOMCXOIUT B CJIyYae, KOTa Mpou3onuio A wim
B. Tlepeceuenuto ANB = AB cooTBeTCTBYET COOBITHE, KOTOPOE TIPOUCXOIUT JIUIITH
B CJIy9ae, KOrJa MPOUCXOIIT ONHOBpeMeHHO U A u B. AHaJIOru9HbBI CMBIC]T UMEIOT
o0beMHEeHne ¥ niepecedenue Jrooro ucia cobbituii (noamuoxkects §2). PasHocrsb
A\ B = AB osmauaer cobbiTHe, KOraa A MpOH30IILI0, HO B B 9TOM 9KCHEPHMEHTe
ue npowusorio. CaMo MPOCTPAHCTBO JIEMEHTAPHBIX COObITHI () TakkKe paccMmar-
puBaercs Kak cobbirue. Ero HaspiBaror docmosepHbvim COOBITUEM, IIOCKOJIBKY OHO
MTPONCXOIUT Beerfa. Hapsiry ¢ 3THM TMyCcToe MHOYKECTBO & CBABBIBAIOT C HEBO3MOMNC-
HbLM CODBITHEM, KOTOPOE HUKOTIA HE MPONCXOIHT.

3aMeTHuM, 9TO onepanuy 00beTNHEHHS U TePecevueHnsi MHOXKECTB 00J1a/1al0T CBOii-
CTBOM JIUCTPUOYTUBHOCTHU

aN(Us) = Uusy,  alU(Ns:) =N (aUs).

i€l i€l icel el
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Cutetytornue COOTHOIIEHUs] U3BECTHBI KAK MpaBuiia e MopraHa:

Ua=Na Na=U=x

i€l icl iel iel

IIpexme, 9eM MBI TPUCTYIUM K OOCYXKJEHUIO OOINEH CUTyalud, PacCMOTPUM
GoJiee POCTOIl YACTHBINA CJjydail, KOrjga BOIpPOC Kiacca # u pepostHOocTu P(A),
A € Z, peraercsi CDABHUTEBHO TPOCTO.

1.2. JdunckperHas Mojetib. Ecau ) KOHEYHO WM CYETHO, TO TOBOPSIT O JIMC-
KPETHO# MOJIE/IM TeOpuu BeposaTHOCTE! (uim ciryuaiinoro skcnepumenta). Paccmor-
pUM 3TOT ciiydail, T.e. gomyctuM, 4ro 2 = {wi,ws,...} KOHEYHO Wiu cyeTHO. B
9TOM CJIydyae B Ka4ecTBe % MOXKHO PACCMOTPETH COBOKYIIHOCTH BCEX IIOIMHOXKECTB
Q. MHOXKeCTBO BCEX MOAMHOKECTE {) 9acTO 0603HAYAIOT CUMBOJIOM 2%,

JonycruM, 94TO KazKIO0My 3JEMEHTAPHOMY COOBITHIO W) COOTBETCTBYET BEpPOsIT-
HoCTb . OueBujHO, YTO 4MCia Pg, k = 1,2,..., JOJKHbBI ObITb HEOTPULATE b~
HBIMH ¥ UX CyMMa Y pj JOJKHA paBHAThes 1. Takoii HaGOp umcen py Ha3BIBAIOT
pacnpedesenuem eepoamuocmeti. BeposTHOCTh I1000r0 cOoOBITHA A C ) MOXKHO
Tenephb OMPEIEIUTh PABEHCTBOM

PA) = > e

k:wp€A

B mucKpeTHBIX MOmEIaX 0COGEHHO BBIAEIACTCA CIydail KAACCUMecko20 onpedesenus
BepoaTHocTH. JlomycTuM, 9T0 2 COCTOMT M3 KOHEYHOIO YHCIA 3JEMEHTAPHBIX CO-
ObITUil W1, .. .,W,, KOTOPbIE B CHJly KAaKUX JUOO HpUYuH (HALPUMED, CUMMETDUU)
MOXKHO CYMTATHh PABHOBEPOATHBLIMK. Takas CUTyanys BO3HHUKAECT IPH HOAOPACHI-
BaHWM MOHeTHI WM urpanbHoii koctu. Torma pp = 1/n nns eex k = 1,...,n, a
MOJICYET BEPOSITHOCTH COOBITHS A C §) CBOIUTCS K BBIYMCIIEHUIO Yncia |A| asemeH-
TapHBIX COOBITHIA, cocrapnsoomux A. B gacraocru, || = n, a qisa P(A) B atnx
TEPMHUHAX MOYKHO 3amucaTh (hOPMYJIy

_ M
e
KOTOpasi U COCTABJISET KJIACCUYECKOE OIIPE/IeJIeHUe BEPOATHOCTH.
IIpu ucmonb30BaHUK KIACCHIECKOTO OIPEIEIEHUsT BEPOSITHOCTH OCHOBHBIM HH-
CTPYMEHTOM SIBJISIOTC KOMOMHATOPHbIE MeTO/bl. OTMETUM HEKOTOPbIE U3 HUX.
OcHoBHOe TpaBUJI0 KOMOMHATOPUKHU. [IyCTh MMeeTCs m TPy 3JI€EMEHTOB,
MpUYEM {-Tas TPYIIa COCTOUT U3 k; 3JeMEHTOB. BriOepeM mo OHOMY 3JIEMEHTY U3
kax1oit rpymnmbl. Torma obmiee unciao N Crocob00B, KOTOPBIMEA MOXKHO TTPOU3BECTH
TaKOI BHIOOD, OTPEIEISAETCS PABEHCTBOM

P(4)

N =k ka ... kn.

JlokazareabCTBO JIETKO MPOBOAUTCS TIO WHIYKITHH.

Bei6opku. Muorne KOMOMHATODHBIE BBIYUC/IEHUS YKJIAIbIBAIOTCH B CJIEIYIO-
myto cxemy. JlOmycTuM, 9TO MBI UMEEM 1 3aHYyMEPOBAHHBIX IMIAPOB: a1, ..., dy.
OcymecrBisercs BoIGOpKa obobeMa k w3 1ol coBoKymHOCTH mapos. Hac unrepecy-
€T KOJIUIECTBO CIIOCOOOB, KOTOPBIMH MOKHO OCYITIECTBUTH 3Ty BBIOOPKY. IIpm aTom
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BO3HUKAET YETHIPE PA3JIUIHbIE CHTYAIWN: BHIOOPKA MOXKET OBITH yNOpSAI0YEHHON
WA HEYTIOPSZ09YEHHON U ¢ BO3BPAIEHNEM UK 6€3 BO3BPAIICHHUS.

& KonuuecTBo ynopsiogeHHbix BLIGOPOK ¢ Bo3BpaleHreM (Wid pa3MerneHuil u3
n 10 k ¢ ToBTOpeHnAME) paBHO n¥. DTO cpasy ¥Ke cIeLyeT W3 OCHOBHOTO TIPABHJIA
KOMOWHATOPHUKH.

& KosmuecrBo ynopsoueHHbIX BHIGOPOK Ge3 BO3BpalleHus (WU pa3MelnieHuii
u3 n 1o k 6e3 MOBTOPEHHUT) PABHO

n!
(n— k)

Ota dopmysa TaKKe CIEIYET U3 OCHOBHOIO MPABUIIA, KOMOWHATOPUKH.

Ak =nn-1)-...-(n—k+1) =

n

& KoimuecTBo HEYyMOPSAIOUEHHBIX BBHIGOPOK 6e3 BO3BpAIIeHUs (MM COYETAHUI
u3 n 1o k 6e3 MOBTOPEHHil) MOXKHO MOTy9nTh, mofeans AF ma k!, wmcio cnoco6os
ymopsiounTh k 37eMenToB. B pesysibrare mosmywaem

n!
" kK kl(n—k)

& KomuecTBo Heynopsmo9eHHbIx BLIOOPOK ¢ BO3BpAIlieHUEM (M COYeTaHuil U3
n 10 k C IOBTOPEHUSIMHU) PABHO C’ﬁ+k71.

s mojcyeTa 9mciia TAaKUX BHIOOPOK BOCIOJIB3YEMCS CJIEAYIONIEH KOHCTPYKITH-
eit. Kaxkayio Takym BBIOOPKY OIHO3HAYHO MbI MOYKEM IMPEICTABUTH YIOPSI0OUEH-
HO¥ TETTOYKON Hysell u eIuHull caeaymuM obpa3om. BHadaje HanuimeMm CTOJBKO
€JIMHUII, CKOJIbKO B BBIOOPKE IMPUCYTCTBYET @1, MMOCJE Yero MOCTABUM HYJIb; 3aTeM
HAIWIIEM CTOJIBKO EJUHUI], CKOJBKO B BHIOOPKE MPUCYTCTBYET G2, IOCE Y€ro CHOBA
MIOCTABUM HYJIb M TaK gajee. TakuMm oOpa3oM, KaxKao# BBIOOPKE OymAeT COOTBEeT-
CTBOBATh IMOCTEI0BATENBHOCTD U3 k eqununi u n — 1 Hyneit. Yrobsl 3adukcupoBarsb
BBIOOPKY, JOCTATOYHO yKa3aTh MECTa PACIOJIONKEHUS €IUHUL. DTO IKBUBAJIEHTHO
OCYIIIECTBJIEHUIO HEYTIOPSIIOUEHHOI BBIOOPKE U3 1 + k — 1 a;memenToB obbema k, T.e.
WX KoJmdecTBo pasuo CF ko1t

IMonyuennnie pe3yIbTATHI MOXKHO MPEICTABUTH B BUIE TADJIUIIBI.

BBIOOPKU C BO3BPAIIEHUEM 0e3 BO3BpAIIECHUS
|
k k n:
IopA1049YeHHbIE n L —
yHopsz N
HEYTTOPSIIOYUeHHbIE ck = Ck=_— "~

Pasmerrienne yactuil 1mo sg4deiikaM. B (usndeckux mpuioKeHuIX TPUBEIEH-
Hasl BbIllle KOMOMHATOPHAs CXeMa BCTPEYAeTCd B APYroil mHreprnperaruu. Pa3me-
maercd k dactui] mo n gdeiikaMm. B crarmctudeckoil pu3nke B KaI€CTBE YACTHUIL
MOTYT OBIThH JIEKTPOHBI, TPOTOHBI, 8 B KAYECTBE STUYEEK, HATPUMED, SHEPTETUIECKHE
YPOBHU. 31€Ch TAKIKE BBIIEISETCS YEThIPE CIyUasa: PA3IUINMbIE UJIU HEPA3IUIU-
MbIE YACTHUILI M PA3MEINeHue ¢ orpanudenueM (He GoJiee OJHON YaCTUIBI B OIHOI
sueiike) wiau 6e3 orpanuuenuii. Pasmernenuio 6e3 orpaHUYeHHl PA3IUYUMbBIX Ya-
CTHIT COOTBETCTBYeT craTtucTuka Makcsemnma— BonbiMana, pa3mernennio 6e3 orpa-
HUYEHUH HEPA3JIMYUMbIX YaCTHIl COOTBETCTBYET cTaTucTuka Bosze— Diinmireiina, a
Pa3MeMIeHuIO C OTPAHNYCHUSIME HEPASINIUMbBIX JACTUIL COOTBETCTBYET CTATUCTUKA
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Pepmu— Jupaka. Ciydail pasmemenuii ¢ orpaHUYEHASIME PA3TMIUMbBIX YaCTHI, B
CTATHCTUYECKOH (DU3MKE HE HUCIOIb3YETC.

Pa3memnienue gacTuil o sigeifkaM JIErKO CBOAUTCH K BbIGOpKaM. Byjaem cuurarh,
4YTO AYEHKH 3aHyMEPOBAHBL: a1, ..., 0,. TOTIA IO PA3MEIIEHAEM MOXKHO IIOHUMATh
Ha3HAYEHHME KaXKJO 4acTHIEe HOMepa A4YeiKh. B pesynbrare NpEXOIUM K CJIEIyTo-
HMIEMY pPE3yJIbTaTy.

& KosmvecTBo pasmerrenuii 6€3 OrpaHuueHuii pa3jindIuMbIX 9acTull, (CTaTHCTUKS,
Makcsenna— Boabivana) pasro nF.

& Konmvectso pasmemenuii 63 orpaHnveHnii HEPANUIUMBIX YACTHI, (CTATH-
cruka Boze— Ditnwireiina) paBuo C’fL k1

& KosmyecTBo pa3Menienuii ¢ OrpaHuYeHueM Hepa3InauMbIX YaCcTull (CTaTHCTI-
ka ®epvu— Jlupaka) pasuo CF.

#® KommaecTso pa3vermensil ¢ OrpaHMIeHnsIME Pa3THINMbIX JacTuI, papHo AX.

1.3. TeomeTrpudeckrue BepoOSATHOCTH. PaccMOTpuM Temneph 3aJady, B KOTO-
pOil MPOCTPAHCTBO 3JIEMEHTAPHBIX COOBITHI HE SBJSETCH Jayke cderTHbiM. Jlomy-
CTHM, 9TO fABa juna X u Y YCIOBWINCH BCTPETHThCA MexXnay 14 m 15 gacamu B
onpeseleHHOM Mecte. llpumemmmit mepBbIM XKAEeT ApPyroro B Tedenne 10 MUHYT,
a 3areM yxomuT. KakoBa BepOATHOCTH WX BCTPEUH, €CIU MPUXO KAXKIOTO JIUIA B
J1060T MOMEHT BpEMEHU U3 yCJOBJIEHHOTO TPOMEKYTKA PABHOBEPOSATEH !

Bribepem B KaduecTBe eIWHWIBI W3MEPEHWS OJWUH YaC U MYCTh T — MPOMEKYTOK
BpeMenu (B 019X 4yaca) or 14 9acoB 70 MOMEHTa mpuxona X, a Y — IPOMEXKYTOK
BpeMmenu oT 14 yacoB 10 MoMmeHTa ipuxoAa Y. Torga npocTpaHCTBOM 3JieMEHTAPHbBIX
cobpITHit O6ymeT KBaapar

Q={(z,y): 0<z<L0<y<1},

a cobpiTe A, KOTOpOe OTBEYaeT BCTpede, MPEICTABJSIET COOOM MOAMHOXKECTBO £,
BbLIENIsIeMoe ycosueM: |x — y| < 1/6.

B sr0it 331a9€ HEMB3s MOCTPOUTH BEPOATHOCTHYIO MOJIE/Nb, IIPOCTO IPHUIIACAB Be-
POSITHOCTD KaXKJOMYy 3JieMeHTapHOMY cobbituio. C JIpyroit CTOPOHbI, JOIMYHO CUH-
TaTh, UTO BEPOSATHOCTH COOBITHST A PABHSETCS OTHONICHWIO €€ TJIOMIAIN K TLIOIIAIN
Bcero ). ITockonwky mromans ) pasua 1, a miomans A paBHa

2
(Yo
6 36
o P(A) = 11/36.

B obmiem ciydae, Korma mpoOCTPAHCTBO 3JIEMEHTAPHBIX COOBITHI () IMpeacTaBis-
er coboit obnacts B R”, n = 1,2,..., W BCce 3JeMEHTAPHbIE COOBITHS CUUTAIOTCS
PABHOBEPOATHBIMU, BEPOATHOCTH cOObITUsS A C ) OyneM BbIYHCIATH 10 (popMmyJie

mes(A)

P(4) = mes(Q)’

rae nox mes(A) nonumaercs Mepa Jlebera mHOKecTBa A, XOTS B HPUIIOXKEHUIX
MOKHO CYHMTATh, 9TO 3T0 Mepa 2Kopmana.
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1.4. BeposiTHOCTHOE npocTpaHCTBO. BepHemcs Ternepb K 0OIIEMY Cilydaio
BBIZIEJICHUST KJIACCA COOBITHH % , T. €. TIOAMHOMKECTB ), U ONpeesIeHus BePOSITHOCT-
noit mepsl P. Kak mokasbiBaer mpumep 3a4a4u O BCTpede, Mbl HE MOXKEM B 00IEM
ciaydae onpezenurh # u P, Kak 910 ObLIO cenano B Auckpernoit momenu. Kpowme
TOr0, TEOPETUUECKH [OKA3AHO, YTO MHOKECTBO BCEX HOAMHOKecTs 2% ciumkom Be-
JIUKO, 9TOOBI €r0 MOXKHO OBLIO B3fATh B Ka4eCTBE % . DTO, HAIPUMED, IIOKA3bIBAET
pesyabrar Buramm (1905 1.) 1isi cay9aifHOTO 9KCIEPUMEHTA ¢ GECKOHEUHBIM MOJI-
OpacblBaHMEM MOHETHI. YIIOMAHEM Tak:Ke pesyabrar Banaxa u Kyparosckoro (1929
I.), COrJIACHO KOTOPOMY He CYIIECTBYET BEPOATHOCTHON MepbI P, omnpejeneHuoi ua
BCEX MoAMHOXKecTBax orpeska [0, 1] u ynosiersopsitorneii yeaosuio P({z}) = 0 mus
kaxaoro x € [0, 1].

IIycts Teneps () — HEKOTOPOE HEIyCTOe MHOYKECTBO, KOTOPOe MbI Oy/JieM paccMaT-
pHUBATh KaK MPOCTPAHCTBO JIEMEHTApHBIX coObrtmit. Kimacc ¥ mommuoxkecTs (2,
KOTOPbIE MbI Oy/eM HA3bIBATH COOBITUSIMHU, TOKEH ObITH 3aAMKHYT OTHOCHTEIHHO
TEOPETUKO—MHOYKECTBEHHBIX OIePAIuil, HTOCKOJIbKY OHM COOTBETCTBYIOT JIOTHIECKUAM
orepanusaM HaJ, COOBITHAMH.

OnPEIEJEHUE 1.1. Knace &/ moagMHOXKeCTB ) HA3LIBAETCA a.2e6poti IOIMHO-
KecTB ), eI BBIMOIHSIOTCS CJIEIYIOIINE YCIOBUS:
(i) Qe ;
(ii) ecm A € o7, 10 A €
(iii) ecnu A,B € &/, To AUB € &.

Yenosus (i)—(iii) gocrarodssr mjis TOro, 9ToObI Kjace &7 ObLI 3aMKHYT OTHOCH-
TEJIbHO BCEX TEOPETUKO—MHOXKECTBEHHbIX onepanuii. 13 ycuosuii (ii) u (iil) caenyer,
YTO OH 3aMKHYT OTHOCHUTEIbHO OObEIMHEHUS U OLEPAIMU B3ATHs JONOHeHusA. [1o-
KazkKeM, 9TO OH 3aMKHYT W OTHOCHTEIBHO onepanuu nepecedenns. Ilycts A n B u3
/. Torpa B cuny ycnosus (ii) monosHeHust A, B npunannexar of . IIpencrapienie

AB = AUB

u ycsoBue (iil) Z0Ka3bIBAIOT IPUHAJIEKHOCTD liepecedenust AB kuaccy & .

B ciiyyae 6€CKOHEYHOrO IIPOCTPAHCTBA 3JIEMEHTAPHBIX COOLITUIH {2 HPUXOMUTCS
paccmarpuBarh nocienosaresbaoctu (A, : n € N) noagmuoxecrs 2. Eciu Aq, Ao, ...
paccMarpuBarOICsa Kak COObITHs, TO €CTECTBEHHO BO3HUKAET coObiTHe A*, KoTopoe
COCTOUT B TOM, YTO TPOU3OIILIO DECKOHEYHO MHOTO COOBITHII TOCIEI0BATEIHHOCTH
(An: n € N), ne. w € A* B TOM M TOJBKO TOM CIIy4ae, eCiM HaNJETCs MOIIO-
creoBaTesbHOCTh (A, 1 k € N) Takas, uro w € A,, nus Beex k = 1,2,.... Dro
cobbiTHe A* Ha3bIBAIOT BEPXHUM IIPEAEIOM TocaenoBarebuocTu (A,: n € N) u
00o3Ha9aI0T @An. Kpowme Toro, paccMaTpuBaioT Tak¥ke codbitue A,, KOTOpoe Co-

CTOWT B TOM, YTO MPOU3OIIIN BCe COObITHs mocaenoBareabrocT (A,: n € N) 3a
HUCKJIIOYEeHUEM, 6BITI) MOXKET, KOHEYHOIroO 9YucJja, T.€. W S A* B TOM U TOJIBKO TOM
ciy4ae, ecian w € Ni>nAg npu Hekoropom N. Cobbitue A, HA3bIBAIOT HUKHUM

npezenom nociaenosarebuoctu (A, : n € N) u obosnadator lim A,,. 3amerum, uro
n

AT =TlmA, = ﬁUAk, A, = limA, = GﬂAk.

n=1k>n n n=1k>n
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B cayuae A* = A, rosopsr, 4T0o mocienoparenbHocTh (A,: n € N) cxomurca u
qepe3 lim A,, 0003HAYAIOT €e BEPXHWIT W HUXKHUN MPEIEIbI, KOTOPhIE B TAHHON CH-
Tyaunn%OBna;LaIOT.

Takum 00pa30M, K YCJIOBHIO 3aMKHYTOCTH % OTHOCHTEIBHO TEOPETUKO—MHOXKE-
CTBEHHBIX OMEPANNN HY2KHO 100ABUTH 3AMKHYTOCTh OTHOCUTEIHHO CYETHOTO UUCITIA
onepanuii.

OnPEIEJNEHME 1.2. Knace % noaMHOXkKeCTB ) Ha3bIBaeTCSA o-ajredpoil, ecian
OH aBJgeTC aarebpoil u s moboit mocienoBarenbaoctu (A,: n € N) C F 06b-
enuuenune U0 | A,, npuHaIIEKAT F.

Jpyrumu ciioBaMu, g-ajiredpa MOAMHOKECTB () 3aMKHYTa OTHOCHUTEHHO CUeT-
HOTO YHCJIa TEOPETUKO—MHOKECTBEHHBIX omeparuii. /leficTBUTeIbHO, 3aMKHYTOCTD
OTHOCHTEJILHO CUETHBIX OObLEIUHEHUI COMEPIKUTCS B ONMPEIETICHUN, 8 3aMKHYTOCTD
OTHOCHTEJIbHO CYETHBIX MMEPECEUEHUN BBIBOIUTCS, KAK W B CAy9ae JO0KA3ATEIbCTBA
3aMKHYTOCTH OTHOCHUTEJIHHO IIepecevdeHnii anredppl, ¢ UCIIOIH30BAHUEM IIPABHII i€
Moprana.

ONPEAEJNEHUE 1.3. IlycTh {2 — HEKOTOpPOE HEITyCTOE MHOYKECTBO U % — g-aJired-
pa ero noamuoxkecTs. Ilapa (2, . F) HA3BIBACTCA USMEPUMbBIM TIPOCTIPAHCIEOM.

7151 3aBepIeHnsT aKCHOMATHIECKOTO IIOCTPOSHHUS TEOPUHU BEPOATHOCTEH OCTACTC S
JIOTIOJTHATE U3MEPUMOe MPOCTPAHCTBO BEPOATHOCTHOI Mepoit. [Ipn (popmupoBannn
AKCHOM BEPOATHOCTU €CTECTBEHHO MPOAHAJU3UPOBATH CBOMCTBA HACTOTHI MOABJIE-
uust cobbituss A € .%. Ilpu 3TOM BO3HHMKAET BOMPOC MUHUMAJBHOCTH TIOCTYIUPYE-
MBIX CBOMCTB.

OnPEAENEHUE 1.4. Ilycrs (§2,.%) — usmepumoe npocrpancrso. Heorpunaresn-
Hag ¢ynkuua P: .F — R, Ha3bIBaeTCss BEPOATHOCTHOH Mepoil (BEpOSTHOCTHIO),
€CJIM BBITIOJTHAIOTCS CJIELYIOIINE YCIOBUS:

(i) P(Q) =1 (HOpMHUPOBAHHOCTH);

(i) ecmm Ay, A, ... —upunannexar . u A;A; = @ npu i # j, to P(USL, A,) =

S0 P(A,) (cueTnas aa uTHBHOCTD).

Tpoiika (2, %, P) nHa3blBaeTca 6ePOATNHOCTIHOLM NPOCTIPAIHCTIEOM.

IlonsaTue BEPOATHOCTHOIO MPOCTPAHCTBA U ABJIAETCH MATEMATUIECKONH MOJIEJIbIO
CIy4YaifHOTO KCIEpUMeHTa. JTO TaK Ha3blBaeMas akcnomarnka Komamoroposa Teo-
pum BepoATHOCTEN. I3 MOCTYIMPOBAHHBIX CBOMCTB BEPOSATHOCTH BBIBOIUTCS PSIIT
JPYTUX Ba’KHBIX CBOUCTB.

[IPENJIOXKEHUE 1.1. ITycmv P — seposamnocmuas mepa, onpedesernas Ha u3-
mepumom npocmpancmee (2, .F). Tozda umerom mecmo ymeeporcoenus:
1. P(@)=0udan A,B € .F, AB = &, umeem mecmo pasencmeo P(AUB) =
P(A) + P(B) (konewnasa addumusnocms);
2. Ecau A,B € F uA C B, moP(B\A) =P(B)—-P(A) uP(A) < P(B)
(moromonmnocms );
3. Jas npouseoavrois Ay, ..., Ap U3 F GLINOAHAENCA HEPABEHCTNEO

P OAk <> P(4)

k=1 k=1

n
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(noayaddumuerocms).

JIOKA3ATEJILCTBO. Paccmorpum mocsenoBaresbHOCTh coObituii (A, : n € N),
rae Bee A, = @. Ilo cBoiicrBy cuernoii agaurusrocrn P(@) = Y0 | P(9), orkyaa
cienyer, uro P(@) = 0. B cayuae A,B € .% u AB = & upumeHeHue CBOicTBa
CYETHOI aJUTUBHOCTH K HocaenoBarenbHoctu Ay = A, Ay = B, Ay = @, k =
3,4,..., IPUBOAUT K CBOMCTBY KOHEYHON a/IMTUBHOCTH BEPOATHOCTH.

Ecm A,B€ &/ u AC B,to B=AU(B\ A) u B cuny CBOiiCTBa KOHEIHOI
agmurusHOCTH nosydaeM P(B) = P(A)+P(B\ A), orkyzna ciaenyer, 1uro P(B\ A) =
P(B) — P(A) u P(A) < P(B).

s noka3aTebCTBa TPETHEro YTBEPKIEHUS PACCMOTPHM coObiTHs B = Aj,
By = AsA;,...,B, = A,A; - ... - A,_1. OueBumno, uto BB =@upui#ju
U, A, = U, B;. Kpome Toro, nockonsky B; C A;, TO B CHIIy CBOHCTBA MOHOTOH-
Hocru BepositHoctu P(B;) < P(4;), i = 1,...,n. Ucnoub3ys 31u HepaBeHcTBa U
CBOMCTBO a/IMTUBHOCTH, TIOJLY 14€M

n

P <Lnj Ai> =P <Lnj B¢> = iP(Bi) < Y P(A).

i=1
O

TeOPEMA 1.1 (CutoxKEHUA). ITycms Ay, ..., A, — npoudsosvrvie cobvimus, m. e.
npunadaesicam % . Tozda umeem mecmo paserncmeo

P <o Ai> = iP(Ai)f Z P(AilAi2)+...+(*1)”71P(A1'...'An).
i=1 i=1 1<i1<i2<n
JLOKABATEJLCTBO. Paccmorpum BHagaste cayuait n = 2. I3 mpeacrasienns
AjUAy = (A1 \ (AlAQ)) U (A2 \ (AlAQ)) U (AlAQ)
¥ CBOHCTB BEPOSATHOCTH CJIEIYET

P(A1 UAy) = P(A1) — P(A1A2) + P(As) — P(A145) + P(414)
P(A1) +P(Az) — P(A1 As).

JlonycTum Tenepsb, 4TO HAIle YTBEPKIEHUE BEPHO /I BCEX HATYPAJIbHBIX YUCE
BILUIOTH 10 M — 1 W MOKaKeM, UTO OHO TOT/a OyIeT BepHBbIM U Ijis n. Vcmomb3ys
BHa4aJjIe JOKAa3aHHOE PABEHCTBO, & 3aTeM INPeANOoJIOKeHNe UHIAYKIUN, IOy daeM

p (An ' (U A>) ~ P(4) +P (U Ai) p (U AHAZ)

n—1
P(A) + [ Y P(A)— > P(ALAL) + .o+ (F1)"2P(Ar - Aya)
=1

1<iy <ia<n—1

n—1

— D oPALA) = D> P(ARALAL) L () TEP(A - Ay)
i=1 1< <ia<n—1

DOPA) = D P(ALAL) A A (D)MTIP(AL L A,

=1 1<i1<io<n
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Teopema mokazana. a

OTMeTuM ele OJHO CBOWCTBO BEPOSATHOCTH, KOTOPOE HA3BIBAETCS HEIMPEPLIBHO-
crbio Mepbl.  omycrum, 49ro (A,: n € N)— MOHOTOHHO BO3pACTAIOIIAs IIOCTIE-
JIOBaTeILHOCTL MHOXKecTB, T.e. A1 C Ay C .... Torma mas Bcex n = 1,2,...
BBITIOJIHAIOTCS PABEHCTBA

An

s

N4 U-
k>n

k>n n=1

U, CJIeJI0BaTEsIbHO,

o0
mA, = limA, = limA, = U A,

n=1
Eciu (A,: n € N)—MoHOTOHHO yObIBAIOIIAs I1I0C/IEJ0BATEIbHOCT, T.e. Ay D
AQ D) ..., TO
o
A=A U4 =4,
k>n n=1 k>n
npu Bcex n=1,2,... u

hTILnAn = hTmAn = hTILnAn = OlAn.

TEOPEMA 1.2. ITycmo nocaedosameavnocms (A,: n € N) C F asasemces mo-
nomownoti. Tozda
P(lim A4,) = lim P(A,).

n—oo
JIOKA3ATEJIBCTBO. JlomycTuM BHa4Yase, 9To MOCIeI0BATENbHOCTh (A, n € N)
SABJISIETCS MOHOTOHHO BO3pacTaolieil. PaccMOTpuM HOBYIO TTOCIEI0BATETHHOCTE CO-
Oprruit By = Ay, B, = Ay Ap—1, n=2,3,.... 3amerum, uro B;B; =@ upui # ju
JJIsl KaXKJ10ro n = 1,2, ... BBIIOJHAIOTCS PAaBEHCTBA

U By = U Ay = A,.
k=1 k=1
Kpowme Toro,
n!an = U An = lim Ay,

n=1

IlosToMy B cuity cUeTHO aAUTUBHOCTH BEPOATHOCTUA UMEEM

oo n
P(lim 4,) = > P(B,) = n1L%ZP(Bk) = lim P(A,).
n=1 k=1
Ecaun (A,: n € N) siBisiercss MOHOTOHHO YOBIBAIOIIEH IOCIIEI0BATENBHOCTHIO, TO
(An: n € N) MOHOTOHHO BO3pACTAET U IO JOKABAHHOMY

P nL:JlAn = lim P(4,) = 1 lim P(4,).
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Ho rorpa, ncrnonb3ys npasuia ge Moprana, moxydaeM

n—oo

lim P(A,) = 1-P G/Tn — P DAT, —p ﬁAn = P(lim 4,).
n=1 n=1 n=1

Teopema mokazama. O

SameTnm TaK2Ke, 9TO KOHE€IHaAd aJJAUTHUBHOCTb MEPbI 1 CBOICTBO HEIIPEPbLIBHOCTU
BJIEKYT €€ CHETHYIO aJIUTUBHOCTD.

§ 2. YcjoBHBIE BEpOATHOCTHA M HE3AaBUCUMOCTH COOBITHI

TlonsaTme ycrnoOBHON BEPOATHOCTH HWMEET BAasKHOE 3HAaUeHME. Bo-MepBbIX, 9acTo
TpebyeTcsi MepPeoreHnTh NCXOAHbIE BEPOATHOCTH MPU HAJTUYUAN HEKOTOPOH HHEOP-
Maruu. Bo-BTOPBIX, YCJIOBHBIE BEPOATHOCTH HCIOJNB3YIOTC /IAKe MPU OTCYTCTBUU
JIOMIOJTHATEIbHON mH(pOpMAIuK i 60J1€e MPOCTOr0 BBIYUCIEHUST UCXOIHBIX BEPO-
SATHOCTEH.

2.1. YcaosBubie BeposTHOcTu. Hapsiay ¢ OCHOBHOI BepOSATHOCTHOI mepoii P
9aCTO BO3HUWKAET JIOTIOJHATE/IBHAS MEPa, KOTOPasi 0OYCIOBIeHA HATHINEM JaCTUY-
HO# nHpOpMaImu 06 UCXOAE CIIydaliHOro 3KcuepuMenTa. Jomycrum, uro A, B — npa
cobbitust 1 A npousorwio. IIpu Hammuuy urMOpPMaLUK O HACTYILIEHUA cOoObITUs A
BEPOSITHOCTD COOBITHSA B ceyeT H3MEHUTD, ITOCKOJIBKY B 9TOM Caydae coObitue B
MOXKeT [POou30iTH, ecau TobKO npousoiijger AB. Ilosromy ucnpasiennas BeposT-
HOCTh JIOJZKHA OBITh MPOMOpIMOHabHa Bennunne P(AB).

ONPEAENEHUE 2.1. Ilycts (Q,.%#,P) — BeposiTHOCTHOE MPOCTPAHCTBO W COOBI-
THe A MMeeT MOJIOKHUTENbHYIO BepositHocTh, P(A) # 0. Torma nyis kaxzgoro B u3
F TOJ YCAOEHOU BEPOATNHOCTLI FTOTO COOBITHS MPHU yCaoBun A OyaeM TOHMMATh
BEJIUYUHY
P(AB)

P(4)

Samernm, 9T0 KOIGDDUIUEHT TPOMOPIUOHATHHOCTH 00ECTIeYNBAET €CTECTBEHHOE
pasenctBo P(AJA) = 1.

Ycnosuast Bepostaocts P(B|A) = Pa(B), xak byskuusa P4: F — R, obia-
JIaeT BCEMHU CBOMCTBAMH BEPOSATHOCTH. Takum oOpa3om, uHMOPMAIHS O TOM, 9TO
npoM30ILI0 CobbITHE A, TIO3BOJISET NEPEHTH K HOBOMY BEPOSATHOCTHOMY IIPOCTPAH-
crBy (9, .%,P4).

Ha npakTuke 4aiie jierde GbIBAT BBIYHCINTH YCIOBHYIO BeposiTHOCTh P(B|A) un
C ee MOMOIIBIO MOJIYYUTh BEPOATHOCTH COBMECTHOTO HACTYILJIEHWS STUX COOBITHIA,
T. €. BOCIOJIb30BATHCs PABEHCTBOM

P(AB) = P(A)P(B|A).

P(BlA) =

DTO paBEHCTBO U3BECTHO KAK TEOPEMa YMHOXKEHUsI U UMEEeT CJeyoinee 06ooie-
Hue.

TEOPEMA 2.1. ITycmo cobwmus Aq, ..., A, maxoes, wmo P(A;-...- A,) > 0.
Tozda

P(Ay ...  An) = P(A1) - P(Aa]Ay) ... P(Ap|As ... An_y).
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JIOKA3ATEJILCTBO. 3aMeTuM IpeXKIe BCEro, 9TO BCE YCIOBHBIE BEPOSTHOCTH
B JOKA3BIBAEMOM PABEHCTBE KOPPEKTHO ONPEIENCHBI. DTO 00ECIeYHBAET yCIOBHE
P(A1-...-Ay) > 0wu 10, uro A -...- A, gBisdercs HOAMHOXKECTBOM KazKI0r0 yCJi0-
Buda. Ilpu n = 2 mokaspIBaeMOe PABEHCTBO CJIELYeT, KAK OTMEYaJOCh BBIIIE, HEIIO-
CPEICTBEHHO W3 OMPEIEICHUsST YCIOBHBIX BEPOATHOCTEH. JIOMyCTUM Temeph, 9To 3TO
PABEHCTBO BBLITOIHACTCA JJI BCEX HOMEPOB, BILIOTEL 10 1 — 1. Torma, mpuMeHss ero
JUIst IBYX cobbituit A = Ay,..., A,_1 u B = A, ¢ NOCIEIYIONINM UCIOJb30BAHUEM
MIPEINOJIOKEHNS] HHAYKIAA, TTOJIyTaeM

P(Ar ...~ Ap) = P(Ay .- Ay )P(An|Ay ... An_y)
= P(A1) - P(Ag]A1) ... P(An]Ay ... Ap_y).

Crenyromuuii pe3yIbTaT U3BECTEH KK ,,hOPMYAG NOAHOT 6EPOATNHOCTNU .

TEOPEMA 2.2. ITycmwv Hy,..., H, — cobvmuas, ydosiemeopsarowue caedyrousum
yeaosuam HiH; = @ npu i # j, P(H;) >0,i=1,...,n, ud ., P(H;) = 1. Tozda
05 1106020 cobbimus A umeem Mecmo paseHcmeo

P(4) = S P(H,)P(AH). (2.1)
=1

JIOKABATEJILCTBO. BBegem B paccmorpenne takxke coobirne Hy = Q\ U H;.
Ouesupno, uro P(Hy) = 0u 9 = {Hy, Hy,...,H,} asngerca pa3buenuem. I[lo-
CKOJIbKY

A= AQ = AHyUAH,U...UAH,

IpeJICTaBIIseT cO00H 0ObEANHEH e TONAPHO HEIEPECEKAIOIINXCS MHOYKECTB (TIomap-
HO HECOBMECTHBIX cobbITHil) n P(AHy) = 0, T0

n

P(A) = > P(AH,).

i=1

IIpumensis Tenepph K KaXKIOMY CJIaraeMOMy B MOCJIEIHEN CyMMe TeOPeMy yMHOXKe-

nus P(AH;) = P(H;)P(A|H;), npuxonum K dopmyae (2.1). O

Dopmyna (2.1) aBisiercs 3DGEKTUBHBIM WHCTPYMEHTOM ITIPU BBIYUCIEHUU Be-
POSAITHOCTEH CHOKHBIX COObITHi. IIpm atom cobbitust Hy,..., H, B 3Toii popmyste
06BIMHO HA3BIBAIOT 2unomesamu. Vnorma smecro ycnosus y. ., P(H;) = 1 rpeby-
fot, 4yTober U] H; = ), u cosokynnocrs Hi,..., H, Ha3bIBaOT noaxol 2pynnot
cobvmudi.

TEOPEMA 2.3 (®oprMmyiA BANECA). ITyemo cobwmus Hy, ..., H, ydosiemeo-
parom ycaosusm meopemvs 2.2 u A € F, P(A) > 0. Tozda dasn k = 1,...,n umerom

MECTMO PABEHCINBA

P(Hy)P(A|H})

P(HyA) = .
Z P(H;)P(A|H;)
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JTOKABATEJILCTBO. HemocpencTBeHHO M3 OmpeeneHnss yCJI0BHON BEPOATHOCTH
U TEOpeMbl YMHOXKEHHUsI IOy 9aeM
P(HyA) _ P(Hy)P(A[H})
P(A4) P(4)

P(HilA) =

Ocraercs 3naMeHaTeh 3aMucaTh 1o (hopMysie nonHoi BeposTHocTH (2.1) 1 MbI TIpU-
XOAUM K TpeOyeMOMY yTBEpIKIAEHMUIO. O

Beposaraocru runore3 P(Hjy) HA3BIBAIOT OOBIYHO GNPUOPHBLMU BEPOATHOCTIMHU,
a ycsiouble BepositHocTu P(Hy|A) — anocmepuoprvimu. Takum obpazom, dbopmysia
Baiteca mo3Bosser ,1epeoreHnTh aIpuOPHYIO BEPOATHOCTD THITOTE3bI IPH HATHINN
uH(OpMaIKK, YTO IPOU30LLIO coObITHE A.

HawuBnast maTEpIpeTAIlds YCIOBHBIX BEPOATHOCTEH MOXKET MIPUBECTH K OMIMO0Y-
HBIM BBIBOJIAM O IIPUYUHHO—CJIEACTBEHHbBIX CBsA3gX. [Ipu pabore ¢ ycjoBHBIME BEPO-
SATHOCTSIMU OY€Hb BAXKHO MOHUMATH TO, B KAKOM BUJIE€ MBI MOJIYYNJINA JOMTOJTHUTETH-
HYI0 WHMOPMAIINIO JIs MEPEOIeHKN BeposaTHOCTelH. PaccMoTpuM 1Ba mpumepa.

IIpumep 1. PaccmoTpum cembio ¢ AByMs neTbMu. V3BeCTHO, 9TO OAWH M3 HUX
MaapanK. CYUTAeTCs, 9TO POXKIEHUE MAJBINKA U IEBOYKU PABHOBEPOATHO. KakoBa
BEPOSATHOCTH TOT'O, YTO BTOPOH PEOEHOK TOXKE MAJILIUK !

Pemenne. B gannom cayuae Q = {(m,m), (m,1), (a,m), (1,1)} u3BectHas uH-
dopmanua A = {(m,m), (m,1), (a,m)}. Hac unrepecyer BepositHoCTb coObiTUs B =
{(m,m)} mpu ycmosuu A. Ilockomsky |Q = 4, |A| = 3, |[AB] = |B| = 1, 10
P(B|A) =1/3.

IIpumep 2. U3BecTHO, 9TO ¥y KOJIErH 10 paboTe npoe gereii. Mol BcTpedaem ero
HA MPOTYJIKE C MAJIBIUKOM, KOTOPBIH MPEICTABJIEH €10 ChIHOM. KaKOBa BEPOSITHOCTb,
YTO BTOPOH PEOEHOK KOJIJIEIH TOXKE MAILUNK?

Pemenune. V3nagagbHO MBI IMEEM TPU THNMOTE3BI: 1 — B ceMbe KOJLJIETH IBa
coiHa, Ho — coia u g10ub, Hs — ase nouepu. CobbiTre A — KoJijiera BBIIIeN Ha IIPO-
IYJIKY C CbIHOM. B 9TOM cilydae HAC UHTEpecyer ycjoBHas BepogrTHocTb P(Hi|A).
Bawmeuas, uyro P(Hy) = P(Hs) = 1/4, P(H2) = 1/2, P(A|Hy,) = 1, P(A|H3) = 1/2,
P(A|H3) = 0, no ¢dpopmysie Baiteca nonygyaem

1/4-1 1
1/4-1+1/2-1/2+0 2

P(H1|A) =

2.2. HesaBucumocTb. [IOHATHE HE3aBHCHMOCTH OTHOCHTCA K OJHOMY H3 OC-
HOBHBIX B Teopum BeposTHOCTeH. C mH(MOPMAIMOHHON TOYKM 3PEHUs IOJ He3a-
BHCHMOCTBIO COObITUsE B OT coObiTHsi A eCTeCTBEHHO MOHUMATH TO, 9TO 3HAHUE O
HACTYILJIEHNU COOBITHsI A HE BIMsieT Ha BEPOATHOCTD HACTYILIEHHs cOObITHs B. DT0
BoIpaxkaercs pasencrsom P(B|A) = P(B). Ilpu TakoMm OnmpeneseHuu Mbl JOJIKHBI
npezanonarath, 910 P(A) > 0. Ecan npu srom u P(B) > 0, To u3 HesaBucnMoctn B

ot A cremxyer
P(AB P(A)P(B|A
P(A|B) = (AB) _ P(A)P(B ):P(A).
P(B) P(B)
DTO 03HAUYAET, YTO TOr/A U cOObITHe A He 3aBUCHT OT COObITHS 3, T.€. CBOWCTBO
HE3aBUCUMOCTH JIByX COOBITHI SIBISETCS CAMMETPUIHBIM. KpOMe TOro, HEe3aBHCH-

MOCTh COObITHIT A 1 B B HA3BAHHOM BBIIIIE CMBICIE CPA3Y Ke CJIEyeT U3 PABEHCTBA

P(AB) = P(A)P(B),
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KOTOpOE CaMo sBJIsieTcs ciejcTBueM Hesasucumocru. OHaxo, TpeGoBaHUe BBIIOJ-
Henust pasercrBa P(AB) = P(A)P(B) ue npexnnonaraer ycnosuii Hu P(A) > 0, Hu
P(B) > 0.

ONPEJEJEHUE 2.2. lnst npousBoibHbIX aAByX cobbiruit A, B € % Gynem ropo-
PUTDH, YTO OHU HE3ABUCUMBI, €CJIM BBITIOJHSIETCS PABEHCTBO

P(AB) = P(A)P(B),

YcaoBue He3aBuCUMOCTH COOBITHI A, ..., A, Tpu N > 2 BBITISIIAT CIOXKHEE.
C TouKM 3peHusi MPEIbIAYIINX PACCYKIACHUI MOXKHO CKa3aTh, 9TO WHMOPMAIU O
HACTYTIJIEHUU HEKOTOPBIX CO6bITI/II>i n3 3TOM COBOKYITHOCTHY HE BJINACT Ha MEPEONECHKY
BEPOSITHOCTEH OCTATbHBIX COOBITHIA.

ONPEJEJNEHUE 2.3. Byuem rosoputsb, 4ro cobbirus Ay, . .., A, ne3aBucumbl (He3a-
BUCUMBI B COBOKYTIHOCTH), €CJIN

P4 ] =[P (2.2)

iel iel
qutst moboro moaMuoxkeersa I C {1,2,...,n}.

3ameTnm, 9TO U3 NONApPHOI HE3ABUCUMOCTH COOBITHI HE CJIeyeT, BOOOIE roBOpsI,
HE3aBUCUMOCTb B COBOKYIIHOCTH, & ycJi0BUE (2.2) CBA3aHO C IPOBEPKOM BbIIOIHEHUSI
2222 C,’j = 2" —n—1 pasencrs. Kpowme roro, npu npoBepke He3aBUCUMOCTH B COBO-
KYIHOCTH HE JIOCTATOYHO OrPAHUYUTLCSA IIPOBEPKOL JIMILD CAMbBIX JIJIMHHBIX IEMOYEK
B pasercTse (2.2). CkazaHHOE MOATBEPKIACTC CICAYIONUMHA IBYMs TPUMEPAMH.

Ipumep 1. Iycrs Q = {wi,ws,ws,ws}, Tle BCe eMeHTAPHBIE COOBITUS W;
pasuoBepositibl.  Ounpenenum A = {wr,we}, B = {wi,ws}, C = {wi,ws}. Drm
COOBITHS TIOIIAPHO HE3ABUCHMBbI, HO

P(ABC) # P(A)P(B)P(C).
IIpumep 2. [loaOpacbiBaercs aBe urpajbHbIe KOCTH. PaccMoTpuM Tpu COOBITHS:
A = {Ha mepBoif KOCTH BhIMAJTA EIUHANAY, ,, IBOWKA® WM ,isiTepKa‘“},

B = {na nepBoii KOCTH BBIIAJA ,A€TBEPKA”, ,IATEPKA" W ,[IECTEPKA® },
C = {cyMMa BHIABIINX OYKOB HA JABYX UTPAJIBHBIX KOCTAX PABHA JIEBSITH }.

B srom ciydae BbIIOJIHSETCS PABEHCTBO
P(ABC) = P(A)P(B)P(C),

HO HET JaxKe IIONAPHON HEe3aBUCUMOCTH.
Crenyromuuii pe3ysIbTaT TOKA3BIBAET, YTO 3aMEHA, OTHOTO WUJIN HECKOJIHKUX U3 CO-
ObiTuii Ay Ha orpunanue Ay He HAPYIIAET HE3ABUCUMOCTH.

[TPEMVIOKEHUE 2.1. ITycmo cobwmus A, ..., A, nezasucumss (6 co8oKynHo-
cmu). Toeda nezasucumv, maxoice cobmus Ay, Aa, ..., Ay.
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JLOKA3ATEIBCTBO. Ilycre I C {2,3,...,n} uw H = N;c;A;. Torma, ncrnonb3ys
CBOICTBa BEPOSTHOCTH W yCJIOBHE HE3ABUCUMOCTH COOBITHH A1, ..., A, , mogydaem

P(A1H) = P(H\ HA,) = P(H) — P(HA,)
P(H)(1 = P(A1)) = P(H)P(A1), = P(Ay) [[ P(4),

icl

4TO O3HaYaeT BHITIOIHEeHNe yeaosmit (2.2) mas cobbrtmit Ay, A, ..., A,. O

ONPEAENEHUE 2.4. Bynaem roBoputh, 9T0 GECKOHETHOE CEMENRCTBO COOBITHH HE3a-
BHCHMO, €CJIU JIF0D0Ee €ro KOHEYHOE MOJICEMENCTBO HE3ABUCUMO.

Crenyromuii pe3y/ibTaT U3BECTEH KaK Aemma Bopeas—Kanmennu, KOTOpas yTBep-
KJIAET, 9TO [JIs MOCJIeI0BATEILHOCTH COOBITHI B 3aBUCHMOCTH OT yCJIOBHUi BEpXHUH
PN uMeeT BeposaTHOCTH jubo 0, smbo 1.

TEOPEMA 2.4. ITyecmv (A,: n € N) — nocaedosamervrnocms coowmui. Tozda
UMEIOM MECTNO CALOYIOULUE YMEEPIHCIEHUA:
(i) Ecauy ;. P(A,) < oo, mo P(lim 4,,) = 0;
(it) Ecau 377 P(An) = +00 u nocaedosamenvrocmo (A,: n € N) nesasucu-
ma, mo P(lim A,) = 1.
n

JOKABATENBCTBO. (i) Iycrs B,, = UgsnAg, n=1,2,.... Torma (B,: n € N)
SIBJISETCS MOHOTOHHO YOBIBAOIIEH TOCIE0BATEIHHOCTHIO COOBITHI 1

o0
ﬂ B,, = lim B, = lim A,,.
n=1

Ucnonb3ys cBOWCTBO HEIPEPBIBHOCTH BEPOATHOCTHON MEPBI U CBONCTBO ITOJTya/I/IH-
TUBHOCTHU, 110J1y4aeM
P(limA,) = lim P(B,) < lim E P(Ax) = 0.
n

n—00 n—00
k>n

(ii) BamernM BHauase, 9TO
- o0
lim 4, = lim4, = (J Cn,
n n
n=1

rne C,, = ﬂk>nA7k. U3 ycnoBus nezaBucumocTu nociaenosarenbaoctu (A,: n € N)
ceslyeT, B CHITy IpeIoxenus 2.1, HezapucuMOCTh Tocyienosarenbaocta (A, : n €
N). Bameuas, uro npu Beex m = 1,2,... umeer mecro skmodenne C, C NPT Ay,
B cuny Hesapucumoctu (A, : n € N), momydaem

n+m n+m n+m
P(C) <P (A ) = J] P = [ (1 —P(A).
k=n k=n k=n

Ucnonws3ys remeps HepaBencTBo 1 —x < e %, x > 0, BBIBOAUM

n+m
P(Cp) < expy — Z P(Ax)
k=n
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mnsg Bcex m = 1,2, .... OgHako, mpaBas 4aCTb MOCJIEIHEr0 HEPABEHCTBA CTPEMUTCS
K HYJIIO 1pu m — 00. 1o o3nadaer, 4ro P(C,,) = 0 aus Bcex n, u

P (hmAn> = lim P(C,) = 0.
n n—o0

Orcioma mony4daem

P(@An) - 1—P<limAn> -1

n

O

2.3. HezaBucuwmpbie ucubiradus. Crema Bepryasu npeacrasiser coboii mpo-
CTYI0O MATEMATHYECKYIO MOJETb HE3aBUCHUMBIX WCIBITAHWM, KOTOpas MIHPOKO HUC-
MOJIb3YeTCs B MpuyIoKeHusx. JlomycTum, 910 MPOBOAUTCS CEPUs U3 1l HE3ABUCUMBIX
9KCIEPUMEHTOB (UCIbITaHUi), B KaXKJI0M U3 KOTOPBIX C BEPOATHOCTBIO p, 0 < p < 1,
MO2KET HACTYIUTH U C BEPOSITHOCTHIO ¢ = 1 — p MOXKeT He HACTYIUTH HEKOTOPOe CO-
Obirue A. I[MTosiBienue cobbirus A 0OOBIYHO HA3BIBAIOT ,,yCIIEXOM", & HE IIOSBJIEHUE —
HJaeymaqgeit“.  OcHOBHON BOMpPOC B cxeme BepHysan COCTOMT B BBIYHUCIEHUU BEPO-
ATHOCTH coObITHs B, (k), KOTOpOe 3aKII09aeTcss B TOM, YTO B MPOBEIEHHON Cepuu
UCTBITAHWI TPOU30ILIO pOBHO k ycmexos, k= 0,1,...,n.

s periennsi MOCTABIEHHONW 33a9M TOCTPOUM BEPOSATHOCTHOE MPOCTPAHCTBO
(Q,.Z,P), coorBercryomiee cxeme Bepuysum. Kaxkaplii pesyiabrar cepuu skcie-
PUMEHTOB MOXKHO I[PEJCTaBUTh N-MEPHON TOoukoh w = (d1,...,0,), Toe O; npu-
HAMaeT 3HadeHue 1 B ciydae yclexa B -TOM HCHObITAaHUU U 3Hadenwme () B ciaydae
Heycrexa. B cuily HE3aBHCMMOCTHU HCIBITAHWI BEPOATHOCTD JIEMEHTAPHOrO COObI-
tust w = (01, ...,0,) Oyaer oupeiessThCsd PABEHCTBOM

P({w}) = p=ins g Tl 23)

Ecmm w € B, (k), To u3 (2.3) cnemyer, aro P({w}) = pF¢"~*. 3ameuas Teneps, uto
B, (k) cocroutr u3 C* snemenTapubIx cobpITHit, TPUXOIAM K dOpMyIe

P(Bn(k)) = Chp*q" . (2.4)

Cobbitusa B, (k), k = 0,1,...,n, obpasyior pa3buenue. DTO MOATBEPKIACTCA Pa-
BEHCTBOM
n n
P(Bu(k)) = ) Chptd" ™" = (p+q" =1
n(k)) = WP = (p+q" =1
k=0 k=0
Dopwmyia (2.4) BbIpazkaeT pacupejie/ienne BepOaTHOCTEH YKCjia yCIexoB B 1 He3a-
BUCHMBIX UCIBITAHUSAX. DTO PACIPEIETEHUE HAZBIBAIOT OUHOMUGALHBLM.

ITpu Gonpuiux 3uadenusx n peanusanus Hopmysbl (2.4) coupszKeHa ¢ TpyaoeM-
KUMU BBIYUCTEHUsIMU. [109TOMY €e TIBITAIOTCS 3aMEHUTh MPUOIHKEHHBIMU (DOPMY-
samu. Criefyionuii pe3ysibraT OTHOCUTCA K CJIydalo, KOrJa p Majo, a n BeJuko. B
CBSI3M € MAJIOCTBIO P ITOT PE3YJIbTAT WHOIA HA3BIBAIOT 3AKOHOM PEJIKUX COObITUI.

TEOPEMA 2.5 (ITVACCOHA). Ecaun — oo up — 0 max, wmonp — A, 0 < A <
o0, mo npu écex k =0,1,2,... 6oNOAHACNCA COOMHOUEHUE
)\k

P(B,(k)) = Ckpkgn=F — ﬁef)‘.
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JIOKABATEJILCTBO. W3 npeobpa3oBanuit

n! b ek I1n=1)-...-(n—k+1) . . &
- n - 1— n
Kl(n—kn? 1 k! k-1 np(1=p)
(np)* 1 kE—1 & 1
- 1—2) (1= - 1 - p)ne
] - — | A=p) (1 —p)
W TIPEJENBLHOTO COOTHOIIEHH] ST
lim (1 fp)l/p =e !
p—0
CJIEJIyeT yTBEPIKIEHUE TEOPEMBIL. O

Samernm, 9TO B yCIOBHUSX Teopembl [lyaccona 2.5 mmeeT MeCTo OIeHKa

AE A2
P(Ba(k)) = T7e M < =, X =np,
k! n
T.€. pe3yJbTIaT IPUMEHHM, KOIAa np? Majo.
Jloka3zaHHas TeopeMa OTHOCHUTCH K TAK HA3bIBAEMBIM MPEJEbHBIM TEOpeMaM B
cxeme Bepuynnu. Pacopenenenne BeposgTHOCTEIH

fe*”—k k=0,1,2
Pk = kf" — Yy by 4y

K KOTOPOMY CTPEMHUTCS B YCJIOBHSX TEOPEMbI OMHOMHUAJIBHOE PACIIPEIEICHNE, Ha-
3BIBAIOT NYACCOHOBCKUM pacnpedesenuem. B ciydae, Korma BepOSITHOCTH yCIEXa
buKCHpPOBaHA, & YUCIO0 FKCIEPUMEHTOB CTPEMHUTCS K OECKOHEYHOCTH, HCIIOJIB3YIOT
npeaenbubie Teopembl Myaspa— Jlamiaca.

TEOPEMA 2.6 (JIOKAJIbHAS TEOPEMA MYABPA-JIATIIACA). ITycms 6 cxeme
Bepnyaru 0 < p < 1 durcuposano, 0 = /npq, © = x(k) = (k —np)/o, k =

0,1,2,.... Toeda das arwbozo M > 0 pasnomepro no ecem k maxum, wmo |z(k)| <
M, npun — 00 uMeem MeCcmo aCUMNMOMUYECKOe PAEEHCTED
1 2
P(Bn(k)) = —=—e""/2(1 + o(1)).
(Ba) = —me 21+ o(1)

JIOKABATEJILCTBO. B ocHoBe mokasarenbcrBa Teopemsr jiexkut dpopmyna Ctup-

JILHTa
n -n

6
nl = V2rn-n"-e " eTen, 0<o<1.

U3 510ii hopMysibl cieyer, 9To
Inn! = mvV2mnm +nlnn—n+0 (;) .
ITycre k takoso, uto |z(k)| < M. Torga u3 pasencrsa
k=np+zo = np(l—i—%)
cireyer, 9To k — 0o npu n — 00 (0 — 00). AHAJOrMYHO, U3 PABEHCTBA

n—k:nq—a:cr:nq(l—@)
o
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BuIHO, 910 (n — k) — oo mpu n — oo. Cuenosarensno, k (n — k)! u k! Takxe
MOxKHO npuMeHuTs (Gopmyny Crupmunra. Kpowme Toro,

1 1 1 1 1 1
n0(02>’ E O(O'Q) n—k‘0<02)'

Takum obpazowm,

InP(B,(k)) = Inn! —Ink! —In(n — k)! + klnp+ (n — k) Ingq

1 n
= §lnm+nlnn—klnk—(n—k)ln(n—k)

1
+klnp+ (n—k)lng+ O <02)

1 1 n k n — 1
= (e tm—" )k -k
2(n2ﬂ'+nkz(n—k)) nnp (n—k)ln ng +O<02>

lnﬁ - 1nnipq—1n(1+?) In (1—%27) - 2lni+0(i),

a TaKzKe

k n—k Tp
klnn—p—i-(n—k)ln ” = (np + xo) ln( ) ng — o ln(l—;)
xq  x?¢? 1
= (np+20) (g‘ 507 +o(02)>

2,2
rp  x°p 1
+ (ng — z0) < . 5,2 T 0 (02>>

2 2 1
= xa—m+x2q—xa—x2p+x2p—|—0<)
o

2

B pesynbrare momyuaem

ImP(B, (k) = In —— — %2 +0 (1)

4TO U JOKA3bIBAET TEOPEeMY. o

TEOPEMA 2.7 (IHTEIPAJIBHAA TEOPEMA MVABPA-JIAIUIACA). ITycmo 6 cxe-
me Bepryanu 0 < p < 1 durcuposaro u S, — “4uUci0 Ycneros 6 cepuu u3 n He3a6u-
cumor axcnepumenmos. Tozda das —oo < a < b < 400 npun — 0O uMeem mMecmo
npe@emmoe COOMHOWEHRUE

b

) Sp, —np > 1 / L
Iim Pla< —— < —— [ e 2
n— 00 < \/Npq 2m
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JlokazaTeabCTBO ITOM TEOPEMBbI CAEAyeT U3 MEHTPAIbHON MPEIebHON TeOPEMBbI,
KOTOpas Oyner pacCMOTPeHa IIO32Ke.

IIpenenbunie Teopemsbr Ilyaccona n Myaspa— Jlamiaca ucnosib3yoT fjis IpuOIn-
JKEHHDIX BhIIHCIeHui BepostaocTedt P(S,, = k) u P(k1 < S, < k2) B cxeme Bepuys-
au, Korga n Benamko. B rmeopeme Ilyaccona mosiBumochk pacnpenenenue Ilyaccona:
pr=e *MN/kl kE=0,1,2,.... B Teopeme Myaspa— Jlammaca BO3HHKaeT HOpMaJThb-
HOE pacipe/esieHne, KOTOPOe ONUCHIBAETCS ILIOTHOCTBIO p(x) = e~ /2 /N2r. Ona
pacnpenenenus Ilyaccona n marerpasna Jlannaca

1 T
W2
(po(l') = \/ﬂ/e2du
0

UMEIOTC TaOJIUIIDL.

Hormycrum, 9410 HaM HYKHO BbIYucuTh BepoaTHocTh P(k1 < S, < k2) B cxeme
Bephysiu ¢ n HE3aBUCUMBIMU UCIBITAHUSIMUA U BEPOSITHOCTHIO P yCHEXa B OTJE/b-
HOM HCIbITaHuU. ECin n BEJIUKO, TO MOXKHO HCIOJIb30BATH HHTEIPATBHYIO TEOPEMY
Myaspa— Jlamnaca caemayiomnmmy 06pa3om:

P(kl—np < Sn—mp _ k2 —np
VADG  J/mpq  \/npq

) ~ (x2) — B(1),

rie
xT
ki1 —np ko —np 1 / _u?
T = ———, Ty = —, B(z) = — e 7 du.
1 \/ﬁ ) 2 m ( ) \/ﬂ

— 00
Ecom caurare, aro $g(x) = —Pq(|z|) mpum orpunarenpubx x, To (z5) — O(21) =
Do (22) — Po(x1) A7st MOOBIX 3HAUEHUH X1, To. ITO CIAEIYET U3 YETHOCTH (DYHKINN
o().

Hoaurnomuanrvras crema siBiisiercs obobIenneM cxembl bepuyman. 3mech pe-
3YJBTATOM KaKJIOTO WCIBITAHUSI MOXKET OBbITh OJIMH U3 ' B3AUMOUCKJIIOYAIONINX UC-
x0moB Ajp,..., A, C BEPOSITHOCTSIMHU TOSBJIEHUS] P1, ..., Dr, COOTBETCTBEHHO, P +
...+ p, = 1. DaemenTapHoe COOLITHE, COOTBETCTBYIOIIEE CEPUU HE3ABUCUMBIX 71
UCIIbITAHWI, MOYKHO IIPEACTaBUTb B Buie w = (01,...,0,), TJe KAXKI0€ 0; MOXKET
IPUHUMATH OJHO U3 3HadeHHWH 1,...,7. BepoaTHOCTH 371€eMEeHTapHOrO COOBITHS B
CUJTy HE3aBHCHMOCTH UCIIBITAHUI OyZeT OIpeIeNsaThCsa PABEHCTBOM

P({w}) = ps, -+ D5,

TMono6HO cobbiTHIO By, (k), KOTOpOE paccMaTpUBAIIOCh B cXeMe BepHyJLIHn, B TIOIHHO-
MuaIbHOI cxeme BBoauTcs By, (ki, . .., k) — cOObITHE, COCTOAIIEE B TOM, UTO B CEPUU
U3 N SKCIIEPUMEHTOB MMPOU30IILIO k1 MCXOIOB C HOMEPOM 1, ..., k. MCXOMOB C HOME-
pom 1, k1 + ...+ k. = n. U3 obeii ¢popmynsr BugHO, uro ecim w € By (ki, ..., k),
TO
P({w}) = pi* ... -1l

Vcnop3yst OCHOBHOE TIPABHJIO KOMOMHATOPHKH, JIETKO TIOICIATHIBACTCA KOJUIECTBO
sjIeMeHTapHbIX coObituii B By (K1, ..., ky):

|
k k n!
(O I O I o\ A —
n Yn—k R Y N
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Takwum 06pazoM, MBI TPAXOANM K OCHOBHOMY PE3yJIbTATY MOTAHOMAAIBHON CXEMBI —
TIONUHOMUAALHOMY PACTIPEIENEHUIO
n!

P(Bn(kl,,kr)) = ﬁplfl p,,kj', kl"""kr = n.

B cayuae r = 2 mbl cHOBa nos1yvdaem cxemy Beprysn.

§ 3. IuckpeTHble CaydaliHbIe BeJININHBI

Yacro ¢ pe3yabTaToM CIydaifHOro 9KCIEepUMEHTa CBSI3bIBAIOT 4HCI0. B cBsi3u ¢
TUM BO3HMKAET BAaXKHOE MMOHATHE CJIydailHON Besimdudbl. B smoM naparpade mbr
PACCMOTPUM TaK HA3BIBAEMBIN JUCKPETHBIN CIydail, KOrga ClydaiiHas BeJIUYUHA
MPUHUMAET KOHEYHOE WJIN CUETHOE YHC/I0 3Hadenwit. [1032ke HEKOTOpPBIE omnpemee-
Hust 3TOr0 naparpada 6yayT chopMyIHPOBAHBI HECKOJIHKO WHAYE MIPU CHATUU OTPa-
HUYEHUsST KOHEYHOCTH MHOXKECTBA 3HAYEHWH CIy9YalHON BEJTWIWHBI, HO OHU OYIyT
SKBUBAJIEHTHBIMY MTPUBEIEHHBIM 37€Ch /I JUCKPETHBIX CIy9YaifiHbIX BEJIMYWH.

OupreJEJIEHUE 3.1. Ilox duckpemnoti cay4atinoti seaunurnodi, OTTPeIeIEHHON Ha,
BeposTHOCTHOM mpoctpancTse ({2, & P), 6ynem nonumars orobpaxenue £: Q — R,
yaoBsierBopsitotee ycjopusim: &(§1) — KoHeuHoe uiu cuérroe MHOXKeCTBO B R u s
kaxkaoro ¢ € R muoxecrBo {w: {(w) = z} npunammexur .#, 1.e. sdBIAETCH CO-
6brrrem. Eciu £(§2) — koneunoe MHOXKECTBO, TO & HA3BIBACTCH NPOCMOT cAYy*aliHol
6eAULUNHOU.

Bamerum, uro eciu x € £(Q), To muOKecTBO {W: {(W) = x} mycro m ycaosue
€r0 TIPUHAJIEIKHOCTH 0-aredpe % OYEeBUIHO BBIMONHSETCS. JTO YCIOBHE COMIEP-
sKaresbHo, Korga © € £(N2). ITockonbky &€(§) KOHETHO MM CUETHO, TO €r0 MOXKHO
npesacrasuth B Buge £(Q2) = {z;}icr, TIE B KadecTBe WHIEKCHOIO MHOMXKeCTBa [
BeIOUpaercs {1,2,...,n} B ciydae mpocToil CJIyvaiiHOi BeJIMINHBI UM MHOMKECTBO
Harypanbabix unces N, eciu () cuérno. Kaxkmomy x; coorBeTcTByeT HOAMHOXKE-
crBo D; = {w: £(w) = x;} npocrpancrsa snemenTapubix cobbituil 2. Ilockonbky
D;D; = @ npu i # j u UierD; = Q, 10 P¢ = {D;}icr obpasyer pasbuenue
LPOCTPAHCTBA 3JIEMEHTAPHBIX COObITHIL §), COOTBETCIBYIOIIEE JAMCKPETHOMN Ciiy4aii-
noif Besmuune . Bepogruocrs P(D;) aroma pasbuenus P 03Ha4aer BEPOATHOCTD
TOTO, YTO CAydYaiiHas BejudnHa { TPUMET 3HAYEHWE &; B PE3YIbTATE MPOBEICHIS
CITy9aifHOTO dKCHepuMeHTa. ducia

06pas3yIoT pacnpedesenue 6epOAMHOCTEl: CIyIaiHON BeJTHIHHEL .

ONPEJEJIEHUE 3.2. JIucKpeTHbIe CydallHble BEJIUIWHBI £ U 7], OMpPeIeIEHHbIE
HA BEpOATHOCTHOM npocrpancrse (2, #, P), OyleMm Ha3bIBaTh HE3A6UCUMbLMU, ECIIT
JUTst JII0OBIX x,y € R BBIMOIHSETCS PABEHCTBO

P=xzn=y) = P(=2)P(n=y).

dpyrumu cnoBamu, cobbirus {§ = z} u {n = y} K0/KHBI OBITH HE3ABUCUMBbI-
vu. Q9eBHIHO, 9TO ITO YCJAOBHE comepKaTensHo, Korma x € £(Q) ny € n(Q). B
MIPOTHBHOM CJydae 00e JacTH PaBEHCTBA OOPAIAIOTCS B HYJIb.
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IIpocTbie cirydaitibie BeIMYIUHBI UTPAIOT OCOOYIO POJIb KaK B MOCTPOEHUU TEOPUH,
TaK W B npujoxkeHusaX. llosTomy MBI HauHeM H3ydeHUWE CIYIARHBIX BEJIUYWH C
Hux. Ilpocreiimeil ciy4daiiHON BeJIMYMHON SABJISETCS MHAMKATODP cobbitus A € F,
KOTODBI# Olpe/ie/igeTcsa PaBeHCTBOM

1, ecim we A,

]]_ =
W) 0, ectm w ¢ A.

OTMeTrM OCHOBHBIE CBOMCTBA HHIMKATOPOB, KOTOPbIE CJIELYIOT HEIIOCPEICTBEHHO U3
onpenenerus. s JOCTOBEPHOTO W HEBO3MOXKHOTO cOObITH mveeMm Lg(w) = 1 n
1g(w) = 0. Kpome toro, 14(w) = 1—14(w). B ganbueiimem mbr Gyzem ommyckarb
3aBUCHMOCTb OT 3JIEMEHTAPHOrO coObitus u nucarb npocro 1. Ecmm {4}, —
HEKOTOPas COBOKYIHOCTb COObITHi, TO

Ira, = [J1a, Toa, =1-1gp =1-15 =1-J[Q-14).

ITycte renepn &: Q — R—npocras cnyqaitnag semmanna u £(Q) = {z1,...,2,}
C R. Ecu D¢ = {Ds,...,D,} — pasbuenue, coorsercreyiomee &, 1.e. D; = {{ =
x;},i=1,...,n, ToO £ MOXKHO TIPEJCTABATH B BUJIE JIMHEHHOH KOMOMHAIINN WHINKA-

TOPOB aTOMOB pa30ueHus
n
5 = E a:,»]lDi.
i=1

JlomycTuMm Temephb, 9TO TPOBOAUTCS OOJIBIIOE KOJUYeCTBO N 3IKCIEPUMEHTOB,
COOTBETCTBYIOIIUX BEpOATHOCTHOMY mpocrpancTBy ({2, %, P). Torna 3navenue x;
ciaydaiinas BeauduHa  Oymer npuHEMATh NpHOIU3UTENsHO B NP (2;) cayuasx, a
cpeHee HADTIOMABIINXCS 3HAYCHIH CyIaiHON BeTnInHbI £ OyAeT npubIn3uTeTbHO

paBHO
—szNPg (x;) szPg

Ot pacCyzKaeHnd Jeal0T MTHTYUTUBHO MOHATHBIM CJICAYIOIIee OIpeaeIieHune.

OnPEAENEHUE 3.3. Ilycts £ —mpocTast ciaydaiinas BeJIWYNHA, ONpEeIeTEHHas
Ha BeposiTHOCTHOM mpocrpancree (,.%,P), u £(Q) = {z1,...,2,}. Mamemamu-
weckum oocudanuem (Un cpednum) ITOM CIydailHON BEJIMIMHBI HA3BIBAETCA YUCIIO

= ixin(xl Zacl =x;).
i=1

IIpexme yem mpucTynuTh K PACCMOTPEHUIO CBOMCTB MATEMATHYECKOTO OXKW/Ia-
HUS, 3aMETUM, 9TO MPEJACTABICHNE CIyIaHON BeIUINHBI £ B BUIAE JTUHEHHON KOM-
OMHAIMU WHIUKATOPOB HE SIBJIAETCH €IWHCTBEHHbIM. Hanpumep, ecim OnuH wjin
HECKOJIbKO aToMOB pasbuenud ¢ LPeACTaBUTb KaK OObeJUHEHUE HellepeceKalo-
IIIIXCST MHOYKECTB U3 %, TO MBI TIOJIyYUM HOBOE pa30MeHue, Ha aTOMaxX KOTOPOro &
MPUHUMAET TOCTOsAHHBIE 3Hadenust. Cea0BaTe/IbHO, £ MOXKHO MPEICTABAUTH B BHUJIE
JIMHEWHO KOMOWHAIMY WHINKATOPOB HOBOrO pa3buenusi. [Ipm 3TOM Ha HEKOTOPBIX
aToMax HOBOTO pa3bueHusi ciaydaiinas BeaudnHa £ OyaeT MPUHUMATD OJUHAKOBBIE
sHadenus. Coeayonmii pe3yabTar MOKA3bIBAET, YTO MATEMATHIECKOE OXKUIAHWE
MPOCTOi CAYyYIaWHON BETUINHBI MOYKHO BBIUHUCIATDH, UCIOIb3Ysl JTI000€ €€ TpeICcTaB-
JIeHVEe B BU/IE JIMHEHHON KOMOWHAIMY WHINKATOPOB pa3bueHus.
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I[TPEN/IOKEHUE 3.1. ITyecmo
9'={D},...,D.}, 9" ={DY{,...,D/'}

— pasbueHUA NPOCTPAHCINEA INEMERTAPHLLT cobbimut ) makue, wmo

n m
§ = inﬂD; = ZyﬂlD;’-
i=1 j=1

Tozda

Z:z:, Zyj P(D}) = E¢.

JIOKABATEJILCTBO. Ilockonbky 2’ u 9" apnsiorca pasOHeHHSMH IIPOCTPAH-
CTBa 3JeMEeHTaPHbIX COObITHI (), TO BBLIIOJHAIOTCA PABEHCTBA

i P D// D// Z P D//

j=1

CrenoBaresbHO,
n m m
Zfﬂz = 3D PR = 30D PDID)) = S uP(D))
i=1j=1 i=1 j=1 =1
HOCKOJIBKY T = yj, eciu D DY # @, a B uporusnom ciayuae P(D;DY) = 0. O

3amMeTnM TakiKe, ITO ecan £ — MpocTas caydaiiHas BeJININHA, ONpeneIeHHas Ha
BeposTHOCTHOM TipocTpancTse (2,.%,P), u p: R — R— uexkoropas dbyHKIWMs, TO
N =@of& = () Takxke Oymer mpocToii ciaydvaiiHoi BeamunHOM Ha (2,.%,P). Ilpn
9TOM, €cJin

¢=> adp,  Ze={Di,...,Dn},

TO

W, CJIeI0BATEIHHO,
n
En = Ep(§) = ) o(w:)Pe(w:).
=1

CsgolicTBa MaTeMaTUYeCKOr'o O2KMNJaHUAd ITPOCTHIX cnyqaﬁHbe BeJINYUH.

1°. Ins moboro A € .F umeer mecto paBercTBo E1 4 = P(A);

2°. (Jluneiinocrs.) Ecau &, n— cayuaiinbie Besmaunbl 1 « € R, To E(af) = aE
u E( +n) = E¢ + En;

3°. (Monorounocts.) Ecmu € > 0, to E€ > 0 u paBencrso E€ = 0 Bo3MOXKHO
mums B cayuae P({w: (w) # 0}) = 0, T e. cayuaiinas Beauuuna § nowmu
HA6EPHOE PABHA HYIIIO;

4°. nsi so6oii ciyuaiinoil Besmuunbl £ umeer mecto nepasencrso |EE| < E[€];
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5°. (Hepasenctrso IIsapra.) st J00bIX CIydaifHBIX BEJIWYUH & U 1) UMEET
mecro Hepaserctro (E|én|)? < (E€?)(En?).

JIOKABATEJILCTBO. CaoiicrBo 1° oueBumno. Pasencrso E(af) = aEE cueny-
erT u3 3aMedaHus O MYHKIWM OT CAyYaiiHON BeqwdwHbl. JlomycTwm Temepsb, 9TO
E=5"xl =" yily. — aBe ciayuaiinbie BewauHb, a {D D,}

= i=1Lillp;, N = j=1YjLH; — A y , 1y--+-sUny,
{H.,...,H,} —coorBercrByiomue uMm pa3buenus. Torma ciydaiiHas BeJUIMHA
& 4+ n MoxkeT ObITH IIPeICTaBIeHA B BHUJIE

E4+n =Y (@ +y)lpu,-

]

Ho torpa, B cuny npemjoxkenus 3.1 mmeem

E(€+n) Z(xﬁyj)P(DiH)
:}3% DH'+§:% (D;H;)
- Z%ZP (D;H;) +ZyJZP (D;H;)

ZP@» +ZyjP<H>

= E¢+Ep

U CBOMCTBO 2° JOKa3aHO.

Yeaosme € > 0 o3nauaer, ato B £(Q) = {x1,...,2,} Bee 24, i = 1,...,n, HEOTDPU-
narennubl. Ho Torma m EE, kKak cymMMa HeOTPHIATETHHBIX CIATAeMBIX, TaKXKe Oymer
HeorpunarensHoit. Pasencrso E{ = 0 Bo3moxkHO snmib B ciy4ae, koraa Pe(z;) =0
JUIST T€X UHIEKCOB i, KOTOPbIE COOTBETCTBYIOT CTPOT'O MOJIOXKUTEIbHBIM 3HAYEHUSIM
;. DTO JOKA3BIBAET CBOICTBO 3°.

CRoiicTBO 4° sABISETCS HEMOCPEJACTBEHHBIM CIEACTBHEM HEPABEHCTBA TPEYTOJIb-
Huka. /Jljis JokazaresbcTBa 5° 3aMETHM BHadajie, 9TO B CJIydYae PABEHCTBA HYJIIO
npasoit yactu nHepasenctsa IlIBapna obpaiaercs B Hy/Ib U JieBas ero 4acTb. Ecin,
nanpumep, E€2 = 0, To P(£ = 0) = 1 u E¢n = 0. domyctum Tenepnb, 9to EE2 > 0 u
En? > 0. Torna KOPPEKTHO OIpeIe/IeHbl CIyYailHble BeTHINHbL

£ - [4 7= [l
VEE’ En2

Samedast, 410 E§2 = En? = 1, u ucuo/ib3ys O4eBUIHOE HEPABEHCTBO 2§n &2+
MOJTy Yaem

2EE < B +ERP = 2, ESn < 1,
9TO KBUBAJEHTHO HepaBeHCTBY IIBapma. |

JIpyroit BasKHOH YHCTOBON XapaKTEPUCTHKON CIy9IalHON BETWIHHBI ABJISIETCS
JUCIEPCHsi, KOTOpasi XapaKTEPU3yeT CTeleHb ,,pa3dpoca’ 3HadeHuit ciaydaitHoi Be-
JIMYUHBL.
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OUPEJAEJIEHUE 3.4. /J[ucnepcueti CIyqaiiHONl BeIMINHBI £ HA3BIBAETCS YUCIIO

D¢ = E(¢ — E€)*.

Bemumunna o¢ = /D¢ HaspiBaercst crangapTHBIM (MIH CPEIHEKBAIPATHIECKHM) OT-
KJIOHEHUEM.

CBoiicTBa aucmepcuu.

1°. D¢ = E€2 — (E&)%

2°. JLnst m000T0 BEIEeCTBEHHOIO YHUCIA ¢ U CAYyIaiHONR BETUINHBI & HMEIOT MECTO
paBeHcTBa

D(c€) = ¢*DE,  D(+¢) = D&

3°. Papencrso D¢ = 0 BozmokHo amib B caryuae P(§ = E) = 1, 1. e. cayuaiinas
BEJIMYMHA & TIOUTU HABEPHOE PABHA TOCTOSHHOIA.

JOKABATEJILCTBO. Mcmons3yst CRONCTBO THMHEHHOCTH MATEMATHIECKOTO OYKU-
JTaHUs, TOyTIaeM

D¢ = E(¢ — E§)2 — E€2 - 2E¢-E€+ (E§)2 — B2 - (Eg)g.
Ilyctn Temeps ¢ € R u £ — cnydwaiinas BenmamHa. Torma
D(cf) = E(Cf—cEﬁ)2 = C2E(£— E§)2 — D¢,

a TaKzKe

D(é+c) = E(¢+c—E(€+¢)? = E(6 - E)? = D&

3 cBoiicTBa MOHOTOHHOCTH MAaTEMAaTHIECKOro Oxkujanus 3° ciaexyer, uyro DE =
E(¢ — E€)? > 0 u pasenctso D¢ = 0 BO3MOKHO UmTh B cay4ae & — EE = 0 moutn
HABEPHOE. O

OrmeruM elie OJHO CBOMCTBO MATEMATHYECKOrO OXKMJAHWS M JUCIEPCUH, CBsi-
3aHHOE C HE3aBMCUMBIMH CIYyYANHBIMU BEJINUYNHAMH.

TEOPEMA 3.1. Ecau & u n — HE3a8UCUMDBLE CAYUATHDIE BEAUNUHDL, MO
E{n = EC-En, D(¢ +n) = DE+ Dn.

JOKABATEJIBLCTBO. IlycTs

n m
fzzxiﬂD“ 'f]:ZyjllHj.
i=1 j=1

Tora, B CHITy HE3aBHCHMOCTH CJTyYaiiHbIX BEJIMYINH, BLITONHAIOTCS pasercTsa P(D; H,;) =
P(D;)P(H;) u, cnemoBarensHo,

E(¢n) = inyjP(DiHj) = inyjP(Di)P(Hj)

(inP(Di)> ZyjP(Hj) = E¢En.



24 B.B. 'OPSIIHOB

Haiee,
D(¢+n) = E(€+n)* — (E(€+n))* = EE +2E(&n) + En? — (E€)? — 2E€En — (En)>.

Orciona ¢ ucnoab3oBanneM paBencTBa EEn = ECEn momywaem, uro D(§ + ) =
D¢ 4+ Dn u Teopema moka3aHa. O

KoBapuanus u ko3ddunueHT KOppeasium.
OTHU YUCTOBbIE XAPAKTEPUCTUKH MOXKHO PACCMATPUBATH KAK MEPY 3aBHCHMOCTH
CJIy4aiHbIX BeJIU4UH.

OnPEAEJEHUE 3.5. Ilycts £ m 1 — aBe caydaiiHble BeJIMYWHBI, OMpPeIeJIeHHBIE
Ha OJITHOM BEPOSATHOCTHOM MpocTpancTre. [lon xosapuayueti 3TUX CIyIalHbIX BEJIN-
YUH TOHUMAETCS TUCTIO

cov(§,m) = E(§ — ES)(n— En).

151 BBIMUC/IEHAS] KOBAPUAIIMK HYKHO 3HATH COBMECTHOE PACIIPEIEIEHUE CITy dafi-
HBIX BemunH. Ilyers € =Y 0 x;lp,, n = Z;nzl yily,, m.e. Z¢ ={D1,...,Dy},
P, ={Hi,...,Hy}. Paccmorpum ciay4aiinbrii BekTop (§,17)), KOTOPBIf TpUHIMaeT
smadenue (zr;,y;) #Ha D;H;, i=1,...,n,j=1,...,m. JpyruMu cJIoBamMu, CIyJaii-
HOMY BEKTODPY (£,7) MOKHO CONOCTaBUTH pa3bueHue

Den ={D;H;: i=1,...,n,j=1,...,m}.

Bepostroctu p;; = P(D;H;) = P(§ = 4,1 = j) ompenensior coemecmmuoe pacnpe-
desenue caydaiinpix seqmana £ u 7). COBMECTHOE pacupeseneHue IByX IPOCTHIX
CJIly9aliHbIX BEJMYUH YJI00HO IIPEICTABUTD TabIuIei.

BN (v [0 Tym |
X1 P11 P12 e Pim
X2 P11 P12 Pim
T Pn1 DPn2 s Pnm

Ormerum nexoropble ocobennocru 31oil rabiuupt. llockonbky P, asidercd
pasbueHueM, To Z” pij = 1. Kpowme Toro,

m n
STy =0 =PE=m), D py =p =Pl=uy).
j=1 i=1

Takum 06pa3oM, COBMECTHOE PACIIPE/IEIEHUE CIIyIalHbIX BeJIMIUH £ U 1) TIO3BOJIAET
[OJIYYUTh UX WH/IUBU/LyATbHBIE PACIPEIEICHNs. YCIOBAE HE3aBUCUMOCTH CJIydaii-
HBIX BeMYMH £ W 1) SKBUBAJICHTHA BBIIOJTHEHUIO PABEHCTB Pj; = pfp;?', t=1,...,n,
j =1,...,m. 3amerum Tak¥Ke, YTO JIIOOAs TaKas TAOJIUIA C BLIMTOJHEHUEM YCJIO-
Buit p;; > 0, Y2, ;pij = 1 oNpesieIsieT COBMECTHOE pacpe/ieienne JABYX CIIyqaifHbIx
BEJIMYVH.

Hapsiny ¢ koBapuarueii Takke paccCMaTpuBaioT Koahuiment koppesdmun. Ero
BBOJAT B paccMmoTpenue mnpu yciaosuu, 9ro DE > 0 u D > 0. Samerum, uro ecyiu
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JIMCTIEPCHUS OHON U3 CIIydaifHbIX BEJINYNH PaBHA HYyII0, Hanpumep DE = 0, To £ = EE
nouTH HaBepHoe u B 3ToM ciaydae cov(E,n) = 0. Homycrum tenepb, uro DE > 0 u
Dn > 0. Torma KOppeKTHO ONPEIETEHbI CIydaiiHble BeJTUIUHbBI

;_ §—ES . n—En

R T

KOTODPbBIE YIOBJIETBOPAIOT yCJIOBUAM

E¢ = Ef = 0, D¢ = Dj = 1.
Kospdumment koppensimn g(f s 77) OIIPEZIeJISIeTCA PABEHCTBOM

cov(&,7)
VD¢ - /Dy’
CsoiicTBa KoBapuanuu n Ko3dbuiimeHTa KOppeasiiun.
1°. cov(¢, ) = E¢n — E€ - En;
2°. Ecnm £ n 7 He3aBucuMBI, T0 cov(E,n) = 0;

3°. o€, m)] <1m|o(€,n)| =18 roMu ToabKO TOM ciydae, ecnn P(n = af+b) =
1 mpu HEeKOTOPBIX a,b € R.

o(&m) = E(&n) =

JIOKABATEJILCTBO. CroiicrBa 1° u 2° oueBnanbr. Ocraercs 10Ka3aTh CBOMCTBO
3°. B cuiry HEOTPHUIIATETHHOCTH JTUCIEPCHT TMEEM

D(§ £%) = DE+ D £ 20(€,n) = 2(1 £ 0(&,m)).

Orciona cremyer, uto —1 < o(&,7) < 1. Bean xe o(&,7) = 1, 10 D(€ — 7)) = 0
7 TOrJa f — 7) = const MOYTH HaBEpHOE. ITO BJEYET JUHEHHYIO 3aBUCUMOCTH & 1
n. Amagornuno, ecim o(€,1) = —1, 10 D(€ +17) = 0 u Torga £ + ) = const mourn
HaBepHOe. O

IIpumep. IlombpaceBaioT aBe wrpajbHble KOocTH. llycTh & — 9MCIO OYKOB,
BBIMABIIKX HA TEPBOI UTPAJIBHO KOCTH, a {2 — HA, BTopoit. Ompenennm Apyrue nBe
ciaydaiiabie BeuduHbl: 11 = & + & u 12 = & — €. Torma

cov(n1,m2) = E(§1 +&2)(§1 — &§2) — E(&1 + &2)E(§1 — &2) = D& — D& = 0.

O,ILHa,KO, 71 U 72 ONHOBPEMEHHO TMPUHUMAKOT YETHBIE W HEYETHbIC 3HAYCHUd, T.€.
OHH HE€ ABJIAIOTCA HE3aBHCUMbBIMU.

OnPEAENEHUE 3.6. Cuydvaiitble BeIUYIHHBI & 1 1) HA3BIBAIOTCS HEKOPPEINPO-
BaHHBIMH, ecaiu cov(&,n) = 0.

15 BBIYUC/IEHNST KOBAPUAILIMK CIYyYANHBIX BEJIMUWH JOCTATOYHO 3HATH TAOJIUILY
WX COBMECTHOI'O PaCIIPeJiesIeHNsd, TOCKOIbKY

m

m n n m
B = szzpm En = Zyjzpija ESn = sziyjpz‘j~

i=1 Jj=1 =1 =1 j=1

OrMeruM Takzke, YTO HEMOCPEJACTBEHHO U3 OIPEIETIEHUN CJIEIYI0T PABEHCTBA

D(&+7) = DE +Dn+2cov(&,n),  cov(&,n) = /DE-/Dn- o).
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KoBapuamuonuasi MaTpuia.

Ilycts &4, ..., &, — cydaiinble BETUIWHBI, OIPEIETEHHbIE HA OJHOM BEPOATHOCT-
HOM npocrpancrse. Torga crerneHb WX MOMAPHON 3aBUCHMOCTH OTPAXKAET KOBAPH-
auponnas marpuua V = (v;), vi; = cov(&;,§;), 4,5 = 1,...,n. B cayuae i = j
3JIEMEHT v;; ABjgeTca mucnepcueit DE;. OTmernM HEKOTOPBIE 0COOEHHOCTH KOBApPU-
AIMOHHOW MATPUIHl. DTO CHMMETPUYECKAsT MATPHUIIA, HA IUATOHAJIA KOTOPOI CTOSAT
HEOTpHUIATelbHbIE Yncia. KpoMe Toro, oHa HEOTPHUIATEIHHO ONpe/IeieHa, T. €.

n
ﬂtVﬂ = E VijTiT 2 0

,j=1

JUTst BeeX % = (21, ..., Tn) U3 R™. Bygem x € R™ npeictaBiIsiTh KaK BEKTOP-CTOJIGEII.
Takxke copmupyeM ciydaitusnit Bekrop-croaben, X = (&1,...,&,) u nycrb EX =
(EE, ..., E&,) —ero maremaruueckoe oxujanue. Toraa

V = E{(X - EX)(X — EX)"},
a 3HaYeHue KBAAPATHIHON (POPMBI HA BeKTOpe X € R™ 3amuirercs B BUIE
2'Vz = E{x'(X — EX)(X — EX)'z} = E(x'(X — EX))? > 0. (3.1)

SAMEYAHUE 3.1. CUMMETPUYIHOCTD U HEOTPUIIATETbHAS OMPEIEIEHHOCTD SBJIS-
IOTCA XapaKTEPUCTHIECKUMU CBONCTBAMH KOBAPHUAIIMOHHONW MATPHIIHI.

Ecmu D§; = v;; > 0 ipu Bcex ¢ = 1,...,n, TO ONpeaeaeHa TaKkKe KOPPEsIu-
omnas marpuna K = (o), 0i; = vi;j/(0i05), tne o; = /DE;. Koppensnuonnas
MaTpHIA TaKKe SABJIAETCI CUMMETPUYECKON W HEOTPHUIATEIFHO ONpeIeieHHol. Ee
OTIUIATETHbHON ‘IepTOI‘/‘I ABIAE€TCA TO, 9TO Ha [JIaBHOM JUaroHaJIld CTOAT €JUHUIIbI.

IlesmouncaeHHbie cirydaiiHble BEJIMYUHBI U TPOU3BOAAIINE (DYyHKITUA.

Ecmn nuckpernas ciaydaiinas Beaudnaa { TPUHAMAET CIETHOE UHUCIIO 3HATCHUI
Z1,Z2,... C BEPOATHOCTSAMH P1, P2, . . ., COOTBETCTBEHHO, T.e. Pe(xy)pr, k=1,2,...,
TO MaTeMaTudecKoe okumaHne EE MOXKeT He CyIecTBOBATH [aKe B CIIydae CXOJIH-
MOCTU PAIa Zzozl TpPr. HeficTBUTEIBHO, €C/TH ITOT P CXOAUTCS YCIOBHO, TO IIO
reopeme PuMana myTeM mepecTaHOBKH €ro 4JIeHOB (MepenyMepalnyeii 3SHaYeHui CIIy-
JaHON BEJIMUUHBI) MOXKHO MOJIYYUTh JIIO00E 3HAYEHUE B KAYECTBE CYMMBI 3TOTO Psi-
na. IlosTomy mpu onpeseieHUN MaTEMATHIECKOTO OXKUJAHUSA JUCKPETHOU CITyvail-
HO¥ BEJIMYMHBI CO CUETHBIM YHCJIOM 3HAYEHUN TPEOYIOT abCOSIOTHYIO CXOIWMOCTD
COOTBETCTBYIOIIETO YUCJIOBOTO PsAIA.

OnPEAEJNEHUE 3.7. IlycTh ciy4vaiiHasi BeauduHa & NMPUHAMAET CYETHOE HUUCIIO
suavenuii: P(§ = xx) = pg, k = 1,2,.... Byaem ropoputb, 4ro [jis § onpeesieHo
MaTEeMATHYIECKOe OXKHUIAHWUE, €CIH CXOIUTCA IUCIOBOM P Zzozl |zk|pk. B srom

CJIy4dae olpejedercda
oo
E§ = Zl’kpk.
k=1

JlucKpeTHyio CIydaifHyo BeJIuduHy &, MPUHUMAIOIILYIO TOJBKO IejIble HEOTPH-
IaTe/bHbIE 3HAYEHNUST, HA3BIBAIOT UCAOUUCAEHHOT CaydaiHol Bemmaunoii. Ee pac-
upezenenue BepostHocreil P(§ = k) = pi, k = 0,1,2,..., yao6HO npeacraBidrh
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npoudeodawets pyrryues

o0

@) = Eaf = 3" pua
k=0

Bamerum, 9TO CTENEeHHOMN Psi/l, OIPEAeAIONHil TPOU3BOASILY IO (DYHKIIUIO, CXOMUTCSA
upu |z| < 1. IIpu srom ge(1) =1un
I
kaEgé)(O), k=01,2,....

Ecau pi, # 0 aumb 1yis KOHEYHOrO YHCIa HHIEKCOB, TO g¢ (&) mpeacTaBiser coboi
[IOJIMHOM, a & MPUHUMAET KOHEeYHOe YUCJI0 3HAaYeHuil. B TepMuHax npou3BOIHBIX OT
POU3BO/IAIIEH (DYHKIUU JIETKO BBIYUCIAIOTCH MATEMATUYECKOE OXKUJIAHWUE U JIUC-
nepcus ciaydaiinoit Bequaunbl. leficTBUTENBHO,

E¢ =) kpe = gi(1),
k=1

1 aHAJIOTUYIHO

oo oo 2
oE = S - (z m) — )+ 60) — (D)’
k=1 k=1

Hemnocpencreenno u3 onpeeenus MpON3BOIsIei (DYHKINN CIIEIYeT TAKKe, 9TO
ecau &1, ..., &, —HE3aBUCUMBbIE IIEJIOYUCIICEHHDBIE CJIyYalHbIE BeJIUIUHBI U Sy, = &1 +
...+ &, TO

9s.(x) = [T 9e. (@).
k=1

Hawubosee 1acTo BCTpeUIaOMMUecs B TPUIOKEHUSIX TUCKPETHBIE CIydaiiHbIE BEJIU-
YWHBI ABJIAIOTC NEJOINCIeHHbIMU. llepeuncamm HeKOTOpBIE M3 HUX W HalAeM WX
MPOM3BOsAIINE (DYHKIINNA U 9UCIOBbIE XaPAKTEPUCTUKH.

o BeprynnneBckoe pacrpeeeHue.

P=1) = p, PE=0)=¢q, g=1-p, O0<p<l1.
ge(x) = pr+4q, E{ =p, DE = pg.

© BuHOMHMATBEHOE pacipeieieHue.

P(e=k) = CrpFgnF, 0<p<l, q=1-p, k=0,1,...,n.

9¢(x) = (px +q)", EE = np, D¢ = npq.
o IlyaccoHOBCKOE pacmpeeneHue.
/\k
P(E=k) = e*Aﬁ, A >0, kE=0,1,2,
ge(x) = o=V E€=) D¢ =)

© T'eomerpuyeckoe pacmpeieneHue.

P(&=k) = pq", 0<p<l, qg=1-p, k=0,1,....
p

ge(x) = T B =
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§ 4. Crpykrypa curma—aJjaredp, npogojKeHne
Mepbl, HE3aBUCUMOCTD KJIACCOB CODBITUIM

Ha upumepe 1pocrbix ciy4ailHbIX BEJIMYMH Mbl BUJEJIU, YTO BCE BbIYUCJICHUS,
CBsI3aHHBIE CO CAyYaiHON BemnunHoOW &, TIepeHOCATCS Ha YUCJIOBYIO och R. 9To
JIOCTHIAETCsT BBEICHIEM DACIpe/IeeHns: Pe, KOTOpoe mpeacTaBisieT coboil BeposiT-
HOCTHYIO Mepy Ha R, cocpeorotuentyio B Toukax MuOKecTBa §(€2). IIpu srom Pe(z)
gz € £(2) onpejesisierTcsi KaK BEPOATHOCTH

Pe(z) = P({w: &(w) = =})

u nocje oupejenenus Pe ner neobxogumocru 00palATLCH K MCXOIHOMY BEPOAT-
HOCTHOMY TipocTpaHcTBy (Q, %, P).

B ciyuae, korma £(Q) He ABAgETCS CIETHBIM (UM KOHEYHBIM ) MHOXKECTBOM, €CTe-
CTBEHHO OKMJATH, 9TO P¢ OymeT BepOATHOCTHON MepOi, OTpe/IeI€HHOi Ha HEKOTO-
poii o-anrebpe MOAMHOXKECTB YrcI0B0i npamoii R. Kak onpenenurs sty o-anredpy?
Bragase ymecTHO OBLIO OBI BBIIETUTD HANOOIee MPOCTOH KJIACC MHOXKECTB, Ha, KOTO-
POM TOYHO JO/IZKHA OBITH ompejienena Mepa Pe. B mamewm crydae K TakoMy Kiaccy
MHOXKECTB CJlelyer oTHecTH uHrepBaibt (a,b) C R, nockosnbky

Pe((a,0)) = P({w: a < §(w) < b})

BBIPAYKAET BEPOATHOCTDH TOTO (haKTa, YTO CAydaiiHAs BeIUINHA & MPUMET 3HAYCHUE
M3 9TOIO WHTEPBaJia. YUHUTBIBAS TO, YTO JIIOOOE OTKPHITOE MHOXKeCTBO B R Moxk-
HO TPEJICTABUTH B BHJE OObenuHeHus He Gojiee, 9eM CYETHOrO, MHOXKECTBA HeIe-
PECEKAIOIIMXCS WHTEPBAJIOB, 3Ta o-ajredbpa JOJKHA COJEpPKATH U BCE OTKPBLITHIE
MHOXkecTBa. 1Ipexie 4eM MpUCTynuTh K OIPEIETEHUI0 STOH o-airebpbl, paccMoT-
PUM HEKOTOPbIE ODIIINEe Pe3yIbTaThl O CTPYKTYPE 0-aaredp, MOPOKIEHHBIX TEM WJIN
HWHBIM KJIACCOM TTOIMHOKECTB §).

ONPEAENEHUE 4.1. Knacec J momMuOXKecTB () Ha3BIBAETCS T-CUCTEMO, eCiin
u3 ycnosusa A, B € 7 cnenyer, uto AB € 7.

JlpyruMu CIOBaM¥, T-CUCTEMA, ABJISETCA 3AMKHYTOU OTHOCUTETHLHO OTEPAITNH TTe-
pecedenusi. B ornmuame oT g-anredOphl MPOBEPKA BBITIOJIHEHUS] YCIOBUAN T-CHCTEMBI
3HAYUTEJIHLHO TIpOIe. BBe/ieM B pacCMOTpPEHHE eIle OJINH KJIacC MHOXKECTB.

ONPEAENEHUE 4.2. Knace ¥ noamuoxkects ) HasblBaercs 0-CUCTEMOHN, eCJiu
BBITIOJTHSIIOTCST CJIETYTOIIHE YCIOBHSI:
(i) Qe
(15) Ecrm A, Be9un AC B, 0 B\ A€Y,
(#i7) Ecnu nocaenoBarensroctbs MEOKECTB (A, : n € N) C 4 MOHOTOHHO BO3pac-
TaeT, TO €€ mpeaen liTILn A, = U2 | A, Tak)Ke PUHAIEKNAT 9.

Quesnano, uTo mobast o-aarebpa MOIMHOKECTB {2 OTHOBPEMEHHO SIBISETCS 7T-CHC-
TeMO# U §-CHCTEMOIA.

TEOPEMA 4.1. Kaacc¥ nodmmosicecms () agasemes o-an2e6poti 6 mom u mov-
KO MOM CAYYaE, ecatt Y 00HOBPEMEHHO ABAALMCA T-CUCTEMOT U §-Cucmemot.
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JTOKABATEJILCTBO. Kak ciaemyer u3 3aMedaHnus BbIe, HAM HYXKHO JOKA3aTh,
9TO €U & 3aMKHYTO OTHOCHTEIHLHO OIEPAIINH TIEPECEYEHUsT U BBITOJHEHbBI YCIOBHS
(i)—(iii) u3 onpeznenenus d-cucreMsl, T0 ¥ sBisercsa o-anrebpoit. s sroro Ham
JIOCTaTOYHO IIPOBEPUTD BBIIIOJHEHKE YCJIOBU U3 Onpe/iesenus o-aiaredbpol. U3 ycmio-
Bus (i) B onpemeseHun 0-CUCTEMBI CIEAYET, 9To ) € 4. DTO COBMECTHO C yCIOBUEM
(ii) Byeuér 3aMKHYTOCTH & OTHOCHTEJILHO ONEDAIWH B3SITHS JOMOJHeHus. Jleii-
crBuTenbHO, ecm A € 4, 10 )\ A = A Taxke npuHaIeKUT ¢. 3aMKHYTOCTH &
OTHOCHTEJIbHO KOHEYHOTO IHC/Ia OObEIMHEHNH CIeIyeT W3 PABEHCTBA

AUB = ANnB.

Iycts Tenepn mocienoBaresbHocTh (A,: n € N) comepxurca B ¢. Torma muO-
xectBa B, = U}_; A npunamiexar ¢ u oO6pa3yl0T MOHOTOHHO BO3PACTAIOLILYIO
nocJjiesoBarenbHocTh. B cuity yesosus (iil) B onpezenenuu d-cucreMbl €€ mpejies

liian = GBn = OA"
n=1 n=1

npuaagnexkur ¢. Takum obpazom, ¥ 3aMKHYTa OTHOCHTETHHO CIETHBIX OObeInHe-
HUH 1 TeopeMa JOKa3aHA. O

OnPEAEJNEHUE 4.3. Ilycts £ — HekoTopbiil Kiace moamuoxkects (2. Torma mox
o() Gynem nonuMarb o-ajarebpy HOAMHOXKeCTB ), KOTOpas YIOBJIETBODSET Cie-
JIYIOIIUM YCTIOBHUSIM:

(i) H Co(X);

(17) Ecma 4 — o-anreGpa nomvuoxkects Q u # C 4, 10 o(H) C 9.

B cBsasu ¢ ycnoBueM (ii) o () Ha3BIBAIOT MUHUMAALHOT O-aA2e0DP0OT, NOPONHCOEH-
HoU Kaaccom HF . Amajoruuno onpegensercs O(F ) — MUHUMAALHAR O-CUCTIEMA,
nopostciénnan xaaccom K .

SAMEYAHUE 4.1. s gr060r0 Kaacca £ TOAMHOXKECTB ) CYIIECTBYET €IuH-
CTBEHHAs MUHNMaJbHAs o-anrebpa o () (MuHnManbHas d-cucrema 0 (%)), TIOpOXK-
NEHHas KIaccoM J# . DTo ciemyer m3 Toro, uTo 2 (MHOKECTBO BCeX MOIMHOMKECTR
Q) saBasiercs o-anre6poit (d-cucremoil) u nepecedenue J06Oro cemelicTsa o-aaredp
(6-cucrem) Takxke sBigeTcd o-anarebpoil (d-cucremoii).

OpauM u3 HaAMOOJIEE BAXKHBIX PE3Y/IHTATOB, KACAIOIIAXCS CTPYKTYPHI o-aaredp,
SABJISIETCS CAEAYIONAsa TeopeMa, KoTopyio JIsHKuH chopMyaupoBaa B MOHOrpadun
,OCHOBaHUs TEOPUH MAapPKOBCKUX MPOIECCOB® Kak Jjiemmy. Crielyer OTMEeTHTh, 9TO
HAIA TEPMUHOJIOIUS HECKOJIBKO OTJIMYAETCsl OT TOM, KOTOPas UCIOJIb3YeTCs B MOHO-
rpadun dprakuna. HekoTopble aBTOPBHI UCIOMb3YIOT HA3BAHUSA ,,CUCTEMbI JIbIHKH-
Ha“, A\-CHCTEMBI WJIH d-CHCTEMBI JJisi KJIACCOB MHOXKECTB, KOTOPBIE B HAIIEM KypCe
HA3BIBAIOTCS 0-CHCTEMAaMHU.

TEOPEMA 4.2 (JIEMMA JIBIHKUHA). ITycmo xaacc T nodmmosicecms §) aenn-
emes w-cucmemot. Tozda 0(T) = o(T).

JLOKA3ATENBLCTBO. Bxiouenue 0(.7) C 0(.7) 09eBUIHO, OCKOJIBKY 0-aaredpa
OJIHOBPEMEHHO siByIsiercd u d-cucreMmoii. s nokasarensbcrsa Briaodenus o(.7) C
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§(7) mocraTouHo MOKazaTh, 90 0(.7) sSBJsieTCs T-CUCTEMOl, 1 yTBEPIKIeHNe Oy1eT
CJTeJIOBATH M3 TeopeMbl 4.1.
Beeném B paccMoTpenme Kace MHOYKECTB

& ={E€d(7): ED € (T )nna BcexD € T}.

13 ompenenenus 3Toro kjaacca BumHo, uto 7 C &. Ilokaxkem, uro & dBJseT-
¢ §-cucremoit. JIjist 3TOr0 IOCTATOYHO MPOBEPUTH BhITOMHEHNe ycosnii (1)—(iii)
U3 OmpeJesieHnst d-cucreMbl. YcsoBue (1) BBINOMHsETCs, TTOCKOAbKY QD = D mis
moboro D € J u . C §(7). Ilycrb renepp A,B € & u A C B. Torma aus
npoussombEOr0o D € 7 Oynem mmerh Brmouennsa AD € §(), BD € 6(7) n,
CJIEZIOBATEIILHO,
(B\ A)D = BAD = (BD)\ (AD)

rakxke npunaaexur 0(7) u B\ A € &. Ycnosue (ii) uz onpenenenus §-CUCTEMbI
NJ1g & BBIIIOJIHEHO.

Homycrum, HakoHen, 4ro nocjenopareiaboctb (A,: n € N) C & saBigercs mo-
HOTOHHO BO3PACTAIOMNIEH 1 lirrln A, = A. Torna nya moboro D € .7 muoxecrsa A, D

OyayT npunamiexkars d(.7 ), a MOCKOJIbKY nocjaeaoBareabnocts (A, D: n € N) Tak-
JKe MOHOTOHHO Bo3pacrtaer u lim(A4,D) = AD, to AD € §(Z). Takum obpa3zom,
n

ycnosue (iii) Tak:Ke BBITONHAETCS 11l & U, CI€0BATENILHO, & SABJISETCS §-CUCTEMOIA.
W3 ycaoBus MUHEMAJIBHOCTH clleayer, 4to & = §(7).
Ompenesnum Tenepb KJIacC MHOYKECTB

Y ={Gedé(T): GD € (T)nnascexD € ()}

u mokaxeM, 4ro ¢4 = 0(.7). Ycnosue 7 C ¥ crefyer U3 OmpeneseHust & U pa-
BeHcrBa & = §(.7). Ilpoepka BeimosnHenus yciopuit (1)—(iii) aus ¢ nposoxuTcs
AQHAJIONMYHO TOMY, KaK 3TO OBLIO CIEJIAHO JJIst Kiacca &. Takum obpaszom, ¥ saBiis-
ercs 0-CHCTEeMOil, 9TO BIeYéT paBeHCTBO ¥ = §(.7).

3ameruM Temepb, 4T0 paBeHCTBO ¥ = §(7) o3Havaer 3aMKHyTOCTH 0(.7) OT-
HOCUTEJIbHO onepanuu nepecedenus MHoxecrs. CuoenoBarenbno, 6(F) saBisercs
T-CHCTEMOIl 1 Teopema J0Ka3aHa. O

OnPEAENEHME 4.4. Ilycts 2 = R (mam R™) u J# — COBOKYITHOCTH OTKPBITHIX
MHOXKeCTB. Munumajsbhas o-anrebpa o(£ ) Ha3blBaeTCst bopeaesckoli o-aaredbpoit
u obosznavaercs B(R) = A (coorsercrsenno, B(R™) = ™). Muoxecrsa B u3
B Ha3BIBAIOTCH 00PEAEBCKUMU MHOXKECTBAME, a u3Mepumoe npocrpanctso (R, A)
HA3bIBAETCs OOPEJIEBCKUM IIPOCTPAHCTBOM.

Bopenesckas o-anrebpa siBisiercst 6osiee IMUPOKUM KJIACCOM MHOXKECTB, Y€M MO-
KeT TTOKA3aThCs Ha MEPBBIH B3I, B 9acTHOCTH, OTKPBITHIE W 3aMKHYThIe MHOYKE-
CTBA, & TAKKe BCEBO3MOYKHBIE WX CIETHBIE OObEIMHEHUS U TIEPECEIEHUs ABIISTIOTCS
6opesieBckuMu MHOXKecTBaMu. OIHAKO ITUM JJAJIEKO HE UCUEPIBIBACTCSA 0-aarebpa
P 1 €€ KOHCTPYKTUBHOE OIUCAHUE JIOCTATOYHO CiiokHOe. C JIpyro#t CTOpOHBI, MbI
HPUXOJIUM K OOPEJIEBCKOIT o-airedpe B, eciiu 3HAYUTEIbHO Cy3UM HOPOXK AATOIIHN
KJIACC MHOXKECTB.

[TPEMVIOKEHUE 4.1. ITycme T — kaacc noayunmepsanos euda (—oo, x| (usu
(=00, ), [x,00), (x,00)), € R. Tozda murumanrvras o-aszebpa o(7) coenadaem
¢ bopenesckoti o-arzebpoii AB.
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JTOKABATEJILCTBO. Ham mocTtaTrodHo moKa3aTh, YTO OTKPBITHIE MHOKECTBA CO-
nepxarcs B 0(7 ). IlpoBeném paccyxaenusi, Koraa 7 COCTOUT U3 [0JYUHTEPBAJIOB
Buna (—oo,z], € R. Crmyuam apyrux BHJOB MOJYHHTEPBAJIOB PACCMATPHBAITCS
AHAJIOTMHHO.

Bamerum BHavase, uro o(J) COmEPKUT NOJIyUHTEPBabI Bua (a,b], roe a < b.
HeiicTBuTesibHO, 31O caiemyer u3 3aMKHYTOCTH 0 () OTHOCUTEIHHO TEOPETUKO-MHO-
JKEeCTBEHHbIX onepanuii u pasencrsa (a,b] = (—00,b] \ (—oo, a]. Hasuee, nockosibky

o0

U(a,b—%] = (a,b), Ezbga,

n=1

10 0(J) COmep:KUT BCe OTKPbIThIE MHTEPBAJLL (a,b). C Apyroil cTOPOHbI, KaxK10€e
orkpbiToe MHOXKeCcTBO G C R MOxKHO mpexcraBurh B Buje o0benunenus (He 6Go-
Jiee CY46THOIO YKCJIa) HENEePECEKAIONMXCs OTKPBIThIX uHTepBaioB. CreqoBarTesbHO,
OTKDbITbIE MHOXKECTBA cozepxKarcsd B 0(J ) U yrBep:KIeHHe JJIOKA3aHO. O

W3 pesysnbpraTos 3Toro maparpada ciemyer, 9T0 eCTECTBEHHBIM H3MEPUMbIM IIPO-
CTPAHCTBOM, Ha KOTOPOM JIONI?KHA OBITH OmpeseneHa Mepa P¢ B obmiem cimyvae, AB-
asiercst Gopesesckoe npocrpanctso (R, #). Oanako, nms oupenenenus Pe gepes se-
postHOCTHYI0 Mepy P BepositHocTHOrO npocrpauncrsa (2, %, P), na koropom ompe-
JefleHa ciydaiiHag penmauHa &, morpebyerca Takzke, 4ToObI mpoobpasbl £ 1(B),
B € %, npunajnexanu o-anrebpe 7.

OnPEAENEHUE 4.5. Iycrs (2, #, P) — BepositHocrroe nmpocrpanctBo. Orobpa-
xkenwne &£: () — R Ha3BIBaeTCA CAyJIalHON BETUIMHON, OMPEIeTEHHON HA 9TOM BEPO-
SITHOCTHOM IPOCTPAHCTBE, €CJIU Jjis JI0060ro 60pesieBCKOro MuaoXKecTBa B € A ero
npoobpas

¢1(B) = {w: £(w) € B)

NPUHAIIEKUT o-anredbpe F .

Kak ciemyer u3 ompezenenusi, 9TOObI YCTAHOBUTH, UTO HEKOTOpas (DyHKITHS
¢: Q — R aBasteTca ciydaiiHol BeIMYHHOM, HyKHO MPOBEPUTDL ycaosue £ 1 (B) €
F 1 Bcex OopesieBCKuX MHOXKecTB B. B gelicTBuTesNbHOCTH, MPOBEPKY 3TOrO
YCJIOBHSI MOYXKHO CyIIECTBEHHO COKPATHUTb.

OrmernM BHaAYAJIE HEKOTOPBIE CBOMCTBA Omepalun B3saTus mpoobdpasa. Ilycts ()
u F —upousBosbabie MHOXKeCTBA u f: () — FE — HekoTopoe orobpaxkenue. Torga
HMEIOT MECTO CIeAYIOIIHe YTBepPKICHUS.

(a) Ecmu {G;}ier — cemeiicrBo nogMuokecTB E, TO

e =Urst@), N6 = NG

iel el el el
(b) Ec G C E, 10 f~Y(E\G) =Q\ f~1(G).

[TPEJJIOKEHUE 4.2. ITycmo (Q, F,P) — sepoammuocmmuoe npocmpancmeo u & :
Q — R — omobpasicenue, ydosremeoparowee ycrosuro EH(D) € F daa ecex D €
T, ede T — xaacc nodmmuosicecms R maxot, wmo o(7) = B. Tozda £ sasasemcsa
CAYwaUHOU 8EAUNUHOT.
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JIOKABATEJIbCTBO. Hawm my»Ho mokaszarn, uto £~ H(B) € .F nyis Beex Gopeses-
ckux MHOXKecTB B. Paccmorpum Kiace moaMuOXKecTB R, BbIIETIEMBIH yCIOBAEM

¢ = {BCR: ¢}B)c.Z)}.

[Mokazkem, uto ¢ aBnserca o-anrebpoit. Jeiictsurensio, R € ¢4, nockombky € 1(R)
= Q. Eciu G € ¢, 1o B cuny (b) 1R\ G) = Q\ £ YG) upunasnexxur F, a
R\ G npunamnexnr 4. Haxkowren, eciu mocienosareabrocth {G,} comepRurcs B
G, e £HG,) € F,n=1,2,..., 108 cuny (a)

clUé.) = UG,
n=1 n=1

OTKy/Ia CJIEAyeT 3aMKHYTOCTh % OTHOCHTEIHHO CYETHBIX 00bemnuenuii. Takum 06-
pasoM, ¥ sBiseTcsa o-aaredpoii.

Bameuas, uro 1mo yciaosuio J C ¥4 u o(J) = 9B, npuxoouM K BKJIOYECHUIO
P C 4, 9ro U JIOKA3bIBAET HAINE yTBEPKICHUE. O

Kax cnenyer u3 npemoxkenus 4.1, B kagecTBe J MOXKHO B3ATh KJIACC MOy HHTEP-
BaJoB Bua (—o0, z| (wmm (—oo, ), [z, 00), (z,0)), z € R. B wactrocrn, £: Q@ — R
Oyzer ciydaiHON BeIUYuHOM, ecu /i Bcex & € R Boimonasercs yciosue

{w: {(w) <z} e Z.

ONPEAENEHUE 4.6. Ilycts & —cayuaiinas BeIWdWHA, OMpeneséHHast HA BEpO-
srrHocTHOM TpocTtpanctee (2,.%,P). Iloxn pacnpedesenuem (Mim pacnpedeseruem
sepoammocmets) CIIyIaitHON BeUIUHLI £ OyaeM IOHUMATH BEPOATHOCTHYIO Mepy Pg,
OIIpEIE/IEHHYIO Ha u3MepuMoM mpocrpancTse (R, Z) paBeHcrBoM

Pe(B) = P(¢7(B)) = P({w: £(w) € BY)

nns Bcex B € AB.

To, uro nnsa Pg Bbimosmsiorcs Bce yCaOBHA U3 OLPEEJIEHUA BEPOATHOCTHOM
mepbl, ciaenyer u3 coiicrs (a), (b) ouepauuu B3sgrus npoobpasa u Toro, uro P
SABJISIETCH BEPOATHOCTHON Mepoit. Ecam £ — muckpernasi cirydaiinas BeJUYAHA H
&(Q) = (x;: 7 € 1), To nust moboro B € ZB mMeeT MeCTO PABEHCTBO

Pe(B) = > Pe(a).

i: x,€EB

Ecnu (Q, %) — usmepumoe 1pocrpancTso, a p: F — Ry — cuérHo-ajauruBHas
byukuus ¢ p(2) < 0o (1. e. He 06s3aTEIBHO HOPMUPOBAHHAS), TO OYJIeM [OBOPUTD,
9TO y — KOHEYHasi Mepa, OTpe/esIéHHas Ha n3MeprMoM mpoctpasncrse (2, .%). Ilo-
CKOJIbKY [, OTJIAYAETCSA OT BEPOSTHOCTHONW MEpHI JIUIIh TTOJIOKATEIHHBIM MHOKATE-
JIEM, TO OHA O0JIAIAET BCEMH OCHOBHBIMU CBOWCTBAMMI: KOHEYHAS A UTHBHOCTD, MO-
HOTOHHOCTB, HEITPEPBIBHOCTH. Kak orMedasnock B Hagase nmaparpada, 00bI9HO Mepa,
ONIPEJIETAETCA HA HEKOTOPOM IIPOCTOM KJIACCE MHOXKECTB, & 3aTeM IPOIOJIZKAETCS
Ha o-ajarebpy. B wacrhocru, GopeseBckas mepa p (T.e. omnpenesnénnas na (R, %))
npoJosKaercs ¢ kiacca 7 nosyunrepsasos sBupa (a,bl, a < b, no caemyroueit
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cxeme. Brauasie ¢ y4éroMm CBOMCTBA aJUTUBHOCTH (i TIPOJIOJIZKAETCS HA AJIredpy
&/ nonMuOXKecTB R, KOTOpBIE TPEICTABUMBI B BUI€ O0bEIUHEHUST KOHEIHOIO YHCTIA,
HETIePeCEeKAOIIUXCs Oy nHTepBaioB u3 7 . [Tocie aToro Ha Becex moaMmuOKecTBax R
ompeiesisieTCsd BHEITHsAS Mepa u* u no cxeme Jlebera wim Kapareomopu Boiaesnsiercs
o-asrebpa U3MEPUMbIX MHOYKECTB, HA KOTOPBIX M OMPEIENSAeTCS (1, KAK IPOIOJIZKe-
nue ¢ anrebper &7/ Crelyonas TeopeMa HOKA3BIBAET, YTO Mepa €IUHCTBEHHBIM
00pa30M TIPOIONIKAETCST C TMTOPOKIAIONIEH T-CHCTEMBI.

TEOPEMA 4.3. ITycmo (Q, . F) — usmepumoe npocmparcmeo u 7 — HeKomopas
m-cucmema nodmnosicecms (), das komopot o(T) = F. Jonycmum maxoice, ¥mo
na (Q, F) onpedeaenv, dee mepovs p u v, ydosaemeopsrowue yeaosusam (1) = ()
w(T) =v(T) das ecex T € . Tozda p u v cosnadarom na F, m.e. u(A) = v(A)
onn ecex A € F.

JIOKABATEJILCTBO. BBemém B paccmorpemnne KiacC MHOKECTB
¥ ={GeZF: uG) =v(G)}

U HOKarkeM, 410 ¥ siBisiercs d-cucreMoii. JeiicTBuTesbHo, TOCKOIbKY ((2) = v (),
To Q) €¥. Hanee, ecrmu A, Be ¥ u AC B, 10

B\ A) = pu(B) — p(A) = v(B) — v(A) = v(B\ A)

u B\ A raxkxke npunamiexur 4. Hakonen, ecim (G,: n € N) — MOHOTOHHO BO3-

pacralas mocJIeI0BaTeIbHOCTh MHOKECTB 13 4 u G = lim G,,, T0 B culy Herpe-
n

PBIBHOCTH MEPBI MOJIYy4aeM

w(G@) = lim p(G,) = lim v(G,) = v(G),
n—oo n—oo
orkyma caenayer, uro G € ¢4. Takum obpasom, ¥ sasisercd d-cucremoit. Ho Torma
(7)) C ¥, nockonbky 7 C ¥ 1o ycmosmuio TeopeMbl. B cumy gemumsr dpmmkumna 4.2
0(T) =0(T) = .F u Teopema J0Ka3aHA. |

ONPEAENEHME 4.7. Ilycts (2, .#, P) — BeposiTHOCTHOE MPOCTPAHCTBO W J#; C
F,1=1,...,n. Kinaccer J#1,..., %, Ha3bIBAIOTCI HE3aBUCUMBIMU, €CJIU I BCS-
Koro BbibOpa A € J,..., A, € Jf, nonydaeMm He3aBUCUMbIE (B COBOKYITHOCTH )
cobbiTusd. bBeckonedHoe ceMeicTBO KIacCOB COOBITHIT HA3BIBAETCS HE3ABUCHMBIM,
eCJIM He3aBUCHUMO JIIOD0E ero KOHEYHOe TOJCEMENRCTBO.

TEOPEMA 4.4. ITycmv waaccor T, ..., Ty nodmuoscecme Q A6AMOMCA T -CUC-
MeMamu u Hezasucums, To20a HE3ABUCUMDL TNAKIHCE TIOPOHCIEHHDBLE UMU T -AA2EODbL

AT 0(T).

JLOKA3ATEJBCTBO. lokaxkem BHawane, uto (.7 ), Ja, ..., Iy SBIMIOTCS He3a-
pucuMbiMu. Ilycts I C {2,...,n} u qyst kKaxgoro i € I BeibepeM B .7; TPOU3BOIBHO
T;. Oupenenum Ha () ABe MepbI

n(a) =PANT |, w(A) = PA]]P@).

i€l el
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TTo ycoomio TeopeMbl 3T Mephl copnagaoT Ha 7; n u(Q) = v(Q). To Teopeme 4.3
9T Mepbl coBmagaor Ha (7 ), T.e. u(A) = v(A) nuns scex A € o(Z). Do
SKBUBAJIEHTHO TOMY, YTO

PlANT ) = PA]]PT)

iel i€l

st moobix A € o(ZA)u I C{2,...,n}, re. 0(A), %,..., Ty ABIAIOTCA HE3ABU-
CHMBIMH.

Jamee aHAJOTWYHBIME PACCYKICHUAMHI MPHUXOIUM K HE3aBUCHMOCTH KJACCOB
o(A),0(F), T5...,T,. llpogomxkas npolecc 3aMeHbl T-CUCTEM Ha WX MHHUMAJIb-
HBIE 0-aJIreOphl, IPUXOIUM K YTBEPIKICHHIO TEOPEMBI. ]

IIycts £ —cayuaiinas BeJwydnHa, OMpPEIEIEHHAS HA BEPOSITHOCTHOM TPOCTPAH-
cree (9, .%,P). Nndopmanus o TOM, KAKOe 3HAYEHNE TPUHSIA CIIyJaiiHas BEJININ-
Ha £, TIO3BOJIAET OMpe/IeNTD TTPOM30MIIO UM HeT Kazk1oe u3 cobbituii £ ~1(B) € .F,
B € #. Takum o6pa3om, ¢ KaxkI0i CiaydaiiHoi BesmanHOi £ cBsA3aHa o-anrebpa

o(6) = {€\(B): Be®).
13 HpE/IbLIYIIEro BUAHO, YTO 3Ta T-ajireBpa HOPOKIACTCH T-CHCTeMOiT
7(€) = {6 ((—o0,al): z € R,
re. o(m(€)) = o (6).

ONnPEJAEJIEHUE 4.8. CriyuJaitible BeTWIuHbI 1, . . ., &,, ONPEIETEHHBIE HA, BEPO-
aTHOCTHOM TpocTpancTse (€2, . F, P), HA3BIBAIOTCA HE3ABUCUMBIME, €CJIM HE3ABUCH-

Mot 0(&1),...,0(&n)-

Samernm, 9TO U3 TeOpeMbr 4.4 caemyeT, YTo CaydaiiHbe BEJIMYNHBI HE3aBUCUMBI,

ecJIM He3aBUCHMBI UX m-cucreMbl 7(&1),. .., m(&y,).
Ecnu &, ...,&, —cayuaituble Bejauuunbl u 0(&1),...,0(&,) —ux o-anrebpsl, TO
obnennnerne UP_,o(&;) BoBCe He 06s13aH0 OBITH o-anrebpoit. Yepes o(&1,. .., &)

Oymem 0003HAYATH MUHUMAJIBHYIO 0-aare0py, MOPOXKIEHHYI0 ITUM OObeTMHEHNEM.
Iycrs &1,&s, .. . — MOCIEI0BATEIBHOCTD CIyYaliHbIX Besimaud. OQupegenum ciie-
JYIOIIHe o-aaredpbl, CBA3AHHBIE C YTOU MOCIIEI0BATEIbHOCTHIO,

Zn.

DL

G, = 0(513"'7£n)’ Xn = O—(En+lv§n+2w")a Z =

n=1

IIpu srom 2" Ha3bIBAETCs L60CM060T T-aredpoil Ajis nocjaeaoBareabHocT (£,: n €
N). Dra o-anrebpa COUEPXKUT psif BasKHbIX coObITHil. Hamnpumep, cXOauMocThb ca-
MOH IOCJI€IOBATEILHOCTH WM PAIA 220:1 &, OTHOCATCA K COOBITHSAM XBOCTOBOI
o-anredpHI.

TEOPEMA 4.5 (3AKOH ,,0 nin 1 KOJIMOTOPOBA). ITyems (§,: n € N) — no-
CAE00804MEABHOCTID HEZABUCUMDBLE CAYUATHHLEL BEAUNUN U X — €€ L80CMOBAA T-ar2e0Da.
Tozda das arwbozo A € Z eeposmuocms P(A) pasna nyato, aubo edunuue.
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JOKABATEJILCTBO. ITlokaxkem, uro 2 He 3aBUCHT OT cebsi, T.€. JJIs JIFOOBIX
A,B € % swmonusercs pasencrso P(AB) = P(A)P(B). Ho rorma ayst no6oro
A € Z 6yner semonuarhes pasenctso P(A) = (P(A))?, otkyna Gyzmer cienosarh
YyTBEPXKJIEHUE TEOPEMBbI.

Hokaxxem BHavase, 4yro 7, u Z, (B 0603HaueHusX nepes HOPMyIUPOBKOIi Teo-
PeMbl) SBJISIOTCH HE3aBUCUMbIMU. [ljist 3TOrO PacCMOTPUM JBe T-CUCTeMbL: T, —
COBOKYIITHOCTb MHOXKECTB BUJIA

T = ﬂ{fz < 34}, z; €R, IC{1,...,n},
i€l

U ¥, — COBOKYIIHOCTb MHOXKECTB BUIA

S = ﬂ{£n+z < xi}a T; € IR?

iel

rae I — mroboe KoHewuHoe moaMHOXKecTBO B N. U3 ycimoBus TeopeMbl CeayeT, 9To
Ip u S, wezasucumbl. Kpowme roro, o(7,) = o, 0(S,) = 2. CaenosarenbHo,
110 reopeme 4.4 o-ajredpol A, u A, HE3ABUCUMbI.

Hasee, u3 pxitodenus Z C 2, cieiyer, 4ro Z u o, HE3aBUCUMbL IIPU BCEX
n=12...

3amerum Temepb, uro & C a»h C ... llosromy & = USL 9, fABidercd
anrebpoii (ne obs3arenbHo o-anrebpoit). Ho Torna u3 mesasucumoctu 2 u &,
n =1,2,..., cieayer mesasucumocrb £ u /. Opnako, 27 C o(</) u cuosa 10
reopeme 4.4 mpuxoaum K Hezasucumoctu 2 u Z1. C apyroii croponst, 2 C 27,
OTKYJIa CJIEyeT, 9TO £ HE3aBHCHMA OT Cebs M TeopeMa JOKA3aHA. O

§ 5. Cuyuaiinple BeauduHbl (00Ul ciryuaii)

5.1. Pacopenesienue BeposaTHocTeli. IlycTh & — caydaiinas BenamHa, OmIpe-
JlesiéHtas Ha BepodTHocTHOM npocrpancrse (€2,.%, P). Ha upakruke Bosce He Bax-
HO, KaK YCTPOEHO BEPOSITHOCTHOE MPOCTPaHCTRO (2, . %, P) mpn n3y4eHnn 9nCIOBBIX
XapPaKTEPUCTUK CIYyUaHON BeNIMUYMHBI &, MOCKOJBKY BCE BLIYUCIICHUS MEPEHOCST-
sl Ha BEpOSTHOCTHOE mpocTpancTBo (R, A, P¢). Hanomuuwm, uro P, sasnsercs 6o-
pestesckoit Mepoil, P¢(B) = P((71(B)), B € %, n Ha3blBaeTcsl pacrupe/eseHuem
BeposaTHOCTEl cirydaitHoit Bemannbl £. Kak ciemyer u3 pe3yabTaroB mpemblIyie-
ro naparpada, P¢ Brosine onpejenserca CBOUMYU 3HAYEHUAMY Ha HOJIyHHTEPBAJIAX
Buga (—oo,z], z € R.

OnPEAENEHUE 5.1. Ilycts & —ciayuaiinas BeIWdHHA, ONpeIeJEHHAs HA BEpO-
saTHOCTHOM mpoctpauncTee (2, Z, P). ®yukius

Fe(r) = Pe((—o0,2]) = P({w € Q: {(w) <z}), z€eR

Ha3bIBaeTCs PynKyuel pacnpedesenus CIydaiHol BeIUIUHBI .

OTMeTnM XapaKTepUCTHYECKNE CBOMCTBA (DYHKIINU PACIIPEIETICHIS.

1° F¢(x) aBnsierca meyObiBatomeit dbynkmueit Ha R;
2° F¢(z) HempepbIBHA CIIPaBa B KaxKI0i Touke € R;
3° Fe(—o0) =limg,,_o Fe(z) =0, Fe(o0) = limg o0 Fe(z) = 1.
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JLOKABATE/ILCTBO. MoHoTOHHOCTL (DyHKINE Fy CaeayeT m3 CBOHCTBA MOHO-
ToHHOCTH Mepbl Pe. [eiictButensro, ecnu ' < z”, to (—o0,2'] C (—o0,z”]
1 Pe((—00,2']) < Pe((—00,2"]), T.e. Fe(a') < Fe(z”). Homyctum Temepb, 4To
Zp ¢ upu n — oo. Torma (—oo,x,] \( (—00,z] U 10 CBORCTBY HENPEPLIBHOCTH
Mepsl Pe nmeem

lim_ Fe(wa) = lim Pe((—o00,2,]) = Pe((~00,2)) = Fe(x).
Tem cambiM j10Ka3aHa HelnpepbIBHOCTH cupasa dynkuun Fy. CsoiicrBo 3° Taxxe
cllejlyer U3 HelpepbIBHOCTU Mepbl P¢ mockonbky (—o00,zy,] N\ @ upu x, \, —00 u
(=00, 2p] /R opu z,, 7 o0. O

Samernm, gro jobas dyukius F, omperenennas Ha R u yHOBIETBOPSIONIAs
ycrnoBusaM 1° — 3°) MOXKET pacCMaTpUBaTHCH KaK (DYyHKIUS PACIpPEIe/I€HUsS HEKOTO-
poit ciayuaitnoil Besmaunbl £. Mepa nonyunrepsasios (a,b], a < b, onpeznensiercs
MOCPEJCTBOM PABEHCTBA

Pe((a,0]) = F(b) = F(a).

Jlajiee OHa €IMHCTBEHHBLIM CIIOCOOOM IPOIOJ2KAETCA Ha o-aJrebpy %, IOCKOJbKY,
Kak OBLJI0 IOKA3aHO B MpeJbLayIneM maparpade, bopesneBcKre MepbI, COBIIAIAONINAE
Ha m-cucTeMe J MONyWHTEpBaIoB (—oo, 2], x € R, copnamaoor n Ha A.

B cmyusae mpocTo#t ciyuaitnoil BemumHB { DyHKIUA pacupenesnenus Fe mpen-
craBisier coboii ,cryneHdaryo (bYHKINIO ¢ MHOKECTBOM TOuYeK pa3pbiBa £(€2).
Cpe/in HenpepbIBHBIX (DYHKIUI paCIpe/ie/IeHusT BhIIEISIOTCS TaK Ha3bIBaeMble abd-
COJIFOTHO HeIlpePLIBHBIE.

ONPEAENEHUE 5.2. Byaem roBoputb, 4To ciydaiiHas BesuduHa £ uMmeer abco-
A0THO HENPEPHLEHOE PACIIPEIEIIEHUE, ECITH CYIIECTBYET HEOTPUIATEIbHAA (DYyHKIIMS
fe, xoTopag maTEerpupyeMa Ha R u a1 Beex x € R BBIMOSHAECTCA PaBEHCTBO

Fe(z) = / fe(u) du,

ITpm sTOM f¢ HA3BIBAETCA NAOMHOCTMHIO PACTIPEIETIEHNS CIyYaitHON BETMINHBI &.

B kadecTse MIOTHOCTH fe MOXKeT BBICTyIATh JTf00ad HeOTpHIATeTbHAA DYHKINA
f Ha R, KOTOpas mHTErpHpyeMa Ha BCeil INCIOBOI OCH U

oo

/f(x) de = 1.

— 00

B TepmMmHAX TIOTHOCTH f¢ TPOCTO BHIPAYKAIOTCA CIEAYTIONTAE BEPOATHOCTH

b
P({w: a<&w) < b)) = P{w: a < &w) <b}) = / fela) da.

Kpowme Toro, B ToUKax HEMpepLIBHOCTH MIoTHOCTH dyHKIHNA Fe nuddepenmupyema
U BBIMOJTHSAETCS PABEHCTBO

Fi(z) = fe(x).
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Cpen HanboJIee YaCcTO BCTPEYAIONINXCS B IPHUJIOKEHUSIX a0COTIOTHO HENpPEPHIB-
HBIX pacupeeeHuii OTMETUM CJIEIYIOIINeE.

¢ PasHOMepHOe Ha oTpe3ke [a, b]

o) = =T (e).

¢ TlokaszaresbHoe (MM IKCTIOHEHIMATIBHOE)
fe(z) = )\e*)“”]l[om)(x), A> 0.

{ Pacnpenenenne Kommnm
fel@) = 2
T) = ——.
¢ |

¢ HopmaiubHoe (uau rayccoBCKoe) ¢ napamerpamu a € R, o > 0

1 2 2
_ - —(z—a)*/20
xr) = (& .
fé( ) o

B srom ciyuae mumyt € € A (a,02). Ecim a = 0 u o = 0, TO rOBOPAT, UTO

& vMeeT CTaHJAPTHOE HOPMAJIBHOE PACIIPEIE/ICHUE.
Bce cBoiicTBa MIIOTHOCTY JIJTsT TPUBEAEHHBIX TPUMEPOB PACIIPEIE/IEHIH TPOBEPSi-
IOTCST HEMOCPEJCTBEHHBIMU BBIYUCICHUAME. [IpW MpoOBEpKe paBeHCTBA MHTETPAJIA,
eIMHUIE B CJIyYae HOPMAJbHOrO PACIPEIEIeHNs UCIOIb3yeTCs W3BECTHBINA HECO0-

CTBEHHBII WHTETrpaJl
[ee]

/ e dr = /T

— 00
B cayuae, korga & aBiseTcs mpocToit caydaitnoi BeanunHoi n p: R — R — mpo-
u3BOJIbHAS (DYHKIMS, MBI MOYKEM PACCMOTPETh KOMITO3UINIO (¢ © £, KOTOpas TaK¥Ke
OyzeT mpoCTOoil cirydaitHol BesmunHOi. B 00mmieM ciiydae BO3SHUKAIOT OTPAHUYEHIS
Ha QYHKINIO ©.

OUPEJEJIEHUE 5.3. @yukuus ¢: R — R HaspBaercs OOpeIeBCKOit, ecan st
1106010 6opeseBckoro MHokecTBa B € % ero mpoobpas ¢~ 1(B) Takike aBigercs
OOpEeIeBCKUM MHOKECTBOM.

Hemocpecreennas mpoBepKa MOKA3bIBAET, UTO ecau & — CaydaiiHas BeJTMYuHA,
olpe/ieJiéHHas Ha BepoaTHOCTHOM mpocrpancrse (2, #,P), a ¢: R — R—6ope-
JieBcKast (DyHKIMs, TO KOMIIO3UIUSA ¢ O £ TAKXKe SABJIAETCHA CJIyIalHON BEeJUYnHOI,
OIPEJICJIEHHON HA TOM 2K€ BEPOSITHOCTHOM HIPOCTPAHCTBE.

Kanacc 6openeBckux QyHKIMA JOCTATOYHO MIUPOK. B 9acTHOCTH, BCAKas HEpe-
pbiBHAs (DYHKIUSA SBIsIETCS OOpesieBCcKoii. JleficTBUTENBHO, B 9TOM CJIydae mpood-
pazoM ¢~ 1(G) moboro orkpbiToro MuOKecTBa G C R ABIAETCA OTKPBITOE MHOMXKE-
ctBo. llockoybKy # gBJsieTCS MUHUMAJIBHON 0-aJaredpoii, TOPOXKIEHHON KJIacCoM
OTKPBITBHIX MHOXKECTB, TO YTBEDKIEHHE CIIEIYET U3 PACCYKIACHWI, AHAJOTHIHBIX
MIPOBEIEHHBIM PHU JIOKA3ATENbCTBE MPEIIOKeHus 4.2 W3 TMpenbIIyIero maparpa-
da. Boibupas coorBercrByommM 00pa3zoM (GyHKIIHO ¢, MOLydaeM, 910 ecian & —
cTydaifHas BeMYHHA, TO TAKKe CTydJailHbIMK BeTHINHAME ABagtoTca €], &2 u T .
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5.2. MaremaTrmdyecKoe oxxmuaaHme. PaccMorpum renepb BOLPOC BblJIE/IEHH
KJjlacca CIydafiHBIX BeJWYHH, I KOTOPBIX MOXKHO OIPENENTh MaTeMaTHIeCKOe
oxkujianue. Buadasie Mbl 9T0 C/1e/1aeM il HEOTPULIATE/IbHBIX CILyYalHbIX BEJIMYUH.
IIpm 3TOM BaxKHYIO POJIb OYAYT UIPATH MPOCTHIE CAYUANHBIE BEINTUHBI, 71 KOTO-
PBIX MaTeMaTHYeCKOe OKUJIAHUEe yrKe OIpeJieIeHo.

TEOPEMA 5.1. ITycmv & — HEOMPUYAMENDHAA CAYHATHAA BEAUNUHA, 0TPEeJeNEH-
HaA Ha eepoammuocmuom npocmpancmee (2, F,P). Tozda natidémes nocaedosa-
meavnocms (&, n € N) npocmuz cayuaiinnr seaunun maxas, wmo 0 < &, < §nt1,

O'(é'n) - O—(f)’ n= 1723 e U
lim £(w) = £(w)

ons ecex w € (.

JIOKABATEJIbCTBO. s kaxkgoro n € N BBeaéM B paccMOTpeHne pasdueHne
D = { A, Dgn), . ,Df:%)n}, rie

A, = £ Y([n,0)), D = ¢t ([(k—1)27"k27")), k=1,...,n2",

U OIpeAeuM IPOCTYIO CAy4YalHyIO0 BEeJIUYUHY

nam

& =nla, + ) (k- 127" .
k=1

N3 onpenenenus &, Bugno, 4ro o(&,) C o(§) n 0 < &, < & Ocraéres nmokasars,
49TO TIpU BCeX w € ) 9ucsoBag mocyaenoBareabHocTh (€,(w): n € N) asagercs
Hey6biBatommeii u &, (w) — &(w) npu n — co.

Ecim w € Ay, 10 &p(w) = n, a &,41(w) onpenensiercss B 3aBUCUMOCTH OT TOTO
w € Apyq (rorma &pqq(w) = n+1) wm w € D,(C"H) npu k > n2"t (torma
ntiw) =2 n), re &(w) < &pt1(w). Ecmmw € D,(Qn) npu k < n2"™, TO TOCKOJIBKY
npu Tiepexosie K pazdbuennio %, .1 aTom D,(C”) JIEJTATCA Ha, aTOMBI Dé’;f}) u Dg,iﬂ),
10 &, 11(w) paBmsiercs mbo (k — 1)27" = &, (w), 6o (2k — 1)2- ") > ¢, (w).

Hasee, dukcnpyem nponssosabHo w € 2, n nycth N Takoe, uro £(w) < N. Torma
npu 1 > N BBINOJHSIOTCS HEPABEHCTBA

&n(w) < €(w) < &nlw) +277,

orkyza caeuyer, 4ro &, (w) — £(w) upu n — oo. O

3aMeTuM Terneph, YTO B CUJLY CBONCTB MATEMATHIECKOTO OXKUTAHUS JIJIST TPOCTHIX
CJIydaiiHbIX BEJIMYMH YUCJI0Bas mocienosarenbuocts (EE,: n € N) maremarnge-
CKHUX OXKHUJIQHWI alMPOKCUMUPYIONIEH MOCIe0BaTeIbHOCTA U3 TeopeMbl 5.1 ABjid-
erca meyoObmBaromeii. [losromy ona mbo cTpeMuTcss K OECKOHEIHOCTH, JTHOO MMEeT
KoHeuHbIH npezaen. OKa3blBAETCsl, 4TO [PeIesl MAaTEMATHIECKUX OKUIaHuil (KoHed-
HbIA WM GECKOHEYHbIN) He 3aBUCUT OT BbIOOPA AIMPOKCHUMUPYIOMIEH MOHOTOHHOI
[10CJIeJOBATEIbHOCTU IPOCTBIX HEOTPUIIATEIbHBIX CIYy4YalHbIX BEJIUYUH.
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TEOPEMA 5.2. ITycmov 1,£1,&2, ... — NPOCMBLE HEOMPUYUATNENLHBLE CAYHATHDIE G-
Aunuhbe u nocaedosamenvrocms (£,: n € N) asanemes neyovsarowet. Ecau npu
2Mmom

lim &, (w) = §(w) = n(w)
das ecex w € §2, mo
En < lim E¢&,.
n—oo
JOKABATEJ/IbCTBO. ®uKcupyeM MpOu3BOJILHO € > (0 U ompeaeanm
A, = A{w: & (w) = n(w) — e}, n=12....

W3 ycmosmit Teopemsl cieayet, 9to (A,: n € N) — HeyObIBaIOIIAs TTOCIEI0BATETh-
HOCTH coObITHit u lim A,, = Q. Ilosromy P(A,,) — 1 npu n — co. anee, mycrhb
n

M = max{n(w): w e Q}.

Torna
En 2 (7776)11477/ 2 W*ng]lxa

OTKY/Ja CJjaeayeT HEPpaBEeHCTBO

B¢, > En—e— MP(A,).

TMockonbky P(A,) — 0 npu n — oo, To lim EE, > En — e. YuursiBasg renepb
n—oo

IPOM3BOJIBHOCTH B BhIOODE €, momyvaem lim EE, > En u reopema mokazana. O
n—oo

CneacTBUE 5.1. yemo (&0 n € N) u (n,: n € N) — dee neybmsarougue no-
CAE008AMEADPHOCTNU NPOCTIBLT HEOMPUUAMENLHULT CAYNATHYIT GEAUNUH U

lim & (w) = lim 7, (w) = £(w)

n—oo n—oo

odas scex w € ). Tozda
lim E£, = lim En,,
n—r 00 n— o0

AUb60 066, npedesa pasHvl BECKOHEMHOCNAL.

JOKABATEJIBLCTBO. U3 Teopemsbr 5.2 ciexyer, 4ro mis Kaxkmoro k = 1,2,...
BBIIIOJIHSIETCsl HEPABEHCTBO
lim EE, > Eng.

n—0o0

OcymiecTBiss B 9TOM HEPAaBEHCTBE MPEIeIbHbIH Mepexo mpu k — 0o, ToIyydaeM
lim E&, > lim Eng.
n—00 k— o0
Mensist posIsIMH 3TH IIOCJI€OBATEIBLHOCTH, [OJIYyIHUM OOPATHOE HEPABEHCTBO, YTO U
JIOKAa3bIBaeT Hallle yTBepIKICHHE. O

OnPEAEJEHUE 5.4. Ilycrs  — HeoTpHuaTesnbHast ciaydaiinas BennauHa u (&, :

n € N) — HeyObIBAIOIIAS TIOCIEIOBATEIHHOCTh MMPOCTHIX HEOTPUIATETLHBIX CIIyJaii-

HBIX BEJIMYMH Takasd, 910 lim &, = £ . Torma mom MaTreMaTudecKuM OKUIAHMEM
n—oo

cayJaitnoit BeanduHbl £ Oy1eM TTOHUMATh

EC := lim E&,. (5.1)
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KoppekTrnocTs 3T0r0 onpezesnenns ciemayer u3 reopemst 5.1 u cireacrsus 5.1 Ipe-
zed B (5.1), KoHeuHblii uin 6eCKOHEUYHbLl, CyLIECTBYeT B CULy MOHOTOHHOCTHU 110CJ/1e-
nosarermsrocTr (EE,: n € N). Hacro nomyckaior 3nauenne Geckoneunoctu B (5.1)
u3 CoODparkeHwmii yao0CTBa, HO MBI OyJaeM cunuTaTh, YT0 EE m1st HEOTpHIATEIHHOM
CITyJaifHOM BEJIMYWHBI CYIECTBYET, €CJTU 3TOT MPeIesl KOHEUHBIH.

711 MpOM3BOJIBHOM CyJaiiHONW BEJIWYUHBI £ PACCMATPUBAIOTCA JBE HEOTPUIIA-
TeJIbHBbIE CIy9YaiiHbIe BEJIMIMHbBI

&t = max{¢, 0}, &~ = max{-¢,0}.

Ouesuno, uro £ = &1 — ¢~ u |€] = €T+ €. B ciayuae, korga EET u EE™ koneunbl,
Oy/ieM FOBOPHTH, UTO & HMeeT KOHeYHOe MATeMAaTHIeCKOe OXKHIAHIE U II0JIaraTh

E¢ .= E¢t —E¢.

Beenénnoe TakuMm 00pa3oM MaTeMaTHIECKOe OXKUIaHue (B CIydae ero CymnecTBOBa-
Hust) 00JIQJAET TEMU K€ CBOMCTBAMHU, KOTOPbIE ObLIM YCTAHOBJIEHBI JIJIf IIPOCTHIX
ciaydaitabix BeqmawH. [lokaxkeMm, HampuMmep, KaK YCTAHABINBAETCS CBONCTBO MYJIb-
TUMIAKATABHOCTH MAaTEMATHIECKOTO OXKUIAHNUS.

ITPENJIOXKEHUE 5.1. ITyemob & u 1) — HE3GA6UCUMBLE CAYUAGTHDIE BEAUNUHDL C KO-
HEYHBMU Mamemamuveckumy odcudanuamu. Toezda ux npoussedenue £ makoice
UMEETN, KOHEYHOE MATMEMATIUYECKOE ONCUOGHUE U BBINOAHACTIICA PABEHCNEO0

E(&n) = (ES)(En).

JOKABATEJIBLCTBO. Homyctum BHaYase, 9T0 & U 1) — HE3ABUCHMbIE HEOTPHIIA-
TeJIbHDBIE CJIy9YaiiHbIe BEJIUYMHBI C KOHEYHBIME MATEMATHICCKUME OXKujganusamu EE
u En. B cuuy Teopemsr 5.1 Haiigyrca Takue HeyObIBAIOIIME IOCJIEI0BATEIHLHOCTH
(&n: neN)u (n,: n €N) MPOCTHIX HEOTPUIIATEIBHBIX CIYYANHBIX BEJIMUNH, ITO

lim &, = &, lim 7, = n.
n—oo n—oo
Ipu srom o(&,) C o(€), o(n,) C o(n) ans Beex n = 1,2,.... I3 nezaBucumocru £

7 1) CIeayeT He3aBUCUMOCTL &, u 0, n noromy EE,n, = EE,En, mo croiictry mare-
MaTWYECKOTO OXKHUIAHWS JJIsi TPOCTHIX CIydYaiiHbIX BesnunH. Kpowme Toro, (&,1,:

n € N) aBisieTcst HeyOBIBAIOIIEHT TOCIEA0BATEILHOCTHIO TPOCTHIX HEOTPUIIATETEHBIX
CITyIaffHBIX BEJTUYIUH, JJIs KOTOPO nh_}n;o Enmn = €n. Ho Torma mo onpemeseHuio ma-

TEMaTUIEeCKOI'O OXKUJIAHUS JIJIsI HEOTPHUIIATEIbHBIX CJIyYailHbIX BEJIMYUH [OJIyIaeM
Eén = lim EE,n, = lim EE,En, = EEEN.
n—oo n—oo

B ciy9ae pOM3BOSIBHBIX HE3ABUCHMBIX CJIYIANHBIX BEJMYUH ¢ KOHEIHBIMH MATE-
MaTHIeCKAMHI OxKumansavu 3ametnM, ato o (%) C (&) u a(n) C o(n). Cae-
noBaTenbHo, £ u nt ABIAIOTC HEOTPHUIATEIHHBLIME HE3aBUCHMbBIME CJTyTaiiHBIMMI
BEJIMIMHAME H IO JOKA3aHHOMY C YI6TOM CBOHCTBA JMHEHHOCTH MATEMATHIECKOTO
OKHIAHUS TIOJTYaeM

E¢n =E(ET —&)(n" —n7)
=E¢YEnT —E€YEnT —E€TEnT +E€TEn
= (B¢t —E¢7)(En" —En7)
= E¢En.
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O

SAMEYAHUE 5.1. CBOHCTBO MyJBTHILIUKATHBHOCTH MATEMATHYECKOTO OXKWJIA-
HAS WMEeT MECTO W i N CAyYaiiHbIX Benmuud. Ecam &1, ...,&, — HEe3aBUCUMBbIE
CIIydaiiHble BEJIMYMHbI C KOHEYHBIMU MATEMATHYECKUMU OXKUJIAHUAMU, TO UX IIPO-
U3BEJICHUE TAKXKE UMEET KOHEYHOE MATEMATUYECKOE OXKUJIAHUE U

E(&-...- &) = E& - ... - E&,.

ITpu onpenesrenny MaTeMaTrYeCcKOro oxkuaanus EE Obia peann3oBana KOHCTPYK-
s uaTerpasa Jlebera or dyukimu £ : ) — R, m3mMepumoit OTHOCUTEIFHO 0-aITe0PbhI
Z, o mepe P. Takum obpazom,

Ee = Q/ E(w)P(dw) = Q/ ¢dp.

Kak u B ciaydae QuUCKPETHBIX C/IydailHbIX BEJIMYMH BCE BBHIMHUCJIEHUS, CBA3aHHDIE
CO CAyYalHON BEIUIMHON &, MOKHO IEPEHECTH HA BEPOATHOCTHOE IIPOCTPAHCTBO

(R, A, Py).

TEOPEMA 5.3. ITycmov £ — cayuatinas 8eAUNUHG, ONPEIEAEHHAA HA 6EPOATIHOCTT-
nom npocmpancmee (2, .Z, P), ¢ pacnpedesenuem eepoamuocmets Pe uo: R — R —
bopenesckan pynkyua. Toezda u3 cywecmeosanus 00H020 U3 UHMELPANOE

[etap. [ e

Q R

me@yem cywecmeosarue 0pyeoeo U ux pasercmeo, m. e.

/ pdPe = / p(@)Pe(dz) = E(6). (5.2)

R R

JLOKA3BATEJILCTBO. Homycrum Bravase, uro ¢(x) = 1g(z), rue B € A. Torna
(pof: ]lB Of = ILE—l(B) n

Ep(¢) = P(¢'(B)) = Pe(B) = / odPe.
R

T.e. paBeHcTBO (5.2) B 9TOM ciIydae JoKazaHo. Eciam ¢ —mnpocrasi GopesieBcKast
by o = > xxlp,, By € A u B;B; = @ upn i # j, T0 B CUJly CBOHCTBA
JIMHETHOCTH MHTErpaJja CHOBA MpUXoauM K pasencTBy (5.2). g meorpunaresnb-
HOit BopesieBcKoii byHKIMU ¢ paBeHCTBO (5.2) yCTaHABIMBAETCs MOCPEACTBOM Ipe-
JIEJIbHOTO [Iepexoia Jyis allllpoKcuMupytoieil nocsienoBaresabHocru (¢n: n € N)
MIPOCTBIX HEOTPHUIATENbHbIX OopeneBckux (yuknmit. Ilocme 3Toro wmcmomb3yercs
npejcTaBiaeHue @ = @ — o7, O

SAMEYAHUE 5.2. B ciydae abCOJIOTHO HENPEPBIBHOIO PACIIPE/IEEHUs] DABEH-
crBo (5.2) mpuHUMaeT BUJ,

Ep(c) = / () fe()d, (5.3)

R
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rae fe — MJIOTHOCTBH PaCHpeeeHus CIydaifHON BeJIMIWHBI £, a WHTErpas MOHIMAa-
ercsi, BOODIIEe TOBOpsi, B cMbIcje Jlebera, XoTs B OObINeil JaCTH TMPUJIOXKEHHUA OH
COBIIQJa€T C HHTErpaJIiOM PI/IMaHa.

WNurerpan Jlebera mmeer MHOTO MPEUMYINECTB IO CPABHEHWIO C WHTErpasioMm Pu-
Mana. OQJHUM M3 TAKUX MPEUMYIIECTB SIBJISIIOTCS TEOPEMbBI O MPEIEHbHOM MEPexXojie
o, 3HaKoM mHTerpasia. Huke Mbl cpopMyTupyeM Be HAuOOIee IaCTO UCIOTb3ye-
MbIE TAKHe TeopeMbl. BHavase cieinaemM HeKOTopbie 3aMedanus 0 Tepmuaosorum. O
CBOWCTBE, KOTOPOE BBIIOJHAETCS HA COOBITHH, UMEIOIEM BEPOATHOCTL 1, TOBOPIT,
YTO OHO BBIMIOJIHAETCA NOuMU HaeepHoe (COKPaIeHHo n.H.). B gactaocTu, npume-
HUTEJIFHO K CXOJAMMOCTH CIYyJIafiHbIX BEJIMYWH BBEIEM CJIEIYIOIIEE OMpEeIeIeHNE.

ONPEJEJIEHUE 5.5. Bynem roBOpuTh, 9TO MOCIEI0BATEIHHOCTD CIIYYAWHBIX Be-
quave €1, o, . .. CXOAUTCA K CIydaitHON BequdnHe £ C BEPOATHOCTHIO 1 WIH nouwmu
II.H.
HasepHoe, u ucath &, — &, ecan

P({w: lim £(w) = £@)}) = 1.

B nanbueitiiem mbl He Oy/ieM pa3indars CJydailHbIe BEJIMYUHBI, KOTOPbIE COBIIA-
JIAI0T TIOYTH HABEPHOE, U He OyIeM 3TO KaXK bl pa3 OrOBAPWBATH.

TEOPEMA 5.4 (O MOHOTOHHOW CXOAUMOCTHU). ITyems (&,: n € N) — neybos-
6arouLaA Nn0cAed06aAMEABHOCTIL HEOMPUUATMENOHBLT cnyuaﬂum:c seaudur v lim fn =
n—oo

&. Tozda
lim E, = EE,
n—oo

AUOO 00€ UaAcCmU PABEHCTNEA PAGHBL OECKOHEUHOCTIU.

715t HeOTPHUIATEIBLHOM CIIyYaiHOM BETUIMHBI £ MaTeMaTHIeCKOe OKUJAHNE JTHO0
CyIIECTBYeT, JTUOO €ero MOXKHO CYUTaTh OeckoHeuHbIM. ITo3Tomy ycioBue ero cyrie-
CTBOBAHHUSI MOYKHO KOPOTKO MPEICTABUTH HepaBeHCTBOM EE < co. B obmem ciydae
yCJIOBHE CYIIECTBOBAHMS MATEMaTHUYECKOrO OXKHJIaHWA Oy/eM 3aluChbIBATH B BHJIE
E|¢| < 0o, nockosbky |€] = T + €.

TEOPEMA 5.5 (JIEBETA O MAXKOPUPYEMOI CXOJUMOCTH). [Tyems cayuaii-
nowe seaununos 1,€,81, &, . .. ydosaemeopatom ycaosuam: |, < n, n=1,2,...,
£ 8 € uwEn < oo, Tozda

El¢| < oo, lim E¢, = E¢, lim E|¢, —¢| = 0.
n—oo n—oo

5.3. Xapakrepucruueckue dbyuknun. Hapsay ¢ dyukimeit pacupegenenns
F¢ ncmonb3yioTea W ApyTHe CHOCOOBI ONMMCAHUA pacCTpeieleHns BepoaTHOCTel Pg
caydaitaoit Benuauabl €. HekoTopble M3 HUX MPUMEHUMbBI HE KO BCEM paCIpejese-
nuam. Hampumep, mpousBongmias (pyHKIHS MOMEHTOB

Mg (t) = E@tg,

KOTOpast Ompefiensercs A rex ¢ € R, aja KOTOPBIX B IPaBOHl 9aCTW PABEHCTBA
ONPEJETIEH0 MATEMATUYECKOe OKHUIAHUE. B ciyvae, korma £ MMeeT CTaHAAPTHOE
HOPMAJIBHOE PACHPE/IeIeHNE,
o0
t2/2
Me(t) = — etre=" 2y = & e~ @D 2qy = o°/2,

Vo Var .
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BameTuM TakiKe, YTO 3/1eCh B KaueCTBe MEPEMEHHOH MOXKHO ObLIO BMECTO Bellle-
CTBEHHOTO ¢ B34Th KOMILJIEKCHOE 2 U MOJIyYHTh T0JI0OMOPMHYIO BO BCeil KOMILIEKCHOI
mnockoctn dynkmmo Me(z) = 2 /2,

B ormune ot npoussossmeii GyHKINH MOMEHTOB XapaKTepucTHYecKas (QyHK-
1S OTPeJIeJIeHa ISl JII0O0TO PACTIPEIeTeHNS.

ONPEAENEHUE 5.6. Ilycts £ — cnyuaiinas Bennunna. Torma
he(t) = Ee'™ = E(costé + isint€), teR,

HA3BIBAETCS LAPAKMEPUCTIUYECKOT GYHKUUel CIyIaiiHONl BeIUNIUHBI &.

B 3aBucmMoCTH OT XapakTepa pacupejeseHus Pg MPOM3BOAUTCS BBIMUCIICHHE
he(t). Ecam € —mpocras ciydaiimas semmamua u Pe(zy) = pr, kK = 1,...,n,
n
k1 Pk =1,TO

n

n
he(t) = Zpkeim’“ = Z(cosxkt—&—isinxkt).
k=1 k=1

B ciyuae abcostioTHO HENPEPBIBHOTO PACIIPEIeSIEH ST, KOTIa CYNIECTBYET MJIOTHOCTD
fe, XapaxkTepncTrdeckasa QyHKINA onpeendeTcd o dopmyie

oo

he(t) = [ e ela)do

— 00

CaoiicTBa XapaKTepucTuiecKnx (QyHKIIUA.

1°. |he(t)] < 1m he(0) =1,

2°. he(—t) = he(t) (3mech depra cBepXy 03HAUAET KOMILIEKCHOE COIPSIZKEHNE);

3°. Jas a,b € R n caydaitnoit BeInanHEI  BBIMOTHSAETCS PABEHCTRO Aqeip(t) =
e he(at);

4°. Ecmm &1, . ..,&, — He3aBUCHMBIE CIIydaiiHble BeJTMIUHLI U S, = &1 + ... + &,
10 hs, (t) = [T}— he, ()

5°. @ynukrus he(t) paBEOMepHO HempepbiBHA Ha R;

6°. Ecan E[§|™ < 00, TO h¢(t) mmeer TpOM3BOIMHBIE 0 N-TO TOPSIKA BKIIOUN-

TE€JIbHO 1

Lo
B¢ = " (0);

in

7°. Ecnm cymecTByeT 4éTHAsS TTPOW3BOIHAS hé%)(O), To E€?F < 0.

YrBepxaeaus 1° —4° aBISOTCS HEMOCPEICTBEHHBIME CIEICTBASME CBOHCTB Ma-
TeMaTHYeCKOTO OKMIaHns. OCTalIbHbIE CBONCTBA JOKA3BIBAIOTCS C UCTIOIH30BAHNEM
Teopembl Jlebera 0 MayKOpUPyeMOoit CXOTUMOCTH.

IIpusBeném xapakrepucrudeckue (PyHKIMH HEKOTOPBIX YaCTO BCTPEYAIOIINXCS B
LPUJIOXKEHUSX PACIIPEIE/ICHUA.

& BroipoxkaenHoe pacnpesernenne P(€ =a) = 1.
HemnocpencrseHHO U3 olpejie/ieHust XapaKTepUCTHIECKON (DYHKIMKU 110J1y Ya-
eM ee BHJ
he(t) = Ee''® = it
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& Papnomeproe Ha orpeske [a,b] pacmpenenenne. Ee xapakrepucrndeckas
byHKIINS TaK)Ke MOJIy9IaeTCsd HEMOCPEICTBEHHO U3 onpeneneHus. B ciaydae
t # 0 umeem

b _ b . .
1 ) eitz = eith _ cita
h t) = ztxd - - - —°
¢(®) b—a/e T b —a) it — a)

a

r=a

IIpu t = 0 umeem he(0) = 1.
& OkcnoHeHnmaIbHOE pacupejenenne ¢ mapamerpom A > 0. 3gech cHOBa BOC-
TOJIE3YEMCsT OTIPeJIeTIEHNEM XapaAKTePUCTUIECKOH byHKINN

=00

A
o A—it

7 Nelit—Nz
h,g(t) = )\/eltwe_/\mdx = jtf)\
0

r=
& Pacupenenenne Komm nmeer xapakTepuCTHIECKYTO (DyHKIHIO
hg(t) = e MM,

Boruuncirenus, CBS3aHHbBIE C MOJYIEHHEM 3TOTO PABEHCTBA, IPOBOIATCS C HUC-
TIOJIb30BaHUEM TEOPHUHN BBIYETOB.

& Hopmanbuoe pacnpenenenue ¢ napaMmerpaMu a € R u o > 0 umeer xapakre-
pucTudeckyio GyHKIHIO

h§ (t) _ eiate—02t2/2.

HeficTBUTETHHO, B CIydae CTAHAAPTHOTO HOPMATBLHOTO pacupeieneHust, KO-
rna a = 0 u 0 = 1, xapakTepucruyieckas OYHKIUS [TOIy9aeTCs U3 MPOU3BO-
asmeil PyHKIMH MOMEHTOB

he(t) = Me(it) = e /2.

IIycrs Tenepp 0 > 0 u a € R. Ciyvaiinas Benmauna n = o€ 4 a Oyaer umerb,
B CHJIy CBOMCTBA 3°, XapaKTEPUCTUIECKYIO (DYHKITHIO

h (t) _ 6iat6702t2/2
n(t) = .
C 1pyroit CTOpOHBI,

(x—a)/o

Fy(z) = P(cé+a<a) = P(¢< %) = J% / e 2,

oo

fola) = — e
Tr) = ——e 20
K oV 2w
2

W 7) AMEET HOPMAJIbHOE PACIpPEIeJIeHne C TapaMeTpaMu a, 0~ .

& llenouncnennas ciaydaiinas BeJIM4YUHA C IPOU3BOAAIIEH DyHKIMER ge () ume-
eT XapakTepuCTHIecKyo GyHKuuio he(t) = ge(e™). Dro cnemyer memocpesn-
CTBEHHO M3 OIPEIETeHNH XapaKTePUCTUIECKON U MPOu3BOaAIIeH hyHKITHIL.
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Mexay xapakrepuctTudecKuMu byHKIUAMA U DYHKIUAMEA PACIPEIETICHIS NMe-
€T MeCTO B3aMmMHO-OJHO3HAYHOE COOTBETCTBHE. B wacTtHOCTH, jIs JI00OBIX a < b
BBIIIOJIHAETCA COOTHOIIIEHNE

R
e—iat _ e—ibt
Jim oo [ S (0t = 5 [Pel(a.b) +Pel(a.b)
“R
= 2 [Fe(b—0) — Fea—0) + Fe(b) — Fila)].

OrMernm Takzke, 4TO ec/iu Xapakrepucrudeckad GyHkiusa he abCOMIOTHO HHTE-

rpupyema, T.e€.
o0

/ Ihe(t)]dt < oo,

— 00
T0 £ MMeeT abCOTIOTHO HEMPEPHIBHOE PACTIPEIETICHNE, a €€ TIIIOTHOCTE OMPEeIe/ISIeTCs
mo dbopmyiie
oo

1

T oo

fe(@) e he(t)dt.

5.4. HepaBeHcTBa. B 0CHOBE MHOrMX HEPABEHCTB JIEZKHUT MJIEsT BBITYKJIOCTH.
Hanomuum, uro dyukuus ¢: (a,b) — R (gomyckaercs a = —00,b = 00) Ha3biBaer-
cs BBULYKJIOH, ecu ana Beex ¢, 2" € (a,b) m A € [0, 1] Bbmonnserca HepaBeHCTBO

Az’ + (1= N)a2") < Ap(@’) + (1 = Me(a").

JIEMMA 5.1. ITyemw p: (a,b) — R — ewnykaas dynxyus. Tozda das kasicdozo
xo € (a,b) natdémea pynruyua l(x) = ax + B, o, f € R, maxas, wmo l(x) < p(z)
das ecex x € (a,b) u l(xg) = @(x0).

JIOKABATEJILCTBO. Ilycrh a < 2’ < 29 < 2" < b. Torma B Culy BBILYKJIOCTH
dbyurnun © 6yner BbIMOTHATHCH HEPABEHCTBO

7

" / / /

r —xo ro — T r — X ’ o — T ”

plxg) = ¢ T+ T < —p@)+ ——p@").
( ) x//_x/ x//_z/ x//_x,/ ( ) 1 Al ( )

Orcioma mony4daem

" — g , z0 — ' )
m(%ﬁ(fco) — (') < m(w(% ) — ¢(20)),
U jaee
p(xo) —p(@') _ w(a”) = p(z0)
x0 — 2’ = " —x9

TTockonbky ', " BRIOMpaAIHCH IPOU3BOILHO IO PA3HBIE CTOPOHBI OT T, TO HAXAETCS
o Mex Iy HH(MUMYMOM HPaBoiil 9aCcTH U CyIPEeMyMOM JICBO MOJYyYeHHOTO HepPaBeH-
crBa. Ho Torma mis 3toro a u Beex = € (a,b) GyJer BBHITOTHATHCS HEPABEHCTBO

o(r) = p(zo) = a(r — x0).



46 B.B. 'OPSIIHOB

TEOPEMA 5.6 (HEPABEHCTBO UEHCEHA). ITycmo ¢: (a,b) — R — ewnyraas
Pynryua u § — cayuatinas eeaununa maxue, wmo P(§ € (a,b)) = 1, E[{] < 00 u
Elp(&)| < co. Tozda swnosnsemcea nepasencmeo

P(ES) < Ep(8).

JOKA3ATENLCTBO. Ilockonsky P(€ € (a,b)) =1, To E€ € (a,b). B cuny nem-
mbt 5.1 Haiinerca dyurus [(x) = o+ 5 Takas, 910 {(x) < () nas Beex © € (a, b)
u l[(E€) = p(EE). Ho rorma

Ep(§) = El(§) = aEE+ 8 = I(ES) = ¢(ES),
W TeopeMa JIOKa3aHa. m

Boibupasi COOTBETCTBYIOMUM OOPA30M BBIMYKJIYI0 (DYHKIHIO, MOKHO TIOJYYATh
pasiuvHble HepaBeHcTBa. Hanpmwmep, Bbibop dyHKImH @(x) = |z| npuBomur K
nepasenctsy |EE| < E[| , a B cnydae ¢(x) = 22 nonyuaem (E€)? < EE2.

Bynem rosopurbh, 4TO CilydaiiHasd BeaWuYMHA ¢ MMeeT KOHEYHBIH 7-ThIi MOMEHT
(r 2 1), eciim E|€]" < 0o. CoOBOKYIHOCTb CIy4ailHbIX BeJMduH &, ONPeNeEHHBIX
HA BEPOATHOCTHOM mpoctpancTee ({2,.%, P) m MMEnuX KOHETHbIH 7-ThIii MOMEHT,
6yaem obosnadarb L, (2, F, P) uiu, koporko, L,. Hanomuum, 4ro Mbl 0TOXK 1€CTB-
JiIeM CJIydaifHble BEJIMYMHbI, KOTOPbIE COBIIQJAIOT II0YTH HaBepHoe. IlosToMy moj
3JIEMEHTOM B L, TIOHUMAETCs KJIACC CAYYANHBIX BEJIMYUH, COBIAIAIOIINX MOYTH HA-
BepHOE. 3aMeruM TakKe, 9T0 L, ofpasyer JuHeiHOe mpocTpancTBo. JleficTBuTe nnb-
HO, ecam E|¢]" < oo, To nyist o € R mmeem E|ag|” = |a]"E[E]" < co. BamrHyTOCTBH
L, OTHOCHUTEJIbHO CyMMbI CIy4YailHbIX BEJIMYUH C/ELYeT U3 HEPABEHCTBA

€ +nl" < 27(I€]" + Inl").
B numeiinom mpoctpamcrse L, BBOAUTCA HOpMAa
€|z, == (El¢[)H".

Oco6o BhIzENSAETCS Cydail 1 = 2, TOCKOJIbKY B Loy HOpMa ONpe/IesIsieTcst CKaISIPHBIM
TIpOU3BeJeHNUEM

(§&m) = E&n
u Lo saBAsieTCss THABOEPTOBBIM IIPOCTPAHCTBOM.
Crenyromuuii pe3yabTaT MOKA3BIBAET, B YACTHOCTH, UTO CYIIIECTBOBAHKE 7'-TO MO-
MeHTa, 1 > 1 BJI€UET CylIeCTBOBaHNE MOMEHTOB ¢-TO TIOpsiika JJist Beex ¢ € [1,r].

TeEOPEMA 5.7 (HEPABEHCTBO JIANYHOBA). [Iycmv 1 < g<r <oo u & € L,.
Tozda £ € L, u 8vnoansemcs HEPABEHCMEO

€Mz, < €z,

JLOKA3ATEJNBCTBO. Ilycrs &, = (min{|{|,n})?. Torma (&,: n € N)— HeyObI-

BAIOIIAs [OCJIEI0BATEIHHOCTD HEOTPUIATE/ILHBIX CJydailHbIX Beaudun u &, — |£|9,
T (Y

fn/q — |€]" mpu n — oco. Iockombky @(x) = x'/9 aBnsgercs BoITyKIOH byHKII-
r/q
n .

eit ma (0,00), To u3 mepasencrsa Hencena ciemyer (EE,)"/9 < EE Ucnonb3ys

Ternepb TeopeMy 5.4 0 MOHOTOHHOM CXOAUMOCTH, IIOJIYyYaEM

N | /a .
Bl = lim B/t > (i g, ) " = (ElE)T,

OTKY/Ia CJle/lyeT YTBepzK/IeHue TeOPEMbL. m|
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3 nepapenctsa Jlamyrosa ciemyer, aro ecan EE2 < oo, To E|¢| < co m ana
cayuaiinoit BemauHbl € onpesenena mucnepens DE = E£2 — (E€)?. Crenyromme
JIBa BayKHBIX HEPABEHCTBA TO3BOJISIIOT OIEHUTb BEPOSATHOCTH OTKJIOHEHHUS CIIydaii-
HOH BEJIMYMHBI OT €€ MATEeMAaTHIeCKOrO OKUIAHUS Uepe3 MepBble JBA MOMEHTA.

TEOPEMA 5.8. Ilycmo & — cayuatinas 6eautuna, onpedesénna na 6epoammocms-
nom npocmpancmee (£2,.% ,P) ue > 0. Tozda

(i) ecau E[€| < oo, mo

P(l¢l > ¢) < @; (5.4)

(i) ecau EE? < 0o, mo
D
P~ E€| > ) < =5 (5.5

JLOKABATEJILCTBO. I3 0vUeBUIHOTO HEPABEHCTBA

€] 2 elyjg>ey

U CBOICTBA MOHOTOHHOCTU MaTe€MaTHYECKOI'O OXKHJIAHUA I10JTy1a€EeM
E[Sl = eP(l¢] =€),

YTO 9KBHBAJEHTHO HEPABEHCTBY (5.4).
Hausiee, ucnosnb3ys nepasercrso (5.4), nosydaem
2o 2 D¢
P(lE Bl > ¢) = P~ EE? > <) < —x.
O

Hepagencrso (5.4) nasbiBator nepasencmeom Maprosa, a nepasencrso (5.5) us-
BECTHO Kak Hepaserncmso debwwéea. U3 (5.5) cielyer LIMPOKO U3BECTHOE ,, NPAGUAOD
mpéx cuem®. Ilycrs & — cayuaitnas sesmunna ¢ E€ = m u DE = 2. Torna

P(l¢ —m| = 30) < 1/9.
D10 obIree s BCEX PACIPEIETEHUl HEPABEHCTBO CYIIECTBEHHO YIIyUIIAeTCs JIJTst
KOHKPETHBIX PaCIpe/IeJICHUN.
5.5. COBMeCTHoe paciipeeJsieHNe M He3aBUCUMOCTbD.

ONPEJAEJEHUE 5.7. Iycrs (2, #, P) — BepositHocTHOE ipocTpancTBo. OTobpa-
xerne & = (&1,...,&,): Q — R" naswpBaeTca cayuaiinbiv BekTopoMm, ecim £ H(B) €
F nng Bcex B € AB™.

B npocrpancree R™ GopeneBckas o-ainrebpa ™ mOpoxkaaeTcs: m-cucreMmoit 7"
N-MEPHBIX MMOJIyUHTEPBAJIOB

Q(—oo,w] = (7003‘7:1} X... X (7OO,IL‘n],

rae v = (T1,...,T,) € R", T.e. 0(T™) = B

[TPEIVIOKEHUE 5.2. Jlas mozo wmobv, omobpasicenue & = (&1 ...,&,): Q@ — R”
ObLAO CAYUATIHBLM BEKMOPOM, HEODTO0UMO U AOCTNAMOUHO, YMOobbL Kascdas Koopou-
namuas gynkyua &2 Q — R, i =1,...,n, 46444aCb cAYHATHOT BEAUNUHOTU.
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JLOKA3ATEJIBCTBO. Ilycth & = (&1 ...,&,): @ — R™ — cayuaitusiii BekTop. ITo-
KaxKeM, YTO €ro KOOpJAWHATHBLIE d)yHKI_[I/II/I ABJIAI0TCA CﬂyqaﬁHbIMH BeJINYUHAMU.
s ymobersa 3amucu caesaaeM 3to s . Beibepem mpoussosibHo B € 4 u 3ame-
THAM, 9TO

&HB) = {w: &(w) € B} = {w: £w) e BxR" Y e 7.

Takum obpasom, £ — ciaydaiiHas BeJIMYNHA.

O6paruo, nycrb &1, ...,&, — caydaitubie eamaunbl u & = (£1,...,&,). Pukcu-
pyeMm npousBOJIbHO & = (Z1,...,%,) B R™. dnga kaxnoro ¢ = 1,...,n MHOXKeCTBa
&1 ((—o0, z;]) npunannexar .Z. Ho Torna u

n
gil(Q(foo,I]) = m 571((_Oovxi])

=1

Tak:Ke puHaexkuT % . DTo o3Havaet, uto 1 (T ") C F, a nockonbKy o( T ") =
PB", TO pacCyKICHNUS, AHAJOTTIHBIE TPOBEIEHHBIM TP JOKA3ATEIHCTBE MIPE/IJTOXKE-

Hus 4.2, IPUBOJAT K BKIOUenuio &1 (A") C Z. O
I[TPEMIOKEHUE 5.3. ITycms f: R™ — R — 6opesescran pynxyua, a €y, ..., , —
CAYHATHDLE BEAUNUNDL, ONPedeaéHHbie Ha epoamHnocmuom npocmpancmee (2, F, P).
Tozda n = f(&1,.-.,&n) ABasEMCA CAYLATUHOT BEAUNUHON.
JIOKA3BATEJIbCTBO. U3 npemyoxenus 5.2 cieayer, 410 £ = (&1,...,&,) — ciy-

vyaiinblit BekTop. Ilpm atom 1 = f o &. g OopeseBckoro MuHoxkectBa B € %
oJIy 4aem

n~H(B) = {w: foé(w) € B} = {w: Ew) e fTU(B)} = £H(fH(B) € Z,
nockonbky f~1(B) € B". o

Kak u B onHOoMepHOM ciyuae, Juis ciydaiinoro sekropa £ = (&1,...,&,) oupe-
nensiercss BeposTHOCTHAs Mepa Pg(B) = P(£71(B)) na n3MepnMoM mpoCTpaHCTBe
(R™, ™). Dra Mepa HA3BIBAETCS COBMECTHLIM PACNPEJeAeHUEM CITYUANHBIX Be-

guavH €1, ..., &,. OHa TakXKe ONHO3HAYHO XapPaKTEPU3YeTCs n-MepHO# (yHKImei
pacrpeiesieHust
Feo o e(m,....zp) = P& < 21,00, 60 < ), x=(1,...,2,) € R™

3/1ech TaKKe BBIJEISIOTCA aDCOTIOTHO HEMTPEPBIBHBIE PACIIPE/IEIEHNs, KOTOPHIE OIIpe-
JeJISTIOTCST TTIOCPEICTBOM TLIOTHOCTH

x1

z,
Fe, e (@1, zy) = /---/f§17,,_,5n(u1,...,un)du1-...~dun.
— 00

— 00

IL1oTHOCTD COBMECTHOTO pACIpeIeeHnus CIYyIalHbIX BEIUduH &1, . .., &, ABIAETCI
HEOTPUIATETHHOM (DYHKIINEH 1

oo oo
/ / feren(@1, .. mp)dey - .. - dxy, = 1
— 00 — 00
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I[TPENJIOKEHUE 5.4. Cayuatinvie seausurvt &1, ..., E,, onpedeaénuue Ha 6epo-
amuocmuom npocmpancmee (0, F,P), ne3asucumvL 8 Mom U MOALKO TOM CAYHAE,
ecau dan 6cex x = (x1,...,x,) ud R swnoansemesa paserncmeo

n
Fepen(@r,ywn) = [ Fe (). (5.6)
Kpome mozo, ecau cayuatinwe sesunumns &1, ..., &, HE3ABUCUMDL U UMENM, NAOM-
noemu fe,, ..., fe,, mo cayuatinnd eexmop & = (&1,...,&,) maxoce umeem naom-
HOCTD U
n
fﬁlv--wfn(l‘lv"'amn) = Hfﬁz(zl) (57)
i=1

JTOKABATEJILCTBO. Ecau ciayuaiinbie Beaudunbr €1, ..., &, HE3aBUCUMBI U T =

(z1,...,2,) u3 R™, 10

thm’gn(l'l,...,xn) = P(f xl,...,fn .’)Sn)

xl) = HF&(J:Z)

IMycrs Teneppb s Beex © = (x1,...,%,) u3 R™ Boinonnsercs pasencrso (5.6).
BeiGepem mpom3ssonbHO MHOKeCTBO nHAekcoB I C {1,...,n}. na scex j € I B
pasencrse (5.6) ocyiecrBUM Lpeje/bHbI Hepexol upu r; — 0o0. B pesysbrare
MOy IUM

Il
\":‘]
-
™~

(& <z} ) = [[PH&G <))

i€l i€l
9ro o3Hauaer, 9To cobbrrus {&1 < 21}, ...,{& < z,} mesaBucumbr. Orcroma coe-
myer He3aBUCHUMOCTH T-cucreM 7(&1), ..., m(&,), a B cumy Teopembl 4.4 momydaem
HE3aBUCUMOCTh CJIYYIAaWHBIX BEJTUINH &1, ..., &,.
Houycrum, uro &1, ..., &, He3aBucumbl u umeror wiornocru fe ..., fe. . Torna

Fey,.en (T1,... ) = HF& (z;)

f[l_Z fe, (ui)du; = _Z _Z Zﬁff& (w;) | duy - ... duy,

910 o3HaUaeT, UTO CaydaitHbiii BekTop £ = (&1,...,&,) uMeer abCOMIOTHO HENpe-
PBIBHOE pacHpeieieHue, a ero MJI0THOCTD Olpeesserca paBeHcTsoM (5.7). O

B caydae abCcomiOTHO HEMPEPHIBHOTO COBMECTHOTO PACTIPEIEIeH s, KOTIa CyIe-
CTBYeT MJIOTHOCTH f¢ n, BEPOATHOCTH MOTAIAHUSA CIIyvaitnoi Toukn (£,7) B 061aCTh
D C R? onpenesnsercsa TBOMHBIM HHTEIPATIOM

P({w: (Ew).n(w) € D}) = / fen(,y)dzdy.
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Ecin ¢(x,y) — 6openerckast byHkims u ¢ = ¢(&, 7)) nMeeT KOHEUHOe MaTemMaTnde-
CKOE€ OXKHJAHNUE, TO

Ep(t.n) = / / (2,9 e, y)ddy.
[RQ

B wacrHocTH,

Eén = / / 2y fen(@, y)dady.
&

1o gaer cnocob BhIYMCIIeHMS KoBapuaiuu cov(£,n) ciydaiiHbix Beawdus & u 1),
KOTOPbIE UMEIOT aDCOTIOTHO HEMIPEPHIBHOE COBMECTHOE PACIIPEIEICHIE.

§ 6. 3akoHBI OOJIBIINX YHCEJ U [EHTPAJIbHAY MpejiejbHas TeopemMa

SHaYUTENbHAS 9ACTh KJIACCHIECKONH TEOPUH BEPOSATHOCTEH U €8 puMeHeHuiT Ka-
caercd LpeJie/IbHbIX TeopeM, T. €. aCUMIITOTUYECKOI'O IIOBEJEHUA [10C/Ie10BaTeIbHO-
cTell CaydalHbIX BeuunH. [Ipu 3TOM BBIIENTAIOTCS PA3TUIHBIE BUILI CXOIMMOCTH.
OpvH W3 HEUX yXKE€ BCTPEYAJICA B TEOpEMax O TPeIebHOM TMepexOe MO 3HAKOM
unrerpaja Jlebera (cMm. omnpenenenue 5.5). B sroMm maparpadge Mbl BBEIEM elre Tpu
BHUJIA CXOJIUMOCTH W YCTAHOBHUM CBSI3b MeKIy HuMH. Hadnem ¢ XapaKTepHCTUKU
CXO/IMMOCTH TIOYTH HaBEPHOE.

JIEMMA 6.1. ITyemov £,£1,&s, ... — cayuatinbe 6eAUNUHDL, ONPEJesEHHbIE HA Be-
poammnocmuom npocmpancmee (Q, F . P). JTas e >0 un €N onpedeaum

AL = A{w: [Gn(w) = &(w)| = e}

II.H.
n M M 5 ' AEMCA
Tozda = £ 8 MOM U MOALKO TMOM CAYUae, ecat das ecex € > 0 sunosnsemc
1 € —
ycaosue P(thLn Ag) =0.

JTOKABATE/ILCTBO. Yciopue &, — ¢ MoxkHO chopMyamposars B Buje P(A) =

0, tne A = {w: &, (w) 4 &(w)}. C mpyroit croponbl, w € A B TOM W TOJBKO TOM

ciy4ae, ecan w € A° = lim A5 npu mexoropom € > 0. 3amerum Taxxke, a0 A% C
n

Aft, ecim 1 < e9. CrenoBaresbHO, IOCIEI0BATEIHHOCTD (Al/ k: k € N) apngerca
HeyOBIBAIOIIE 1 lién AV = A B CUJIy CBOMCTBA HENPEPBIBHOCTU BEPOATHOCTHOMN
MEpPBI
P(A) = lim P(AY%).
k—o0
Ho Toraa P(A) = 0 B Tom 1 To16K0 TOM Cityuae, Korma P(A'Y/*) = 0 mpu Bcex k € N,
Tocnennee skBuBasienTro Tomy, uro P(A®) = 0 upu Beex € > 0. O

ONPEJEJIEHUE 6.1. Bymem roBOpuTh, 9TO MOC/IEI0BATEIHHOCTD CIIyYAWHBIX Be-
guavH &1, &, ... CXOOUTCA N0 6EPOAMHOCTIU K CAYyJIaiHON BeqwdwHe &, W MUCATh

P
& — &, ecnm i BCAKOTO € > () BBITIOJTHAETCS MPeIeTbHOE COOTHOIIIEHNE

lim P('fn _6‘ > 5) = 0.

n— oo
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3AMEYAHUE 6.1. TTockoabKy s Jr000# MocIea0BaTeIbHOCTH COObITHIT A, n =
1,2,..., BBIMOJIHAETCA HEPABEHCTBO
P(lim A,) > lim P(A,),
n n—oo

TO U3 CXOJIMMOCTH IIOCJIE/IOBATEIbHOCTH CAy4YalHBbIX BEJIMYUH IIOYTH HABEPHOE Cjle-
JyeT eé CXOIUMOCTD IO BEPOSTHOCTH.

JeficTBUTENbHO, CXOAMMOCTD TIOYTH HABEPHOE SKBUBaJIeHTHA ycaosuio P(lim A%)
n

= 0 1151 Beex € > 0. Y¢I0BHe CXOIUMOCTH TI0 BEPOATHOCTH MOKHO 3aIUCATH B BUIE
P(A%) — 0 npu n — oo s Beex € > 0.

TEOPEMA 6.1. ITycms £,&1,&0, ... — cayuatinoe GeAunUHbL, ONpPedeseHHble HA
seposmuocmuom npocmpancmee (2,7, P). Tozda umerom mecmo caedyrougue ym-
8EPAHCOEHUSM:

. P
(1) Ecau &, — &, mo cywecmsyem nodnocaedosamesvrocms {&,, } makas, wmo
Im.H.
(7) Ecau us ecaxoti nodnocaedosamensvrocmu {&,, } Mootcho svidesums nodno-
caedosamenvrocms {&,, }, Komopas crodumes nowmu naseproe K CAywati-
J

. P
HoU eeaunune &, mo &, — &.

JOKABATEJILCTBO. [omyctum, aTo &, L £, ¥ TIOKasKeM, 9TO MOXKHO BBIIEJIUTD
HOJIIOCIIEI0BATENBHOCTD (&, : k € N), KoTOpas cxoauTest K £ mourn HasepHoe. s
k = 1 Boibepem ny Tak, 9TOOBI BRIMOMHATOCH yernosue P(|€,, —&| > 1) < 1/2. Manee
BBIGEPEM Ny, TaK, 9T00bI Ny > ny_1 1 P(|&,, —&] > 1/k) < 1/2F, k =2,3,.... Ilycts
rerepb € > 0. Boibepem N rak, urobst 1/N < e. Ho Torua

S P4, =

>
k=1 k=1
N %)
< Y Pl €2+ Y Pl&w — €l >1/k)
k=1 k=N+1
N 0o 1
<Y PAH+ D o5 < o

B
Il
-
B
Il
2
+
i

u o gemme Bopensa-Kanrenmu (Teopema 2.4) P(@Af}k) = 0. CrenosarennHo,

&y B € mpu k — 0o m yTBepKenue (i) TOKa3aHO.

JonycTum Temnepb, 9T0 U3 BCAKOM MOAMOCIEI0BATETLHOCTH MOCTEI0BATETBHOCTH
(&n: n € N) MOXKHO BBLIEIUTD HOANOCJIEA0BATENBHOCTD, CXO/ILAULYIOCsH II0YTU HABEP-
Hoe Kk . Pukcupyem npoussosbHO € > 0 u wycrb a,, = P(AS). Ilo upeuonoxenuio
u3 J11060 HOALOCIEN0BATENBHOCTH (Qty, ¢ k € N) MOXKHO BbLAEIUTD 1IOIIIOC/IE0BA-
TEJIbHOCTh, KOTOPasi CTPEMUTCS K HYJII0. DTO BJIEUYET CTPEMJIEHWE K HYJII0 U CaMOi
[OCTTeIOBATENbHOCTH, T. €. P(A%) — 0 mpu n — co. O

JIEMMA 6.2. ITyems &, LA & u f: R - R—nenpepuenan dynxyus. Tozda

F(&) B f).
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JLOKABATEJ/IBCTBO. 3aMeTUM, 4TO ecqu &, T8 €, To B CHITy HETPEPLIBHOCTH
f mveem makxe f(£,.) = f(€). Ho Torma yTBep KIeHWe JEMMBI CIeIyeT W3
TeopeMbr 6.1. a

TEOPEMA 6.2 (3AKOH BOJIbIIKUX YUCEJ YEBBIEBA). ITycmov &1,&,... —
N0CALI0BAMENDHOCTIL HE3ABUCUMDBLT CAYYAUHBT 8eAUUH, daa kKomopur DE, < C,
n=12,..., npu nexkomopom C > 0. Tozda

1
~(S. —ES,) 5 0,
n

2de S, =& +...+&,.

JLOKABATEJILCTBO. Ilycts € > 0. Ucnonb3ys vepasencrso Uebbiuésa (5.5),

HOJIY 93€M
E D
(AR Y
n n e2n?
ITockonbKy ciaydaitable BeqnyauHsl &1, ..., &, He3aBucumbl, To DS, = D& + ... +
D&, <nC,m
S, ES C
P < == > <— —0
n n ne
mpu n — 0. O

O/iuH U3 mePBHIX 3aKOHOB OOJBINUX YuCes ObLT moryden BepHyim.

TEOPEMA 6.3. ITycmov S, — 4UCAO YCNET068 6 CEPUU U3 N HE3ABUCUMbBLE UCTVbL-
manut ¢ eepoamnocmovio p,0 < p < 1, yenexa 6 omdesvrom ucnomarnuu. Tozda

S P
W TP

JOKABATEIBCTBO. Ilycth & —unamkarop ycrmexa B k-ToMm ucmbiTanum. To-
rma £1,&2, . . . — HE3ABUCUMbIE OIMHAKOBO PACIIPEIE/IEHHbBIE CJIyYaHbIE BEIUIUHBI C
E&, = pu D&, = p(1 — p). TlosToMy BBINOJIHEHBI YCJIOBUS T€OPEMbI 6.2, 13 KOTOPOit
CIIEZIyeT TOKA3hIBAEMOE yTBEPIK/ICHUE. |

3aMeTnM, UTO JOKA3aHHAs TeopeMa JasT TeopeTuvIeckoe 00OCHOBAHWE TOTO, UTO
BEPOSATHOCTH COOBITHS TMPOSIBJISIETCS 9€PE3 GaCTOTY €rO TOSBJICHUS.

Teopembr YebbIméBa u BepHy/IIn OTHOCAT K €AGObIM 3aKOHAM OOJIBIITUX YHUCET,
TTOCKOJIBKY B HUX YTBEPKJIAETCS CXOAUMOCTH O BEPOSITHOCTH CPETHUX K MaTeMa-
TUIECKOMY OXKHJIAHWIO0. TeopeMmbl, B KOTOPBIX YTBEPKIAECTCA CXOJAUMOCTH TOYTH
HABEPHOE, HA3BIBAIOT YCUAEHHBLMU 3aKOHAMU Oosbiux gyuces. [IpuBeném oauu Ta-
KO# pe3ysibTart.

TEOPEMA 6.4. ITycmov &1, o, . .. — HE3ABUCUMDBLE 00UHAKOBO PACTIPEIENEHHDLE CAY-
yatnse sesununs, ¢ EE, = a. Toada

2de S, =& +...+&,.
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JJOKABATE/IBCTBO. 3aMeTuM BHaYATE, YTO JOKA3ATETHCTBO JOCTATOTHO TIPOBE-
ctu B upeanonozxenuu &, > 0. B nuporuBHOM cityuae MOXKHO IepeiiTu K [10CJ1e/[0Ba-
reaprocTam (&7 : n € N) u (&, : n € N). Janpueiimme paccyKIeHNs CyIIECTBEHHO
YIPOLIAIOTCH, €CJId HOTPeO0BATD JOIOJHUTENIBHO KOHEYHOCTD BITOPbIX MOMEHTOB Y
caydaiubix Beaudnd &,. B Jlobapaernn 13 mpuBOIUTCS HOKA3ATEIHCTBO TEOPEMBI
6e3 3TOro MpeNnoNoKenns. 3aech e gomyctiM, uto DE, = 02 < oo. Ilosatomy

TIPEANOoJIOKUM, 9TO &, > 0 u a1g € > 0 onpeneanm

AS = {w: ‘Sn(w)a‘Zs},

n

n = 1,2,.... U3 nmepasencrsa Yebpmnésa (5.5) caemyer, uto P(A%) < o2/(e?n).
Pacemorpum nojnocieposarensuocts cobbituii (A7, k € N) u 3amerum, 4o

D PAR) <Y 55 < oo
k=1 k=1

B cuiy nemmbr Bopena-Kanrenm 2.4 P(li}gn A%,) = 0. ITocKOIbKY 9TO BBIIOTHACTCSE

qutst goboro € > 0, To u3 semmbr 6.1 ciaeayer

Sk2 II.H.
iz

E = {w: lim S22 —a}.

k— o0 k‘2

a.

IlycTs

ITo moxasamnomy P(E) = 1. Jlomyctum Temeph, uto w € E u k? < n < (k +
1)2. Torma B CHIy HEOTPHIATENHHOCTH CAYyHAHHBLIX BeTWTHH OYIyT BBHITTOTHATHCH
HEPABEHCTBA

Sez(w) _ Sn(w) _ Seern2(w)
Gr1? S n ST R

N, 9TO 3KBUBAJICEHTHO,

B Sew) _ Suw) _ (k+ D2 Sy )
k+1)2 k2 = o = k2 (k+1)2 7

ITockonmbKy pu n — 0o MMeeM Takxke k — 00 u

k2 Skz (UJ)
— =1 — —a,
(k+1)2 ’ k2
10 S, (w)/n — a. Takum obpazom, S, /n = a, mockomeky P(E) = 1. O
ONPEAENEHUE 6.2. Ilycts cayvaiinbie Bennaunbnt &, &1, o, . . . UMEIOT KOHETHBIE

r-Thle MOMEHTHI. ByJIeM rOBOPUTH, UTO MOCIEI0BATENBHOCTD (&, n € N) cxomurcs

K £ 8 cpednem nopadka r u nucarb &, Ly &, ecam E|€, — &|" — 0 upu n — oo.

Haubonee Baxkuble 9acTable caydau: r = 1 — CXOAUMOCTDH B CPEIHEM U I = 2 —
CXOJIUMOCTb B CpeJHEeM KBa/IPaTUYeCKOM.
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JIEMMA 6.3. ITycmo &, Ly & npu nexomopom 1. Tozda &, AN £.

JIOKABATENBLCTBO. Ilycrb € > 0. Ucnonb3ys nepasencrso Mapkosa (5.4), no-
JlydaeM

1
Plgn =&l 2 €) = P(l&n —¢" 2 ¢") < El&n —¢[" = 0
npu n — o0. ]

SAMEYAHUE 6.2. Ecan B yciioBusix TeopeMbl 6.4 moTpeboBaTh KOHEUHOCTH JINC-
IepCUH, TO HapAAy €O CXOAUMOCTBIO IIOYTH HaBEPHOE MOXKHO yTBEPXKIATb, YTO

Sa 13

ey
JTOKABATEJILCTBO. JleficTBUTENBHO, B CHTYy HE3ABUCHMOCTH CJYYIANHBIX BEJIH-

ann ES,, = no? u )
2
E(S"a> _p2 =T
Ipu 1 — 0. O
Kak ormedasiock pamee, MeX Iy MHOXKECTBOM (DYHKITHiT pacrpegesennss F' u MHO-
KECTBOM XapPAKTEPUCTHIECKUX (DYHKIHI /I UMEET MECTO B3aMMHO-OTHO3HAYHOE CO-

OTBETCTBHUE. JTO COOTBETCTBHUE OKA3LIBACTCS U HEIPEPBIBHBIM OTHOCHUTEJIIBHO COOT-
BETCTBYIOIIIUX CXO,ZLI/IMOCTGfI.

ONPEAENEHUE 6.3. Byaem roBopuTb, 9TO MOCIEI0BATETBHOCTD (DYHKIUI pac-
upegenenus (F,: n € N) caabo cxodumesa xk dbyuxuuu pacupenesnenus F' u nucars
F, = F, ecou F,(z) — F(x) upu n — 00 B KaxKJ0ii TOYKe HEUPEPbIBHOCTU (DyHK-
muu F.

TEOPEMA 6.5. ITycmov Fi, Fs, ... — dynkyuu pacnpedesenus, a hi, ha, ... — co-
0mMBEMCMBYOWUE UM Tapakmepucmuyeckue gyukyuu. Tozda umerom mecmo cae-
dyrougue ymeeposiclenus.

(i) Ecau F,, = F u h — zapaxmepucmuseckas Gynrkyus, coOmeemcmeyouas
Pynxyuu pacnpedesenusn F, mo h,(t) — h(t) npun — 0o das ecex t € R;

(i) Ecau hy(t) = h(t) npun — oo daa ecex t € R u dynryua h nenpepuisna 6
mouke t = 0, mo h a6aaemca Tapaxmepucmuveckoti Gynryuetd wexomopoti
Pynkyuu pacnpedeaenus F u F, = F.

B npuiokeHnsx BaXKHYIO POJIb UTPAIOT PE3YJIbTATHI, YTBEPKIAIONIHE HOPMaJIb-
HOCTH PACIpe/IeIeHnst OOIBINNX CYMM HE3ABUCHUMBIX CJIydailHbIX BeauduH. OObIYHO
X OObEJUHAIOT B OJHY TPYIILYy € HAa3BAHUEM UYEHMPAALHG NPEJENbHAA TEOPEMA.
Paccmorpum onmH n3 BApHAHTOB IEHTPATBHON MPEIETHHON TeOPeMbI.

TEOPEMA 6.6. ITycmv &1,&a, ... — nocaedo8amesbHocms He3a8UCUMBE 00UHG-

K060 PACTPEICAEHHBT CAYHATHBLT SeAUNUH ¢ Konewnmmu EE, = a u DE, = o2.

Tozda das S, =& + ... + &, eévnoanaemca caedyrowee NPedesvHoe COOMHOUEHUE

S, —na 1 r 2
lim P[22 =< - - —u®/2
nlm ( o x) \/ﬂ/e du

oas scex x € R.
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JLOKA3ATENBCTBO. O6ozuauum ¢, = (S, — na)/oy/n, n = 1,2,.... Torma
YTBEpK/JICHIe TeOPeMbI KBUBAJIEHTHO TOMY, UT0 F¢, = ®, rne ® — dbynkmusa Jla-
mIaca, T. €. (DYHKIUS pacupeae/eHns CIyIaiiHOM BEeJTMIIMHBI 1), AMEIOIEH CTaHIapT-
HOEe HOpMAJTbHOE pacipeienenne. B cumy TeopeMbl CXOTUMOCTH 6.5 3TO SKBUBAJIEHT-
HO yci0BuIO he, (t) — hy(t) npu n — oo a1 Beex t € R.

PaccMOTPHM CIlydafiHble BeIMIHHBL &), = (& —a)/o, n =1,2,.... OueBuuno,

910 Efn =0mu Dén = Eéfl = 1. Ilpu sTom

IIycTs

h(t) = hg (t) = Ee*.

13 cBoiicTB XapakTepucTHIeCKUX PYHKIMI ciaemayer, 9ro h apBasercsa auddepen-
nupyeMoii 1o Broporo nopsaxa dyukimeit. [Tockonsky h(0) =1, h'(0) =EE, =0,
h"(0) = —E€2 = —1, 10 1o dopmyne Teitnopa

1
h(t) = 1— §t2 + o(t?)
npu t — 0. Ho Torma

0= o) = () - (- ()

IIpu buxcuposannom t € R umeem t2/n — 0 npu n — oo u

2 2
t
nln(l — — 4+ o(—
lim h¢, (t) = lim e ( 2n (n)) = e t/2,
n—oo n—oo
Bameuas, 410 h,)(t) = e*t2/2, MPUXOIUM K YTBEPXKIEHUIO TEOPEMBbI. |

CJEJACTBUE 6.1 (TEOPEMA MYABPA— JIAIJIACA). ITycmb S, — wucao yene-
206 6 creme Bepryaru us n HE3a6UCUMBLT UCNLIManul ¢ eeposmuocmsio p, 0 <
p < 1, ycnexa 6 omdeavrom ucnvimanuy. Tozda das —oo < a < b < 00O 6LINOAHSA-
emes NPedeavHoe COOMHOWEHUE

. Sn_np )
Im Pla< ———— <b| = &(b) — ®(a),
Jim P (o< 2t (5) - o(a)

2deqg=1-—p.

JOKABATEJBCTBO. 3amerum, 9410 S, MOXKHO IPEJICTABUTH KAK CYMMY HE3aBU-
CUMBIX CJIy4ailHbIX BEMYUH {f, KOTOPBIE ABJSOTCS MHAMKATOPAMHU yCIIEXa B k-OM
ucnbrrannm: P(§, = 1) =p, P(&, =0) = ¢, k= 1,2,.... Torna E¢; = p, D& = pq.
IIpnmenenue eHTPATBHOlN TPEIETBLHON TEOPEMBI 1aeT TpeOyeMblil pe3yaprar. O

ONPEAENEHUE 6.4. Byaem roBopurh, 94T0 MOCIEI0BATETLHOCTD CJIYYalHBIX Be-
smanH £1,&2, ... CXOOUTCA K CJAy4aiiHON BesnuuHe £ Mo pacnpedeseruto, U IUCATH

& S € ecu Fe, = Fr.
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3HavueHe CXOJUMOCTHU TI0 PACHPEIEIEHNI0 O0YCIOBIEHO y7Ke TeM, YTO BH/I, IIpe-
JEJIbHOTO PACHPENEeICHUs ONPEIE/IACT BCe BarKHEHINNE XaPAKTEPUCTHKU IIPEHesIb-
HOI cydaiiHOi BemWduHbI. Panee OBLIO yCTaHOBIEHO, YTO W3 CXOAMMOCTH TOYTH
HaBEPHOe, a TaKsKe U3 CXOAUMOCTHU B CPEJIHEM, CJIeyeT CXOAUMOCTD 10 BEPOATHOCTH.

TEOPEMA 6.7. Ecau &, i &, mo &, 4 &.

JOKABATEJIBCTBO. ®ukcupyem npousBoiIbHO € > 0 u ompenesnm
A5 = A{w: [€n(w) = E(w)| > €}

P
U3 ycnosus &, — & cmenyer, uro P(AS) — 0 mpu n — oo. Ilycts F,, = F¢, u
F = F;. Bamernm, 9TO 118 € R BRINOIHAIOTCA HEPABEHCTBA

F(zr—¢) < lim F,(z) < lim F,(z) < F(z +¢), reR. (6.1)

n—oo n—roo

JleficTBUTENHHO, 3TO C/IEAyeT W3 BKJIOYEHU
{e<r-c}C{e<a}UAL,  {G<a}C{é<zte)uA]

u ycnosusi P(A%) — 0 mpu n — oo. Ecin x — rovka HenpepbiBHOCTH byHKINKA F,
TO TIpeebHbIN nepexos B (6.1) npu € — 0 NIPUBOAUT K HEPABEHCTBAM

F(r) < lim F,(z) < lim F,(z) < F(z),

n—oo n—oo

orkyza caeayer, uro F,, (x) — F(z) upu n — 0o. Do o3navaer cjaabyio CXOAUMOCTb
Fe, = F¢. Teopema nokasana. O

Sasepium 3TOT Haparpad OAHONU TeopeMoil BepHiireiiHa 0 paBHOMEPHOM HpH-
O/IMYKEHUN HEMPEPBIBHOW HA OTpe3Ke (DYHKIUU MOJMHOMAMH, KOTOPAsi XOPOIIIO UJI-
JIOCTPUPYET CBA3U MEXKJY TEOpHeil BEpOATHOCTEH M aHAJIN30M.

ITycrs f — BemecrBenHas dbyHKINs, HeNpepbiBHast Ha orpeske [0, 1]. B cuiy reo-
pembl KanTopa ona paBHOMepHO HenpepbiBHa Ha [0, 1] 1 ee MOLY/Ib HENPEPHIBHOCTH

w(0; f) = sup{|f(2’) — f(@")|: |o" —a"] <6, 2'.a" €[0,1]}
crpemutca K Hymo ipu 6\, 0. Kpome Toro,

sup{|f(z)|: z€[0,1]} = M < oo.

Hnga n=1,2,... onpeaenum mnoJuHOMbI BeprinTeitna
~ [k
Bawif) = Y1 () ctata-or

Wx crpykTypa CBs3aHA C 3aKOHOM OOJIBINTUX 4YuCeT Jjs cxembl Bepuymmu. leii-
CTBUTEJIBHO, TYCTh S, — KOJUIECTBO YCIEXOB B CXeMe BepHy/an ¢ BEpOSTHOCTHIO
x € [0,1] ycexa B ormenbHOM ucnblTannu. Torma

Bu(z; f) = Ef (i) .
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TEOPEMA 6.8 (BEPHINTEWNHA). Jas w060l nenpepuenot wa [0,1] dynxyuu f
BLNONHAETNCA NPEJENLHOE COOMHOWEHUE

e |Bn(z; f) — f(x)] — 0

npu n — 00.
JTOKABATENALCTBO. Ilycts 6 > 0 u n € IN. Torna

n

Buas )~ @) = [0kt (£ (£) - 1)

k=0 n
<w@f) Y, Chafa-a)h
k: |%71|<6
+2M Y Chafa - ),
k: |k —z|>8

no
Iockonsky DS,, = nx(l —z) < in, TO B CUJIy HepaBeHcTBa UeObiieBa mosydaem

> 6 <D%ﬂ< 1
52 T 482n

Z Crab(1 —z)"F = P(‘%—x

k: ‘%—l">6

CuitetoBaTesibHO,

M
Juax [Bu(ai f) = fl@)] < w6 6)+ g5

Iycrs Teneps € > 0. Boibepem § > 0 rak, urober w(d; f) < £/2. 3arem Bbibepem N
TaK, 9TOOBI BBIIOJHAIOCH HEPABEHCTBO

i < E
202N 2

Ho rorma npu n > N u Beex x € [0, 1] GyaeT BHIMOIHATHCS HEPABEHCTBO

[Bn(w; f) = f(o)] < 5+

| ™

€
2

u TeopeMa JOKa3aHa. O

§ 7. 3a,£[aqa OIl€eHUBAaHUA U YCJIOBHbIE MaTeMaTUYYeCKHNe O2KNJaHuA

B psae ciydaeB BO3HWKAET CUTyalys, KOTJa MO HAOIIOMEHWEM 3a OJHOH Win
HECKOJIbKUMU CJIyYalHBIMHU BEJIMYMHAMU HYXKHO J€JIaTh NPEAIOJIOKEeHNe O HeHa-
O/troaemMoii cirygaitnoil Besmanne. Jlpyrumu cioBamu, mo uHGOPMAINWH, KOTOPYIO
HaM JAET HAO/IIOJEHVE 33 OJHUMU CIyYalHBIMUA BEJIMYMHAME, HEOOXOIMMO /TaBaTh
MPOTHO3 HA JPyrue CaydaiiHble BeIUduHbl. [Ipw 3TOM B KadecTBe Mephbl OTKJIO-
HEHUd [IPOTrHO3a OT MCTUHHOIO 3HA4YE€HUdA YaCTO PACCMATPUBAETCA MaTeMaTUdecKoe
OXKHUJAHTE KBAIPATa PA3HOCTH IMPOTHO3a W HEHAD/IOIAeMON CIydIaliHON BETMIHHBI.
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ITosromy MbI HAYHEM CO CJIy4asi, KOTJa BCE PACCMATPUBAEMbBIE CJIydYaiiHble BEJIUYH-
Hbl UMEIOT KOHEYHbIH BTOPOHl MOMEHT. B 3TOM cilydae MOJIE3HBIMU OKA3BIBAIOTCSH
METOIbI TUIHLOEPTORA MPOCTPAHCTBA.

Mycts (2, %, P) — Bepoarnocraoe npocrpanctso. depes Lo (Q, %, P) (unu npo-
cto Lo) Gyzem 0603HAYATH JIMHEAHOE TPOCTPAHCTBO CJIYYANHbIX BeJUYUH £, Onpe-
nenénnbix Ha (§2,.%,P) n UMeOmuX KOHeYHBIH BTOpOil MOMeHT, T.e. E&2 < oo.
HanomHuM, 9TO MBI OTOXKIECTBJIsIEM CIIy4YallHbIe BEJIMYUHBI, COBIIAIAIONINE TOYTH
HABEPHOE, B OJIMH 3JIEMEHT TPOCTPancTBa Lo. B 3TOM mpocrpancTBe BBOAUTCS CKa-
ngpuoe npoussenenue (€, n) = EEn m mopma |[€]] = \/(€,€) = \/Eiﬁ2 Bce akcrombr
CKaJIS PHOIO LIpou3BeeHus (CJie10BarebHO, U HOPMbL) BblIOJIHsIOTCH. Kpome Toro,
MPOCTPAHCTRBO Lo SBJISIETCS TOJIHBIM, T.€. BCsKas (BpyHIaMEeHTaIbHAs MOCIeI0Ba-
TeTLHOCTH B HEM cxomutcd. Ecmm &1, ..., &, — NpON3BOJIbHASA CUCTEMA JJIEMEHTOB
B Lo, TO wepes £ (&1, ...,&,) Oynem 0003HAIATH JIUHEHHYIO OGOJIOUKY ITOH CHCTE-
MBI, T.€. COBOKYIIHOCTb BCEX JIMHE{HbIX KoMOmHAmmit » ,_, aipék, o € R. Ilse
chaydaiiabie BeuduHbl £ U 1) u3 Lo HA3BIBAIOTCS OPTOrOHANBHBIME U TmIyT & 1 7,
eciu (£,m) = 0. BaXHbIM pPe3y/braToM B '€OMETPUM [UJILOEPTOBBIX IPOCTPAHCTB
SIBJISIETCS] TAK HA3bIBa€Mas T€OPEMa O MPOEKITUH.

TEOPEMA 7.1. IIycmo A — 3amrnymoe nodnpocmparcmeo 6 Lo u & € La. To-
2da cywecmeyem eduncmeenHol snemenm & € M makol, 4mo

1€ = €| = nf{||¢ —nl|: ne .2}

IIpu amom (§ — &) L M.

DieMeHT 2 HA3BIBAIOT OPTOIOHAJIHHOW MPOEKIHe djieMenTa ¢ Ha MOAIPOCTPAH-
CTBO 7. 3amMeTum, 94T0 OPTOrOHAJILHON MPOEKIHed £ Ha MOAIPOCTPAHCTBO OCTO-
SHHBIX CJIyYalHBIX BEJIUYUH HABJsgeTcd nocrosunas EE.

PaccmoTrpum Tenephb 3a7aMy 0 HAMTYUITeH anmpOKCHMAITIHT CTYyYaliHON BETHIIHBI
1N € Lo IUHEHHbIMU KOMOWHAIMAMH CIyYalHbIX BenmwyanH &1,...,&, u3 Ly, Bosee
TOYHO, HAC MHTEPECYET OPTOrOHAJbHAs IPOEKIUA 7] CAydYailHOH BEJUYMHBI 7] Ha
nozanpocrpanctso A = £ (1,&1,...,£,). dra NpoeKIms J0IKHA UMETh BUJL

n
ﬁ:ﬁ'—i_zak:gka Oék;E[R, k:L"-ana
k=1

1 yaOBJIETBOPATH COOTHOIIECHUAM

-1 =0, (n-0&) =0, k=1,...,n

ITepBoe pasercTBo o3nadaer, uro En = Eff u, cnemoBarenbro,

p = En— Z%Eﬁk,

k=1

a CaMy TPOEKIINI0 MOXKHO 3allnCaTh B BUIE
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Hasee, ncronb3ysi CBOWCTBA CKAJISIPHOTO MPOM3BeeHns u yeaorne (n — 1,1) = 0,
MOy 9aeM

(n—=10,6) = (n—"1,& — E&)

(n—En— Zai(& — E&), & — E&y)

= cov(n, &) Z%COV &ir&k)-

i=1

Takum obpasom, paserncrso (n — 7, ) = 0 MOXKHO 3anUCATH B BUJE

cov(n, &) Z%COV (&irEk)-

=1

ITosy<enmble COOTHOLIEHNS yIOOHO 3aNUCaTh B MaTpudHOM Bue. Ilycts V = (v; ;) —
KOBapUAIMOHHAs MaTpuna ciydaiinoro sekropa (£1,...,&,). Yepes @ 0603HauuM
BEKTOP € KOODJMHATAMHU HEM3BECTHBIX KOIDDUIUEHTOB O, . . ., Oy, & Y€Pe3 € BEK-
TOp ¢ KoopauHaramu ¢; = cov(n,&;), ¢ = 1,...,n. Torua nosydyenHbie cCOOTHOLIECHUS
npuHuMaioT Bug Yo = C.

Ecmu cayuaitabie Benmaunsnt £, ..., &, 00pa3y0T JHHEHHO HE3ABUCHMYIO CHCTE-
My, TO Marpuiia V crporo nosoxkuresabao onpegenena u det V #£ 0. deiicrBuresbHo,
€CJIM JIJ1s HEKOTOPOLI'O HEHYJIEBOIO BEKTOpa (T1,. .., Ty) u3 R™ BblnO/IHSIETCH DABEeH-

CTBO
n o n
E E xizjvij = O,

i=1 j=1

o (em. (3.1))
Zz —E&) | =0,

oTKyma caexyer, arto ., z;(& — E&) = 0 mourn masepHoe. DTO O3HAUAET, UTO
OJIHY W3 CJIyYalHBIX BeWuuH &1, .. .,&, MOXKHO MPEACTABUTH KaK JIMHEHHYIO KOM-
OUHAIMIO OCTATBHBIX. [103TOMY B 3ajade JIMHEHHOTrO OIEHUBAHUSA MOYKHO CUUTATD,
aro detV # 0. Ho rorga marpuna V obparuma u BEKTOP @ ¢ KOMIOHEHTAMYU HEU3-
BECTHBLIX KO3(bMUIMEHTOB OHOZHAYHO onpeensercda o = V¢

Ocobbrit uaTEpec npezacraBisger caydait n = 1. Ilycrs £ —uabiogaemas ciry-
vaiinas Benumawnaa u DE # 0. Torma mawtydinas JuHeifiHAsS OIEHKA JJIsi CILy Al HOM
BEMYUHBI 1) OyeT onpeaensaTbesa Kak n = al + 1, Tae

u = En—aE¢, a:CO\/I:()i’n).
Takum obpazowm,
7= B+ D g

D¢

DTo Tak Ha3BIBAEMOE ypasHenue aunetinot pezpeccuu 1 Ha &. Bemmamna E(n — 7)?
HA3BIBACTCA CPEIHEKBAAPATHYIECKON OMMOKONW OLEHMBaHHA. B mociemmeM cirydae
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2
(-1 = € (n—En— 206~ E9)) = Dal1 - 26

Pemrenne 3aaun HEJTMHEHHOTO OIEHWBAHWS, T.€. TOWCK ( B KJacce Bcex Oope-
seBckux Gysrmmii ¢: R — R (uau B muOromepuoMm ciydae ¢: R™ — R), koropas
vurIMEI3HpoBaa 661 E(n—¢(€))? (coorsercrrenno, E(n—o(£1,...,&,))?), craszano
C TIOHSITUEM YCJIOBHOTO MaTemarudeckoro oxkujanus. Ecam ¢: R — R —0opeses-
ckast byHKIMs, TO ciaydaiinas Beaumanna ¢ (£) Ha3bIBaeTCA oyenkol 1 1o £. YcioBue
TOTO, 9TO CAydaiiHAs BEIUYIUHA 7] ABAAeTCa (pyHKIUeR or & MOKHO chOPMyIupO-
BATh CJEIYIONNAM OOPA30M.

TEOPEMA 7.2. IIycmv & u n — dee cayuatinvie 6eaurunsl, onpedesénuble Ha 6e-
poammnocmuom npocmpancmee (Q, F,P), u n aeasemca o()-usmepumoti, m. e.
o(n) C o(€). Tozda natidémes maxasn bopeaesckan Pynryus p: R — R, wmo

n=¢(&)-

JIOKABATEJILCTBO. BHawase 3aMeTnM, 9TO CIy9IaifHy IO BEIMUAHY 7) MOKHO CHH-
TaTh OrPpAaHWYEHHONW. B MpOTWBHOM Cilydae MOXKHO MEpeiiTu K arctg 7.

O6ozHaunm gepe3 P¢ COBOKYIMTHOCTH CIIy9ANHBIX BEJHYNH, KOTOPbIE JOMYCKAIOT
npescraBienue B Buge ¢(&), rae ¢: R — R — Gopenerckast dynkius. Ham Hy»KHO
HOKa3aTh, 4To 1) € Pg.

[ycts A € 0(€), uto oznavaer A = £~1(B) 119 HEKOTOPOro GOPETEBCKOTO MHO-
xecrBa B. Torma 14 € @, mockombky 14 = 1p5(€), a 1g: R — R—Gopeses-
ckast ¢ynxnusa. Ilockonbky ®g siBiIgeTCs JHHEHHBIM OPOCTPAHCTBOM (3aMKHYTO
OTHOCHUTEJIbHO JIMHEHHBIX Onepaiuii), To Bce npocrbie o(£)-u3Mepumbie CirydaiHble
BenmuuHEl npuHagnexar ®e. domycrmm Temepn, uto 1 = 0. B cmmy ammpok-
CHMAIMOHHON TeopeMbl 5.1 HalAETCA HEyOBIBAIOIIA OCIEI0BATETEHOCTD MPOCTHIX
HEeOTpULATENbHbIX 0 (&)-Uu3MepUMbIX Cily4aiiHbix Besmdut (1, : n € N), cxoasiasics
K 7. Jgst kaxmoit n, Hafigércs Gopesesckas GYHKINS @, Takas, 9To 1, = ¢ ().
Ho Tornma

e(z) = lim @, (z)

n—oo

rakzke Oymer 6opeseBckoit Gyukumeit. IIpu srom Juisg Beex w € ) Oyuem umernb

pE(w)) = lm @p(§(w)) = lim 7, (w) = n(w),
n—oo n—oo
T.e. 1 € P¢e. B 0bmem ciaydae 10Ka3aTeIbCTBO 3aBEPIIACTCS C TIOMOIIBIO IIPE/ICTaB-
JeHus 1 =T — 1~ U IpUMeHeHNeM J0Ka3aHHoro K nt m n~. |

3AMEYAHUE 7.1. AHamOru4sbeIii pe3yabTaT MMEET MECTO W ISt 1 CJLy9ailHbIX
Besaut &1, ..., &,. Ecom 1 asigerca o(&q, ..., &, )-u3Mepumoii, To Haiinércs 6ope-
neBckas byHkmnsa ¢: R™ — R Takas, aro n = (&1, ...,&p).

Wrak, BOMpOC O HAWIyYINeH OIEHKE CJIyYaiHON BEJTMIWHBI 1) CBOIUTCI K OTHIC-
KAHHUIO CTy9aifHOH BeJMIHMHBI 7), KoTopas MuanMusupyer E(n — ¢)? B kmacce Bcex
caydaiinbix Besudut ( € Lo, KOTOpbIE ABAOTCH 0 (€)-M3MEPUMbIMU.

IIycrs Tenepp ¥ — npousBosbHas o-anredbpa moamuoxkects Q u ¢4 C %#. To-
raa La(Q,%,P) Gyuer 3aMKHYTBIM II0IIPOCTPAHCTBOM I'MJIbOEPTOBA, IPOCTPAHCTBA
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Ly(Q, %#,P). Ecan n— cnyqaitnast BesmanHa u3 Lo (9, %, P), To mo Teopeme o mpo-
eKIuu 7.1 cymecTByer ennHCTBEHHBIN asieMeHT 7] B Lo (2, ¥, P), KOTOpBIi sBiIseTCs
HAWJIY9ITAM TPUOJIMKEHNeM CJIydaiiHoil BesqundauHbl 1), T.e. ||n — 7| < ||n — ¢|| s
Beex ¢ € Lo(02,9,P). Cayuaiinas BeJluunHa 7) HA3bIBAETCs YCJIOBHBIM MaTEMaTHYe-
CKUM OXKUJIAHUEM 7) OTHOCUTEJIBHO o-anrebpbl 4, a eciiu & = o(€), T0 1] — ycioBHOe
MaTeMaTHYeCKOe OXKUIAHUE 7) OTHOCUTEJIbHO cirydaiinoil sesuuunsl & u 7 = (),
rIe ¢ — HeKoTopas 6opeseBckas (pyHKIUs. YCJIOBHOE MATEMATHIECKOE OXKUTAHUE
J1aér 6oJsiee JeTaIbHY 0 XapAKTEPUCTUKY 3aBUCHMOCTH MEXK/LY CJLy YaliHbIMU BEJIAYIH-
HaMu, YeM KoBapuainus. Kpome Toro, yeJIoBHOE MATEMATUIECKOE OKMIAHIE MOXKHO
BBECTH U B CJIyuae, KOTIa £ U 7) He UMEIOT KOHEYHBIX BTOPHIX MOMEHTOR.

OrTmeTuM BHAYA/IE XaPAKTEPHbIE CBOWCTBA C/ydYallHON BEJIMYMHBI 7], IIOJIy4eH-
HOJ Kak OpTOTOHAJbHAS TPOEKIWs 1) Ha mommpocTpancTBo Lo(Q,¥4,P). Kpowme
&-uzmepuMocTH 7] obagaer ciaemyiomuM cBoiicrBoM. [as mioboro G € ¥ BbI-
TIOJTHSIETCST PABEHCTBO

Enlg = Enlg,

KOTODOE SIBJISIETCST CJIEJICTBHEM OPTOTOHAJILHOCTH 1)—1) MOANPOCTPAHCTBY Lo (2,4, P).
OpHako M1t TpeOOBAHUS BBIMTOJTHEHNS TUX YCJIOBUI JOCTATOYHO CYIECTBOBAHUS
JIWITITH TIEPBOTO MOMEHTA.

TEOPEMA 7.3. ITycmo 1 — cAYHQTHAA BEAUNUHA C KOHEUHDIM MATNEMATNULECKUM
oorcudaruem, onpedeaénnas na seposmuocmuom npocmpancmese (Q, F,P), u ¥ —
Hexomopas o-aszebpa, codeporcawancs 6 % . Toeda cyuwecmeyem eduncmeennas
(¢ mounocmvlo 00 PaGeHCMBa N. H.) CAYUATHAA GEAUNUHG T), YOOBAEMEOPAIOULAA
YCAOBUAM:

(1) E[n] < oo;

(1) n asasemea G-usmepumot;

(i1i) dna awbozo G € 4 ewnoansemes pasencmeo Enla = Enlg.

JIOKA3BATEJILCTBO. (Exuncrsennocts) IlycTsb 7)) u 72 yAOBIETBOPSIOT yCJIOBU-
am (i)— (iil). Ham HyKHO nokazarh, uro P(71 # 72) = 0. JomycTuM OpOTHBHOE.
Torpma xots 661 0mHO U3 cobbITHil {7)] — 72 > 0}, {72 — M1 > 0} mmeer nonoxmTETH-
HyI0 BeposTHOCTD. Ilycrb mis oupexnenéuauoctu P({7n; —72 > 0}) > 0, u paccmorpum
MOHOTOHHO BO3DACTAIONIYI0 TOCIEIOBATENBHOCT coObiThit A, = {7y — 12 > 1/n},
n=1,2,.... B cuny cBoiicTBa HEIIPEPHIBHOCTHA BEPOITHOCTHON MepbI

lim P(An) = P(ﬁl —ﬁg > 0) > 0.

n—oo

Ho rorga Haiinérca HoMep ng takoii, aro P(A,,) > 0, u

E( — ), > —P(An) > 0.
o
Onnako A, € ¥, MOCKONbKY 7)1 ¥ Tjz SABJISAIOTCH W3MEPUMBIMH, ¥ MOy 9€HHOE Hepa-
BEHCTBO NpOTUBOpednT yciaosuto (iii).

(CymecrBoBanue) domycrum BHadase, uro 1 > 0. Torma B cuiy ammpokcu-
MAaIMOHHON TeopeMbl 5.1 HafmETCss HEyOBIBAIOMIAS IOCIEI0BATETLHOCTh MPOCTHIX
HEOTPUIIATENbHBIX CJydaiiubix Besmaud (1,: n € N), koropas cxomurcs K 7). Ilo-
CKOJIbKY IIPH KaKJIOM 1 CJlydaiiHas BeJuduHa 1), upunamiexur Lo (Q, %, P), ro nus
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He€ HalIETCsa u3MepuMast Caydaiinas BeJIUNYUHa, 1), Takas, 4To mjs jwodoro G € &
BBIMIOJIHSIETCS] PABEHCTBO

Enlg = Eﬁn]lG

113 3T0ro paBeHcTBa M HEOTPHIATEILHOCTH 1), CIEAyeT, 9TO U 7, > 0 m u. 3ame-
THM TaK¥XKe, YTO TMOCKOIBKY Npt1 — Nn = 0, TO ¥ Npy1 — 7y = 0 M.H. 17T BCex
n=1,2,.... B cuiay MOHOTOHHOCTH TIOCJIeIOBATENBLHOCTH (7),: n € N) onpemenena
MOYTH HABEPHOE HEOTPUIATEIHHAS N3MEPUMAs CIydaiHas BEJTAYNHA

5= Tm 7.
s mroboro G € ¢ 1o Teopeme 5.4 0 MOHOTOHHON CXOJUMOCTH TIOJTY4aeM
E’I]]IG = lim E’I]n]lG = lim ﬁn]lg = Eﬁﬂg.
n—o0 n—r oo

Taxum obpasom, 7 yaosiaersopsier yciaosusm (i)— (iii).
B ofmem ciyvae J0Ka3aTeNIbLCTBO 3aBEPIIAETC MPEJCTABIECHHEM 1) B BUIE Pa3-
HOCTH JIBYX HEOTPHIIATETHHBIX CTyYalHbIX BEJIMIUH ) =11 — . ]

OnPEAENEHUE 7.1. Ilycrs 1 — ciyuaiiHas BesdduHA, OLpPEHEEHHAS HA BEPO-
SITHOCTHOM TipocTpancTBe (§2,.%,P), ¢ KOHEUHBIM MATEeMATHYECKUM OXKWIAHUEM W
nycTh ¥ — o-anrebpa, colaepKamasics B . Yea08HoM MAMEMATMUYECKUM 0XHCU-
danuem 1 omHOCUMesbHo Y HA3BIBAETCS -n3MepnuMas CaydaiiHas BeInanHa ( :=
E(n|¥) rakas, uro E(lg = Enlg ans Beex G € 9.

KoppekTHOCTH 9TOr0 ompee/iennsi 00eCIeInBaeT TeopeMa, 7.3.

Ecin o-anrebpa ¢ nopoxJena ciaydvaiinoii Bennannoit £, 4 = o (), ro E(n|o(€))
HA3BIBAIOT YCJOBHBIM MATEMATHIECKUM OXKWIAHUEM 1) OTHOCHTEIBHO & W 0003HAa-
qaor E(n|¢). B stom caygae, kak cinexyer u3z teopemsbl 7.2, E(n|) = ¢(§), rae
¢: R — R —6openesckas dyukius. IIpu sTom coBepiiieHHO He BaXKHO KaKue 3Ha-
4enus ¢ npuauMaetr Bre £(€2). Ilosromy obbrano monarator ¢(x) = 0 upu z & £(€2).

Homycrum Tenepb, 94To £ — npocTas CiydaiiHasi BEUYUHA, W IIyCTh

§=Y wilp,,
=1

rae Y¢ = {Ds,...,D,} — pastuenne. B srom cayuae {(Q) = {x1,...,2,}, a bynk-
ousa @ omnpeaeadeTrcda u3 NpeJacTaBJICHUA

¢ = E(mlE) = Zso(xi)ﬂpi.

Tockonbky D; € 0(€), i =1,...,n, TO U3 OIpPeJeJEHUs yCIOBHOIO MATEMATUIECKO-
rO OXKWJIAHUS CJIEYET

Enllp, = EClp, = E(1p, > w(@x)lp, | = ¢(x:)P(Dy).
k=1
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B cuiy Toro, 4To Mbl HE pa3MYaeM CiIydaiHbIe BEJIMYMHBI, COBIA/IAIOIINE TOYTH
HaBEPHOE, TO MOXKHO CYUTATD, YTO BCE ATOMbL pa3buenund P¢ UMEIOT L0JI0KUTE/Ib
HYIO BEpPOSITHOCTH. TOT/Ia M3 PABEHCTBA BBITIE HAXOIUM, UTO

1

() = WEnﬂDi-

B cBs3u ¢ aTnM ucnonb3yercs obozHadenune ¢(x;) = E(n|{ = z;), 1.e. ¢(z) unrep-
OPETUPYETCs KAK MaTeMATUIECKOe OKUIAHUE CJIYIaiiHON BeJMUUHBI 7) IPU YCJIOBUU
E=u.

Jomycram Teneph, 9TO COBMECTHOE PACIPENEIEHNE & U 7) ONUCHIBAETCS ILIOTHO-
crpio f¢ n(x,y). B atom cayqae cobertue {§ = =} uMeeT HyIeBYIO0 BEPOSITHOCTD IS
a06oro x € R. Yrobbl noHATH KaK [O/2KHA BBIMJISAETH (DYHKIUA ¢ B ITOM CIIydae,
3aMETUM, U4TO ONPEACIAIONIUM JIJisl HeE ABJISIeTCS PABEHCTBO

Enla = Ep(§)1a, (7.1)

KOTOPOE JIOMZKHO BBITOMHATHC 1jist Beex A € o (€). IMockonbky o (&) = £71(A), 1o
14=15(), B € %, u pasencrso (7.1) MOXKHO LEPELUCATH B BUJIE

Enl(§) = Ep(§)15(E). (7.2)

IIycts fe(z) u f,(y) — mmoTHOCTH pacHpeseNeHus] BEPOSITHOCTEH CIyIaifiHBIX BeJIH-
gun £ n 7. OnpesenuM MI0THOCTh YCJOBHOTO PACIPEIETEHUs] BEPOATHOCTEH

fen(x,y) . .
Foe(ylz) = & fe(@) ecmu  fe(x) #0,
0, ecmm fe(x) =0.

Tornma

o(z) = E@le =z) = / yhnie(ylo)dy. (7.3)
R

HeiicrBurensho, eciiu B € A, 1o ¢ ucnoJib3oBanuem reopembl @y0bunu 1oJiydaem

Enlp(€) = / / Yl (&) fe.n (2, y)dady

RxR

_ / 15 (2) fe () / yhmel)dy | de

R R
_ / 15(2) fe () p(x)dz
R

r.e. gua byakunn ¢ u3 (7.3) u moboro B € 2 BemonHsercs paseHcrso (7.2).
[Tepexon K fye(y|r) B uaTerpae obocHOBAH, HOCKOILKY U3 PABEHCTBA

fe(@) = | fen(z,y)dy
/
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BUIHO, uTO ecin fe(x) =0, T0 fe n(x,y) = 0 A mouTH BCex y.

CBolicTBa yCJIOBHOIO MaTe€MaTHYeCKOro oXKugaHus. [[OCKOIbKY yCJIoB-
HBIE MATEMATHYIECKHE OKUAAHUS SIBJISIOTCA CIyYAfHBIMA BEJTMIUHAMH, TO DABEH-
CTBA C HAMU CJIElyeT TIOHUMATh KAK PABEHCTBA MOYTH HaBepHOoe. Kak m o6pranoe
MATEMATHIECKOE OXKH/IAHUE, YCIOBHOE MATEMATUYECKOE OXKHUJIAHUE 001a1aeT CBOM-
CTBOM JIMHEHOCTH, KOTOPOE poBepsercs HenocpeacrseHno. CBORCTBO MOHOTOHHO-
cru (E(n|9) > 0, eciu 7 > 0) 6b1710 yCTaHOB/IEHO LPU JOKA3ATEILCTBE TEOPEMbL 7.3.

TEOPEMA 7.4 (HEPABEHCTBO UEHCEHA). ITycmb 1 — caysaiinas 6euduna,
a ¢: R = R — sunykaan dynkyua, maxue, wmo E|n| < co u E|p(n)| < o0o. Tozda

e(E(nY)) < E(e(n)|9).

JIOKABATE/ILCTBO. 3aMeTnM, 9TO BLITYKJIYIO (DYHKINIO MOYKHO TPEICTABATH B
Buze p(x) = supl(z), rue cynpemym Gepercst no BeeM byHkumsaM [ Buga l(x) = ax+b
u ynosjersopsionmx ycaosuio [(z) < ¢(z). s ao60i takoit dyHKImy | numeem

E(e(n)¥) = E(l(n)|¥) = I(E(M|F)),

1, TIepexo/sd B IPAaBOil 9aCTH 3TOTO HEPABEHCTBA K CyIpeMyMy, IPUXOIUM K Hepa-
BeHCTBY llencena. g

TEOPEMA 7.5. ITycmv &,1 — cayuatinbe 6eAUMUHBL C KOHEYHBLMU MAMEMAMU-
yeckumy oorcudanuamu, a Y, — o-aseebpul, codeporcausueca 6 F . Toeda

(i) ecaun u Y nezasucumn, mo E(n|¥) = En;
(i) ecau G C A, mo E(E(n|7)|9) =E(n|Y);
(11i) ecau & G-usmepuma u E|En| < oo, mo E(En|¥) = EE(n|9).

JIOKABATEJILCTBO. (i) Hyxuo mposeputh, uro ( = En ymosnersBopsier Bcem
CBOICTBaM YCJIOBHOIO MareMarndeckoro oxxugauns E(n|¥). Ycemosus E|n| < oo u
@-u3mepumoctn oueBuAHbL Ilycre G € &. Torga B cnity CBOWCTBA MYJIBTHILIHKA-
TUBHOCTH MATEMATHYECKOTO OXKHIAHMUST

ET]]lG = En- E]lG = Eg]lG

(i) Hycrs ¢ = E(n|#), (2 = E(n|¥4). Hyxuo nokazars, aro E((1]9) = (.
Boibepem npoussosibHo G € 4. Torna G npuHaUIeKUT TakxkKe u o-aiaredbpe 7.
CrenoBaresbHO,

ECGilg = Enlg = E¢le.

(iii) IIycrs ¢ = E(n]|¥). Hyxno nokazars, uro E(§n|¥) = £(. Tlockomnbky & u 7
MOZKHO [PEJICTABUTH B BH/IE PA3HOCTU HEOTPUIATEIBHBIX CJIy4afdHBIX BEJUYHH, TO
B CUJIy JIMHEHOCTH yCJOBHOI'O MATEMATUYECKOrO OXKUJAAHMA MOXKHO CIUTATb, YTO
& >0,n>0. Ilpu 3T70M OCTAaETCA TPOBEPUTD, UTO JJIs1 JTHOO0T0 G € & BBIMOIHIETCS
DABEHCTBO

E(¢Cle) = E(énlc). (7.4)

Ecnu € =1 4, 10 B cuny ¥-uzmepumocru A € 4. Ho rorna AG € 4 u

E(¢Clg) = E(LaCle) = E(Clag) = E(nlac) = E(énle).
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B cuny nmHEHHOCTH MaTeMaTHYECKOTO OXKHUJAHUSA PaBeHCTBO (7.4) Gymer BBITOJ-
HATHCS W JJI TPOCTHIX ¥-N3MEpUMBbIX CIydaifHbix Beswyanu . VI3 anmpoxkcumariu-
OHHO# TeopeMbl 5.1 ClleJlyeT, 4TO CYIIeCTBYeT HeyObIBAIOIIAs MTOCIeI0BATETHHOCTD
OPOCTHIX HEOTPULATEIBHBIX CydailHbix BeuduH (&,: n € N), KoTopas CXOmuTCs
K &, u kaxgada &, daBngercda ¢4-usmepumoit. Iloaromy ans kaxgoro n € N Gyzer
BBIIIOJIHATHCS. PABEHCTBO

E(€(le) = E(&unle). (7.5)

B cuny cBoiicTBa MOHOTOHHOCTH YCJIOBHOTO MaTeMaTudeckKoro oxkwumanus ¢ > 0.
Caenosaresibho, (£,(1g: n € N) — neyObiBarolas MOC/I€10BATEILHOCTD HEOTPUIIA~
TeJIbHBIX CJIyYaiiHbix BesuduH, cxopsmasics K E(1g, a (§,nlg: n € IN) —rakas
2Ke TIOCJIe0BaTeNIbHOCTD, cxongamasicd K Enlg. Ilosromy, ocymecTBiss mpeensb-
HBIA nepexos upu n — oo B pasencrse (7.5) B cuiy Teopembl 5.4 0 MOHOTOHHOI
CXOAMMOCTH IIOJIydaeM paBeHcTBO (7.4). o

§ 8. Ilenmu MapkoBa

IIycTb HekoTOpasi cucTeMa MEHSeT CBOE COCTOSIHUE CJIy YaifHBIM 00PAa30M B MOMEH-
el Bpemeru t = 1,2,...,T. MHOXKeCTBO BO3BMOKHBIX COCTOSIHUM CHCTEMbI ABJISIETCS
KOHEYHbIM MHOXKeCTBOM E = {e1, ..., e, } u Ha3bIBaETCH (Ha3068b1M NPOCTNPAHCMEOM.
Cpenu peajibHBIX CHCTEM BaXKHBIH KJIACC 00Pa3yIOT TAKUE, ¥ KOTOPHIX BEPOSITHOCTH
repexo/ia U3 OJHOTO COCTOSTHUS B IPYTOE B JAHHBI MOMEHT BPEMEHH HE 3aBUCHUT OT
TOrO, KaK Bejia ce0s CHCTeMa B MPEIbIAYIINe MOMEHTHI BpeMeHu. Takume CHCTeMBbI
HA3BIBAIOT MAPKOSCKUMU WU yenamu Maprosa. IBOIONNS M3ydaeMON CHCTEMBI
OIUCBIBAETCs TpaeKTopueit w = (wg, w1, . . ., wr), TI€ Wy = 1, €CIU CACTEMa, B MOMEHT
BpeMeHU { HAXOIUIACh B COCTOSHHUU €;. 1109TOMY MO 3/1eMEeHTapHBIM COOBITHEM OY-
JIeM HOHUMATh W = (W, w1, . .., W), T. €. HOCJIEI0BATEIHLHOCTH HOMEPOB COCTOSIHUIA,
B KOTOPBIX HaX0amJiach cucrema B MomenTsl Bpemenu 0,1,...,T. Moxuo cunrars,
4qro nenb Mapkosa sBisgercsa 0000IIeHreM CXeMbl HE3ABUCUMbBIX MCIBITAHUN, B KO-
TOpOIt YCJIOBME HE3aBUCUMOCTH 3aMEHSETCS Ha HEKOTOPBIE JIPYTHe eCTEeCTBEHHBIE
TIPEIIOJIOKEeHN . PacCMOTPUM 3TH TTPEIMOIOKEHUS W BBEJIEM HEKOTOPBIE TIOHATHSI,
CBA3aHHBIE ¢ TlenaMu Mapkosa.

7151 BBIYACIIEHNST BEPOSITHOCTH TOTO, UTO TPAeKTOpHs w = (wp, w1, . . . , wr) OyIer
peayim30BaHa KakK ig, %1, ..., i, MOXKHO BOCIIOJIb30BaThCA TEOPEMON YMHOXKEHUA
P(wo :io,...,wT = ’L'T) =
P(UJQ = iO)P(w1 = i1|w0 = ’Lo) L P(wT = iT wo = io, e, W1 = inl)'

3/1eCh MBI CIUTAEM, 9TO YCIOBHAS BEPOSATHOCTH OTHOCUTENHHO COOBITHS C HYJTEBOI
BEPOATHOCTHIO PaBHA HYJIIO.

YciioBue MapkoBocTH (HE3ABUCUMOCTb OT IIPOIILIOrO) BBIPAXKAETCH B TOM, 4YTO
JUTS JII0OBIX S < t BBIIOJIHAIOTCS PABEHCTBA

P(ws = jlwo =gy .. ws—1 = t5-1,ws = 1) = P(ws = jlws = 1),

i,7=1,...,r. JIpyrumu cioBaMu, BEPOSITHOCTb MEPEX0/Ia CUCTEMbI, HAXOIUBIIIEHCS
B COCTOSIHUM ¢ B MOMEHT BPEMEHH S, B COCTOSHUE j B MOMEHT BpeMeHU ¢ He 3aBUCHUT
OT TOrO, KaK OHa cebsi BeJIa J0 MOMEHTA BPEMEHH S.
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Kpowme Toro, mbr Oyzmem paccMarpuBaTh 00HOPOOHbIE MAPKOBCKHE TIEMH, /IS KO-
TOPBIX YCJIOBHBIE BEPOATHOCTHU IIEPEXO/Ia M3 COCTOAHUA ¢ B COCTOAHUE j 3a BpeMd
t He 3aBHUCAT OT TOTO, B KAKOI MOMEHT BPEMEHHW § OHA HAXOAUIACh B COCTOSHUU 1,
T.€.

P(wstt = jlws =1) = P(wy = jlwo = i) = py;(t).
BeposTrOocTH p;j(t) 00/1aI0T CIEAYIONMMY CBORCTBAME:
1°. pij(t) = 0;
r

2°. > pit) = 1

j=1

3°. p”(O) = 5”

Marpuiy, cocraBiennyio u3 BepositHocTedi p;;(t), Oyaem obosnauars I1(t). Croii-
crBa 1° u 2° osnavator, uro II(t) sBasiercst cmozacmuyeckolt mampuuet. Bepo-
ATHOCTH TIEPEXOTA CUCTEMBI M3 COCTOSHUSA ¢ B COCTOSHWE j 3a €IWHUYHOE BpeMs
pi; (1) HA3BIBAIOTCS NEPETOOHBIMY BEPOATIHOCTNAMYU B ODO3HAUAIOTCS P;;. Marpuria
II(1) = II na3biBaeTCA MAMPUYET NEPETOOHBIL BEPOATIHOCTIET.

O1HOpO/THAS MAPKOBCKASI TIEITb BIIOJIHE OMPE/IEISAETCS BEKTOPOM-CTPOKOM ?(0) =
(p1(0),...,pr(0)) magampubix BeposTHOCTER (p;(0) — BEPOATHOCTH TOrO, YTO B Ha-
YAJIBHBIA MOMEHT BPEMEHU CHCTEMa HAXOAMJIACH B COCTOSHWU §) U MATPUIEH Tepe-
xoHBIX BepoaTHocTel II. elicTBUTETHHO, BEPOATHOCTD pj(t) TOr0, 4TO CUCTEMa
Oy/1eT HAXOINThCS B COCTOSTHUH j B MOMEHT BPEMEHU ¢ ONpeesiseTcsi pAaBeHCTBOM

pi(t) = Plws =j) = Zpi(o)lh‘j(t)-

Ecan ?(t) — BEKTOP-CTPOKA BEPOSATHOCTEH COCTOSTHUI B MOMEHT BPEMEHH t, TO

(1) = FOLE.

C mpyroit croponsr, marpuna I1(¢) Beipaxkaercs depe3 II. Dro caenyer u3 ypapHe-
unit Konmoroposa — Yenmena

pij(s+1t) = sz‘k(s)pkj(t)7 (8.1)
k=1

KOTOPbBIE€ BBIBOAATCA HEIIOCPEACTBEHHO N3 CBOHCTB MAapKOBOCTH B OJJHOPOIHOCTH

pij(s+1t) = P(wsysr = jlwo = 1)
P(ws+t = ja wo = Z)
P(wo = Z)

T

_ Z P(ws+t =J,wo = t,Wws = k)
P(wo :i)

k=1
T

B Z Plws = k,wp = 1)P(ws+t = jlwo = t,ws = k)
P(OJ() :Z)

k=1

= > pir(9)pr; (1)

k=1
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VYpasrenust (8.1) MOKHO TaKKe 3aMUCATH B MATPUIHOM BHJIE
II(s +t) = II(s)II(%).

Tockonbky I1(1) = II, To II(¢t) = II*. Cnenosaremsbo,

Baxknoe 3nadenne B TeOpUH OJHOPOIHBIX MAPKOBCKHX IEIIE€H MMEeT CJIeIyTOTuit
pe3yabTar.

TEOPEMA 8.1. [O npedeavuviz seposmuocmaz.] [Iyecmv npu nexomopom to > 0
ace anemenmoe mampuype 110 = (p;;(to)) ABAAOMECA CTPO2O NOAOHCUMENDHOLMU.
Tozda das xaorcdozo j = 1,...,1 cywecmeyem npeden

pj = lim pi;(t).

Ilpu smom p; > 0, j = 1,...,7, He 3a8UCAM OM T U ABAANOMCA UHCTNEEHHBIM
PEUWEHUEM CUCTILEMDL

T T
Zxkpkj = xj, Zazk = 1. (8.2)
k=1 k=1

JTOKABATEJILCTBO. BBenem B paccmorpenue

M;(t) = max pi(t),  m;(t) = min pi;(t).

B cuy ypaBHeHwmit (8.1)

ng 1 + t szkpkj

Orciona i HemocpeICTBEHHO U3 onpesenenns m;(t) u M;(t) momydaem HepaBeHCTBA
m;(t) < pij(t+1) < M;(2).
113 5THX HEPABEHCTB, B CBOIO OYEPe/lb, CIEYIOT HEPABEHCTBA
m;(t) < mi(t+1) < M;(t+1) < M;(t).

910 o3mamaeT, uTo m;(t) He yOnrBaer mo t, a M;(t) ne Bo3pacTaer 1o t.
Ob6ozraanm

= min p;;(to).
F =LA )

Mo ycnosuto Teopemst 0 < € < 1. Iynsa t > 0, ucnonb3ys ypasaenus (8.1), momydaem

pij(to +1) szk to)pr;(t
= Z[pik(to) — epk(t)]pa; (t) + & Y pjk(t)pr; (t)
k=1 k=1

= > [pik(to) — epjn(t)]pr; (t) + epj;(2).

k=1
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3ameuasi, 9TO BBIPDAXKEHUsSI B KBAJAPATHBIX CKOOKAX HEOTPUIIATEIbHBI, TOIYYIaAEM
HEPABEHCTBO

T

pij(to+1) < Mj(t) Y [pir(to) — epu(t)] +epj; (2) = (1 — &) M;(t) + epj;(21),
k=1

U3 KOTOPOTO CJIEAYET, ITO
Mj(to +1) < (L —e)M;(t) + epj;(2t).
AHaJIOrMYHO 110JIy4Yar0TCs HEPABEHCTBA

pij(to +1) = (1 —e)m;(t) +ep;;(2t)

m;(to +1t) = (1 —¢e)m;(t) +epjj;(2t).
CpaBHMBas MOTyIEHHBIE BHIIIE HEPABEHCTBA, TIPUXOIUM K CJIELYIOMEMY
M;(to +t) —m;(to +1) < (1—e)(M;(t) —my(t)).
[Ipumensist moCIeIOBATEIHHO &k pa3 MOCIeIHEe HEPABEHCTBO, MOJIYYaeM
M (kto +1t) —mj(kto +1) < (1—&)F(M;(t) —m;(1)).
Orcioza cpady ke Cjeyer, 94To

lim [Mj(k}to + t) - mj(kt() + t)] = 0,

k—o0

a 10CKOJIbKY TocienoBarensuocts { M;(t) —m;(t)}2, moHoroHHO yObiBaET, TO
lim [M;(t) — m,;(t)] = 0.
Jim [3,(6) — m (0
Takum obpazom, JOKA3aHO CYIIECTBOBAHUE IIPEIEIOB
;= lim M;(t) = lim m,;(t) = lim p;;(t
Dj P (1) Pareet i (1) t~>ooplj( )s
j=1,...,r. 3ameTuM TaKKe, ITO IOCKOJIBbKY mM;(t) He yObIBAIOT IO t, TO

pj = m;(to) =€ >0,

T.e. BCE P; CTPOro MoNMoKuTenbHBI. IIpm sTom

T T
dop = Jim Y py) = 1.
j=1 j=1
Ocy1ecTBiisis B paBeHCTBE

pi(t+1) = pin(t)pr;
h=1
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npelenbHbIA ITepexo/] Ipu ¢ — 00, MOJy4daeM

”
b = Z DEDkj
k=1

T.€. Pi,...,Pr — pelierue cucremor (8.2).
JIOImyCTHM Telepb, 9TO q1, . . . , G, TAKIKE ABJIACTCA PEHICHHEM 3TOH CHCTEMBI, T. €.

T T
q = E qkPkj s E g = 1.
k=1 k=1
3amMerum, 9TO TOTHA q1, - - - , G OYJAET PENIeHUEM W CHCTEMBI

g = ZQkpkj(t) (8.3)
k=1

npu t =1,2,.... [elicTBUTENHHO,

T i i T T

Sapki(t) = e Y pap(t—1) =D apy(t—1) = ... = > aprs = 45
k=1 k=1 =1 =1 k=1

OcymecTBisgs B paBeHcTse (8.3) mpee/bHbIi nepexo/ mpu ¢ — 00, MOJYYaeM

r
q; = ZQkpj = DPj
k=1

U €JIMHCTBEHHOCTH PEIeHus CUCTEMBI (8.2) mokasamHa. O

ﬂOKaSaHHaﬂ TeopeMa OTHOCHUTCA K TaK Ha3bIBAE€MbIM 3PI'OAWMYECKHM TEOpeMaM.
Ee cmbica cocTout B TOM, 9TO 3a JAJIUTEIbHBIN IPOMEXKYTOK BPEMEHH CHCTEMA, KAK
OB 3a0BIBAET, M3 KAKOTO HAYAIHLHOTO COCTOSTHUST OHA CTAPTOBAJIA.

Vci1o0BMe TIOTIOKNTETFHOCTI SJIEMEHTOR MaTPHIIHT 1110 03HavaeT, 9To ¢ TOIOMKNI-
TeILHON BEPOSITHOCTHIO M3 JII0OOT0 COCTOSHUS B JII000E COCTOSTHUE CHUCTEMa MOYKET
nepeiTn 3a BpeMs tg.

§ 9. BerBamiuecs npoiiecchl

Hemnuoro ncropuu. Vcropus BOSHUKHOBEHUS] TEOPHUH BETBAIIUXCS ITPOIIECCOB
cBa3bIBaeTcs ¢ mybmukarnueit [anprona 1873 romga. IlocTanoBKe 3a1a€u IpeaecTBO-
BaJIU cJieayioiue 3aMmedanud: ,llcae3noBenue pamMusiuil JuI, KOTOPbIE 3aHUMAJIN
BHU/IHOE IIOJIOKEHWE B HUCTOPUH, 3TO (DAKT, HEOZHOKPATHO OTMEYABLIMHCH B IIPO-
IIIJIOM; ITO 9TOMY TIOBOJY CTPOWJINCH PA3HBIE MOTAAKH... CIMIKOM MHOTOYNUCTIEHHB
Obutr TIpUMeEpPHI hbaMuInil, KOTOpbIe, OyIydr PaCIpPOCTPAHEHHBIMU, CTAHOBUJINCH
peakuMu uiau coBceM ucdesanu’. YUTobObl pa3obparbCst B IPUPOIE MCIC3HOBEHUS
damvunii, [aabToH MOCTABUII 33189y CO3[MaHUS MATEMATHIECKON MOJENN, OMUCHI-
BaroIeit 3Tor nporecc. Takyio mMozmenb nocrpoun Barcon B 1874 romy. Maremaru-
qeckas Mozesab Lamprona n Barcomna ObL1a BCKOpe 3a0bITa B CBSI3U C JIEMEHTAPHOI
ommbKoii Barcona, Koropast mpuUBOAMIA K BBIBOLY, UTO KaxKAasd (PAMUIUS TOTKHA
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BBIPOJUTHCS AK€ B TOM CJIy9ae, €CIU CPEIHSS YUCJEHHOCTD TOMYJISAIUNA PACTET OT
TTOKOJICHHST K MOKOJIEHNIO. Bosiee moapoObHO 006 9TOM MOXKHO MOYMTATH B MOHOT'PA-
dun T. Xappuca ,,Teopust BeTBSIMUXCA CIyIalHBIX mporeccos’ . MHTepecHo, 9TO B
monorpaduun 1934 roga H. H. Cemenos ucnonb3zoBan mozenb Lanbrona—Barcona
KAaK 2JIEMEHT CBOell TeopuuM XUMUUYeCKuX (Hes/IePHBIX) LElNHbIX peakiuuii. 3a Tu
uccaenoBanus H. H. Cemenos B 1956 roay nonyuun Hobenesckyto npemuio. Cam
TEPMUH ,,BETBALIMNCS poLecc’ Biepsbie nosisujics B papore A. H. Kosimoroposa u
H. A. JImurpuera 1947 roga.

Ommucanue Moaeau. llepBonadanbHO 3a7ada POPMYTUPOBATACH CAETYIONTAM
obpazom. Ilycrs pg, p1, p2, ... — BEPOATHOCTH TOTO, 9TO OTEI] UMEET COOTBETCTBEHHO
0,1,2,... colHOBell, KaKJblil U3 KOTOPBIX C TEMH K€ BEPOATHOCTSIMU MOXKET UMEThb
cBoux colHOBell u T.7. KakoBa BEPOATHOCTD, YTO MY2KCKasl JIMHUS BBIPOJUTCH K
N-OMY TTOKOJIEHUIO?

B obmem ciydae MOXKHO pacCMAaTpUBaTh OJHOTHUIHBIE YACTHIIHI, IO, KOTOPHIMHE
MOI'YT MOHUMATHCS JIIO/H, 2KHBOTHBIE, DAKTEPUU WJIH HENTPOHBI B IEITHBIX PEAKIUIX.
Beposaruoctu p, K =0,1,..., 6yayT CBA3BIBATHCH C COOBITUAMU, 9TO OTHA YACTUIA
B CJIeIyIOIIEM IIOKOJIEHUY [IpeBpaiiaercsd B k yacrui,. Byjiem cuurarb, 4T0 4aCTUIbI
PA3MHOXKAITCA HE3ABUCUMO JAPYT OT APYTa U JJIs KAXK IO M3 HUX BEPOSTHOCTH Dy,
k=0,1,..., omHE U Te ¥XKe.

O6o03naunm gepes &y, &1, Ea, . . . YUCIIO YACTHUIL B HYJIEBOM, IEPBOM, BTOPOM,. . . IO~
KOJIEHUSIX COOTBeTCTBEHHO. JIpyrumu cioBamu, &, — 00ObEM MHOMYJISIAA B N-OM IIO-
kosienuu. Byjem cuurars (6e3 ocoboro orpanudenust obuwmocru), 410 {o = 1, 1.e.
HAYAJIFHOE TTOKOJIEHWE COCTOUT W3 OMHON dyacTuipl. OObeM MOCIEIYIONINX TTOKOJIe-

uuit &1, &,, ... Oyaer caydaiiHbIM. 3aMeTHM, UTO TIPHU CIEJTaHHBIX TPEITOI0KEHIAX
{po,p1,...} Bymer pacmpejeseHneM BEpOSTHOCTEN CIy9aillHONW BEJWUIMHBI &1, T.e€.
P& = k) = pr, k = 0,1,.... ITocKOIBbKY YaCTHUIBI PA3MHOKAIOTCH HE3ABUCUMO

APYyT OT Apyra W 4YHUCJI0 HOTOMKOB KaXKJI0if U3 HUX MMeeT OJHO M TO K€ paclpese-
JIEHHE BEPOSITHOCTEI, TO PACIpEeIe/IeHIe CIyIaiiHON BeTUINHBI &, TOIKHO Ompee-
JATbCA U3 HAYa/IbHBIX YCJIOBUM.

Baxknoit XxapaKTepuCTUKO# BETBAIIIETOCS MPOIECCA ABIAETCS CPeIHee TUCIIO HEITO-
CPEJICTBEHHBIX MOTOMKOB OJIHOI JacTuipl E& = EZO:O kpr = m. B 3aBucmMocTH OT
3HaYEHUS ITON BEJIUYUHBI BETBAIIUICA TPOIECC HA3bIBAETCH:

® JIOKPUTHIECKUM, ecid m < 1;
® KPUTHYECKUM, eciu m = 1;

® HAJKPUTHYIECKUM, ecau m > 1 (i m = 00).

Yepes 02 6yaeM Takxke 0603HadaTh qucnepcmio DE;. Ilycrs A — cobbITre, KOTO-
poe cocrout B TOM, 4TO mporecc &g = 1,£1,&3, ... B KOHIIE KOHIIOB BhipoauTcs. Ero
BeposiTHOCTb ¢ = P(A) Oynem Ha3bBaTh 6EPOAMHOCIBIO BbLPOHCOCHUSA TIPOLIECCA.
Bmxaitmeit Hameit menbio 6ymeT HAMTH 3aBHCAMOCTD ¢ OT HAYAJIbHBIX JTAHHBIX.

IIpomsBomsamias dyukmus mporiecca. [lockonbky &1, &, . . . ABIAIOTCS M0~
YUCIEHHBIMU CJIyYaWHBIMUA BEJIMIAHAME, TO UX PACIPEIE/IEHNsT BEPOATHOCTEH ecTe-
CTBEHHO TPEACTABJIATh Npou3BoadAnuMy pyHKiusmu. B gacTHoCTH, 0003HAUNM

f@) = ge,(x) = > pra®
k=0
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u OyzmeM Ha3bBaThH f mpou3Bomsmieil dyHKImeHh nporecca. s OThICKaHUs TPOU3-
BOAAMNX DYHKIWH ge, , 1 = 2,3, ..., HaM TOTpeOyeTcs CaeLylomuil pe3yaIbTaT.

TEOPEMA 9.1. ITycmv 11, 12, ... — HE3AEUCUMDBLE 0OUHAKOBO PACTIPEICACHHBLE Ue-
NOMUCAEHHBIE CAYATIHbIE BEAUNUHDL ¢ NPoussodawell Pynkyuel g, (r) u v — nesa-
BUCUMAA O HUT UEAOUUCAEHHAA CAYHATHAA BEAUNUNG C NPOU3E00Auet GyHKyU-
et g,(x). Toeda npouseodawas PyYHKUUL UEAOHVUCAEHHOT CAYHATHOT BEAUNUHDL
S, =m+...+n, (So=0) onpedeasemcs pasencmeom

gs,(x) = gu o gy(x).

JTOKABATEJILCTBO. HemocpencTBeHHO W3 OmpeaeneHus MPOU3BOAAINEH pyHK-
[UU C WCIOJb30BAHUEM CBOWCTB MAaTEMATHYIECKOrO OXKUJIAHWS TOTydaeM

o0
gs, (x) = Ez% = > E (¢ 1 _py)
k=0

)

E ($771+~~-+7]k]1{l/:k})

b
Il

0

(9(@) P = k) = gy (g9(x)).

o

b
I
<]

O

TEOPEMA 9.2. ITycmov & = 1, &, &2, ... — semeawutica npoyece Iarvmona —
Bamcona ¢ npoussodawet dynxyuet ge, (x) = f(x). Toeda npoussodawasn dymk-
yua ge, (x) npedcmasasem cobot n-yw umepayuro [ gynxyuu f, m.e.

ge, () = fM(z) = fo...of(x).

JOKABATEJBCTBO. IIpeacraBum n-oe mokojeHue IacTull B Buae &, = N1 +. ..+
Nén_1> DA€ 7)1 — YUCTIO0 MOTOMKOB OT IIEPBOM YaCTHILBI, 7)o — OT BTOPOH, ..., Ne, , —
or nocsenueit u3 (n — 1)-ro nokosenus. Torya 1o npeabLLyLiel Teopeme

9e, () = ge, o gy(x) = ge, . © f(2).
Ilo waAyKIMK mOIyYaeM TpeOyeMblii Pe3yJIbTaT. O

BeposarHocTs BhipoXKaeuus. Ilycrb A, — cobbiTue, KOTOPOE 3aK/I0YAETCs B
TOM, YTO n-0e MOKOJeHWe oTcyTcTByer, T.e. A, = {§, = 0}. Torma A, ~* A =
Use 1 A,,. IlosTOMY B Crjly HEIPEpPBIBHOCTH BEPOATHOCTHOM Mepbl

g = P(4) = lim P(4,).

n— oo

TEOPEMA 9.3. Bepoamuocmv q ewposicdenus npoyecca Lasvmona—Bamcona ¢
npouseodawel Pynkyuet f(x) onpedessemca pasencmseom

g = lim f"(0)

b—o0

U ABAAEMCA HAUMEHOWUM HEOMPUUATNENDHBIM KOPHEM YPAEHEHUA

flx) = =z
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JLOKA3ATEJIBCTBO. Ilockombky P(&, = 0) = f™(0), To f™(0)  q. Ocymecrs-
44 TpeAeJIbHBINA epexo Npu 1 — 00 B PABEHCTBE

FU(0) = 770,

nonyuaem f(q) = q, T.e. ¢—kopenb ypasuenus f(z) = z. Ocraercsa nokasarb,
YTO ¢ — HAMMEHBINNH HEOTPUIATEIbHBIN KOpeHb ypasHenus f(x) = x. Homycrum
nporusroe, T.e. f(a) = an 0 < a < ¢q. Torga B custy mMoHoToHHOCTH DyHKIMHA f
OymeM nMeThb

f(0) < fle) = a <q= flg)

CHoBa, UCHONB3Ys MOHOTOHHOCTH (DyHKIMK f, HOIydaeM
f20) < a<q
IToBTOpenue 3TOro mpolecca IPUBOJUT K HEpABEHCTBAM

f70) € a < q, n=23,....

Ho rorna
lim f"(0) < o,
n— o0
YTO MPOTHBOPEYUT OIMPEICICHHIO (. O

TEOPEMA 9.4. Ecau npouecc Laavmona—Bamcona wpumuveckut uau Joxpu-
muveckutl, mo ¢ = 1. B cayyae nadxpumuueckozo npouecca 0 < g < 1.

JIOKABATENBLCTBO. Homycrum, yro m = f'(1) < 1. Ecnu nponecc e BbIpoxK-
nennbiit, 10 f'(z) < 1 mpu 0 < « < 1. ®ukcupyem npoussosbho xg € [0,1). Ilo
TeopeMe O cpejHeM Haidijercs Takoe z* € (zg, 1), uro

1= f(zo) = f'(z")(1 — o).
Ho rorna
1— f(zo) < 1—mo

u f(zg) > xo. T.o0. B maTepBase [0,1) KopHeil ypaBHenune f(x) = x He UMeer.
Ecimu m = f/(1) > 1, To naiimerca takoe xg € (0,1), uro f’'(x¢) > 1. Ucnonssysa
TEOPEMY O CPETHEM, TOJIY TaeM

1 —f(],‘o) > 1 — xg,

re. f(xg) — xo < 0. Ecim f(0) = 0, ro ¢ = 0. B nporusrom cayuae f(0) > 0 u
dyuxms p(z) = f(r) —x npuHEMaeT Ha KOHIAX MpoMexyTKa [0, xo] 3HaYeHns pa3-
HBIX 3HAKOB. CJleI0BATEIBHO, B 9TOM MPOMEXKYTKE HAWIETCA peNIeHne ypaBHEHUs

flx) = . O

§ 10. BpoyHoBcKoe OBUXKeHUE

B 1785 r. du Unrenxays (Jan Ingenhousz) obuapy»Kus xaoTudeckoe IBUKEHUE
YACTHIBI B 2KAJAKOCTH. [Ipy HaOIIOJEHUH B MUKPOCKOIE B3BECH IBETOYHON IbLIb-
upt B 1827 r. P. Bpayn (Robert Brown) nepeorkpbui 910 siBienue. B pesynbrare
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MHOTOYHUCIEHHBIX HADJIIOIEHUN OH TPHUIIEN K Py BBIBOAOB. JIBM2KEHWE JaCTHUIIHI
HE 0C/1abeBaeT CO BPEMEHEM U HE 3aBUCUT OT XUMUYIECKUX CBONCTB CPE/IbI, €r0 WH-
TEHCHBHOCTH YBEJIUYUBAETCH C POCTOM TEMIIEPATYPBI CPEIbl U C YMEHbIIIEHNEM €€
BSI3KOCTH U PA3MEPOB YACTHUIIHI.

KonuaecrBennasi Teopusi GPOYHOBCKOIO JIBHXKEHHS ObLIa JaHa DUHIITEHHOM U
CwmomnyxoBckum 1905 u 1906 rr. Ha OCHOBE MOJIEKYJISPHO-KUHETUYECKOH TEOpUH.
BuiBoast 3T0ii Teopun Ob1n oaTeepskaeHnl uamepennamn 2K. Ileppena n T. Csen-
6epra B 1906 r. Hakomerr, 8 1923 r. H. Bunep mocTponst CTporyio MaTeMaTuIecKy o
MOJIesTb OPOYHOBCKOTO aBrKenusi. MuaTtepecuo, uro B 1900 r. xk momenn OGpOyHOB-
CKOro JBUXKeHus mpumén JI. Bamenbe nmpu onucanuu JUHAMUKK IeH akimi. B
HACTOSAIIEe BPEMs TPYIHO IEPEOIEeHUTh POJIb OPOYHOBCKOTO IBUKEHUSI B CTOXACTHU-
9ECKOM AHAJIM3€ U MPUIOKEHUIX.

IIpocreitmuii criocob mpeacTapieHns OPOYHOBCKOTO ABUKEHIS COCTOUT B OIIHCA-
HUAW ,MHPUHATE3UMAJIBHOTO Cayvdaiinoro oy aanusd ‘. VIMeHHO TaK OHO BO3HHUKAET
B Pa3JIMYHBIX HPUJIOKeHusAX. PaccMoTrpum dacTuily, KOTopast IBUKETCs BJIEBO HJIH
BIIPABO C PABHOI BEPOSATHOCTHIO HA paccrosame Ax. OHa 3TO neraer depe3 Kak-
JIbIH TPOMEKYTOK Bpemenu At. IpyruMu cJ0BaMu, MOJOKEHNE JACTUIIBI MEHSAETCS
JIUITb B JIUCKPETHbIE MOMEHTHI Bpemenu kAt k = 1,2,.... Haxoxsch B TOUKe T,
JaCTHUIA HE3ABUCUMO OT TPEIIIECTBYIOMIEr0 MOBEIEHUS TIEPEXOIUT PABHOBEPOSITHO
B OJIHY U3 COCEIHUX TOYeK x + Awx.

Cuuras nadanabHoe nosiokenue dactunpbl © = 0 upu ¢t = 0, gepe3 X (t) ob6o3na-
quM eé TostoxkeHne B MoMeHT Bpemenu t. [lockosibKy perienne 1BUTraThbCd BJIEBO WK
BIIPABO $IBJISETCS CJIyYAWHBIM, MbI OyZI€eM MOJEJINPOBATH €0 C UCIIOJIH30BAHUEM II0-
CJIE/IOBATEJIbHOCTH HE3ABUCUMBIX OIMHAKOBO PACIIPE/IEJIEHHBIX CJIYYAHbIX BEJIMINH
&1,&a,. .. ¢ pacrpenenennem P(&, = 1) = P(§ = —1) = 1/2. Torma

X(t) = Az &Gl (t —kAL), >0
k=1

OTO PaABEHCTBO MOXKHO MEPEnucarh B aApyroMm Bume. dns n = 1,2,... obo3HAINM
So=0,8,=&+...+&,. Iycrb takxke n(t) obo3uagaer 1enyo dactb gucia t/At,

T. €.
t

= |— > 0.

n(t) {At] ) t>0

B srux obosnauennsax X (t) = AxS,, ). Orciona cpasy xe caeayer, uro EX(t) =0
u DX (t) = (Az)%n(t).

Yerpemnss k wynto Az u At COOTBETCTBYONMM 00Pa30M, Mbl MOXKEM HAJIEATHCS
MOJIyYUTh CIIy9aifnoe OIyKJanne, HeMmpephbIBHOE BO BpEMEHN W TpOCTpancTre. Ecim
t > 0 durcupopano, to n(t) — oo mpu At — 0. Ilpu arom n(t)At — t. Takum
obpazom, ecarn Az u At GyIyT CTPEMUTHCS K HYJIIO C OJUHAKOBONW CKOPOCTHIO, TO
DX (t) Oyzmer cTpeMUTbCS K HYJIIO ¥ MBI He MOJIYIUM COAEPIKATEIbHON Mogesm. I1o-
sromy Oyzem cuutarh, uto (Az)?/At = 02 nocrosuno npu At — 0, Az — 0. B
pU3MUECKIX MTPUIOKEHUAX TIOCTOAHHASA 02 Ha3blBaeTcd koadduyuenmonm ouddy-
3uu.

3amerum Tenepb, 9TO B CHJIy NEHTPAJbHON NpeneabHoil reopeMbr 6.6

Sn(t) d

a "
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npu n(t) = oo (At — 0), Tae 7 WMeeT CTaHIAPTHOE HOPMAJILHOE PACTPEIeTIeHNeE.
CremoBaTenbHo, ¢ y9ETOM IPEAENLHOrO cooTHOMERNA Axy/n(t) — o+/t, momyaaem

X(t) = A:m/n(t)&;l(g;) 4 oVt

npu At — 0 ((Az)?/At = 02). Dru paccykaeHus eCTeCTBEHHO MPUBOAAT K CJIeTy-
IOIIEMY OIIPE/IeTIeHHIO.

OnPEAENEHUE 10.1. Tlox 6poyHOBCKMM ABUKeHUEM € KOI(DDUIMEHTOM 1ud-

bysun 0% Gygem nmommMarh cemeficTBO caydaiinpix Bemmuma B = (B(t): t > 0),
YJOBJIETBOPSAIOIIEE yCAOBHAM

(i) B(0)=0;

(ii) pgst m06bx 0 < ¢ < o < ... < ¢, npupawmenus B(t,)—B(t,-1),. .., B(ta)—

B(t1) ABIAOTCA HE3ABUCUMBIMU CJTy IAHHBIMY BETUINHAMHY;

(iii) most Beex ¢ > 0 m h > 0 npupamenne B(t + h) — B(t) nmeer HOpMaIbHOE
pacrpe/ielenre ¢ HyJIeBbIM CPeJTHUM U JucTiepcueii o2h;

(iv) nouru nasepuoe dyuxuus t — B(t) sBisercs HeupepbIBHOM.

B caygae o = 1 mporecc 6pOyHOBCKOTO ABUZKEHUA Oy/1eM HA3bIBATH CTAHIAPTHBIM
BHHEPOBCKHUM IiporneccoM u obosnagars W = (W (t): ¢t > 0).

OrMmeTnM HEKOTOPBbIE OCOOEHHOCTH TPUBEIEHHOTO Ompesesenns. Mbl onpemaenn-
Jin OPOYHOBCKOE JIBUXKEHME KaK Cjlydaiinbiii nporecc B = (B(t): t > 0), koTopblit
npezcraBisger coboii ceMelCTBO CiydaiiHbIX BeJauduH w — B(t, w), onpeeaéHHbx
Ha OJHOM BeposiTHOCTHOM npocrpancrse (£2,.%,P). C apyroii cropoubl, Ha cemeli-
CcTBO B MOXKHO mocMoTperh Kak Ha orobpaxkenue B: Ry x  — R. Ecau dukcupo-
BaTh 3J7€MEHTapHOe COObITHE W € (), TO MbI moayunM GyuKmmMo ¢ — B(t,w), KoTo-
past Ha3bIBACTCS Mpaekmopueti, PEaAU3auuet W 6u60pouHol GyHKyUet TPOIECCa
B. VYcnosue (iv) 03HaYaeT, 4TO TPAEKTOPUU OPOYHOBCKOTO JIBUMKEHUS SIBJISIIOTCA
HEMPEPBIBHBIMU (DYHKITUSAMHU.

IMox, Koneunomepnvmu pacnpedesenusmu ciay4daiinoro upouecca B = (B(t): t >
0) MBI MOHEMAEM PACIPEIEEHUs] BCEX KOHETHOMEPHBIX CJIyIaliHbIX BEKTOPOB

(B(tl)a R B(tn))

g Beex 0 <ty <tg < ... <ty,n=23,.... llepBble Tpu IyHKTA B OIpE/I€I€HUN
OPOYHOBCKOTO JIBUKEHWS MMO3BOJISIIOT HANTH BCE KOHEYHOMEDHBIE PACIPEICICHMUS.
TTockombKy OPOYHOBCKOE IBUKEHNE UMEET HOPMAJIbHbIE KOHEYHOMEDHBIE PACIIPE/Ie-
JIeHUsi, TO OPOYHOBCKOE IBUKEHWE OTHOCAT K TaK HA3BIBAEMbBIM 2aYCCOSCKUM TTPO-
mmeccam.

Bompoc cymecrBoBanust Cy9afHOrO MPOIECCA C TEMU WU WHBIMU CBOMCTBAME
SIBJISIETCS BAYKHBIM. VIMeeTcss MHOTO PA3INYHBIX CITOCODOOB MOCTPOEHHsT OPOYHOBCKO-
ro apuxkenns. CorymacHo mpuHIUTy wHBapuantTHocTu JlorHckepa— IIpoxoposa 6po-
YHOBCKO€ JIBMKEHHE MOYKHO TIOJYYUTh, BHIOMpAs MacIITaOMPOBAHHBIE KOIMUU CJIY-
9afHOro OJIyKIAHUS U MEPEXO/As K MPEIeNy M0 PACIPEIEIEHUI0. IJTOT PEe3y/IbTaT
Ha3BbIBAETCs MPUHIIMIIOM WHBAPHUAHTHOCTH, TIOCKOJIBKY BCE CAyYaiHbIe OJTyKIAHUs,
MPUPAIITEHNSA KOTOPHIX MMEIOT HY/I€BOE CpeaHee W KOHEIHYIO JUCIEPCHIO, IO CyIIe-
CTBY, IPUBOJIAT K OTHOMY M TOMY K€ Ipeaesy — OPOyHOBCKOMY IBUKEHHIO.
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Paccvorpum Teneph HEKOTOPBIE CBOMCTBA CTAHIAPTHOTO BHHEPOBCKOI'O IPOIIECCa,
W = (W(t): t > 0). Bragane ormernm, uto W (t) xak rayccoBckas ciaydaiinas
BEJIMYUHA, UMeeT KOHeUHbIe MOMEHTHI. JlelcTBuTenbHo, ecian n = 2k + 1 HedéTHO,

TO
00

1 2
EW()" = — /x%“e_”” [dy = 0,
WOy = ——
—o0
KaK MHTErpaJj OT HeUYETHON (DYHKIUU MO CUMMETPUIHOMY MPOMEKYTKY. s gér-
HBIX 1 = 2k nMeeM

1 o0
E(W(t))n — \/Tﬂ-t / $2ke_z2/2td.ﬁ
2 oo
_ 7/x2ke—12/2td$
Tt
0
okek [
_ yk—l/Qe—ydy

v O
28T (K +1/2)
ﬁ )

rae I' —ramma-dyunknus. Hasee, ecsim 0 < s < ¢, TO UCHOIB3Ys HE3ABUCUMOCTD
NIpUAPAIEHNii, TOIy9YaeM

cov(W (), W (s)) = EW(t)W(s) = EW(s)[W(t) =W (s)+W(s)] = E(W(s))? = s.

CsaoiicTBa TpaeKTopuii BUHEpOBCKoro mpomnecca. Ilycre W = (W (t): t >
0) — cranpaprablii Buneposckuit nponecc. s T > 0 u n € N BBegém B pacemor-
peHne CaeayIolue CaydaiiHble BeTUInHbI

Vo(T) = Y W(t) = W(tis)l,  V2(T) = > [W(t) = W(ti—1)[,
3 =1

rae t; =4iT/n,i=0,1,...,n.
P
JIEMMA 10.1. V2(T) — T npun — oc.
JOKABATEJILCTBO. s ymobcTBa BBEIEM ClIEMyIOINTHE O00O3HATEHMST

s= L AW = W) - Witi)
n

u samerum, uro E(AW;)? = 6, E(AW;)* = 36%, i = 1,...,n. OTcioma ¢ ucromb30-
BaHUEM CBOMCTBA HE3aBUCUMOCTH HpI/IpaHJ;eHI/Iﬁ HOJIy‘{a,eM

EVXT) = E (zn:(AWiF) =nd =T.

i=1
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Ucnonb3yst 3TOT pe3ysibTar, MOIy9aeM BbIPAKEHUe [Jisl JUCIIEPCUn

n 2
DV(T) = E (Z(AWif) — 17

=1

S EAW)* + > E(AW)H(AW,)? - T?
i=1 i#j
= 3n6% + (n® —n)é? — T? = 2né? = 2T6.

IIycrs Teneps € > 0 dukcuposano. ITockonbky d — 0 mpu n — 00, TO, UCIOIb3Ys
HepasencTBo Uebbimésa (5.5), noayyaem
1 279
P(VAT)-T|>¢) < ?DVf(T) == —0
pu n — oo. O

Hanmomunm onpeenienwe Bapuaiun GyHKIMK Ha uHTepBajie. Ilycrs ¢: [0,T] —
R — nerepmuanpoBarHas dyukmus u &P = {0 = t) < t1 < ... < t, = T}—
pasbuenue orpeska [0,7T]. O603HaunM

V(p,[0,T],2) = Z|<P(ti) — o(ti1)].

Benmmanny
V(g [0,T]) = supV(e, [0, 7], 2),

rae cympemyM GepéTcs mo BeeM pasbuennaM &, HA3BIBAIOT Bapuanueii (MIm nomTHOM
Bapuanmeii) Gynkmun ¢ Ha npomexytke [0, T).

JIEMMA 10.2. IToumu 6ce mpaexmoput 6UHEPOBCKO20 TPOUECCHE UMEWT DecKo-
HEUHYN 6apuayuto, m. e. das awobozo T > 0 nowmu nasepnoe V (W, [0,T]) = co.

JTOKA3ATEIBLCTBO. CoxpaHsis MPUHATHIE TIPpH JOKa3aTeabcTse JeMMbr 10.1 060-
3HAYEHUs], 3AMETHM, 9TO B CHJTy CBONCTBA HENPEPBIBHOCTU TPACKTOPUN BUHEPOBCKO-
IO IPOIECca

max |[AW;| = 0

1<ign
mpu N — 00. 371eCh, KaK U BBIIIE,
.
AWz = W(tz)_W(tl—l)y ti=—, 1=0,1,...,n.
n

N3 memmbr 10.1 m Teopembr 6.1 ciaemyer, 9TO HARAETCS TOAMOCIEIOBATETHHOCTH
(nk: k € N) rakast, 1aro
2 II.H.
V, (1) =T
upu k — oo. C apyroii cTOPOHBI,

ng

Ny
VD) = D (AWD® < jax [AW )_IAW;| = Vo (T) pma AW
1= Jj=

II.H.

Orciona crenyet, uro V,, (T) = oo mpu k — oo. D10 o3nagaer, uro V (W, [0,T]) =
0O TIOYTH HABEPHOE. O
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STOT pe3ysibTaT UMEEeT BazKHbI€ CJI€JCTBHA B TEOPHH CTOXAaCTHUYIECKOI'O MHTEI'Da-
Ja.

MoMeHTBI OCTAaHOBKH M MapKOBCKOe cBoiicTBO. C BHHEPOBCKHM IIPOLEC-
COM CBSI3BIBAIOT TaK¥Ke cemeiicTBo g-amrebp % = o({W(s): 0 < s < t}). Kaxayiwo
o-anrebpy %; MOXKHO WHTEPIPETUPOBATH KaK WH(OPMAINIO, CBI3aHHYIO ¢ HaOJIIO-
JIEHHEM BUHEPOBCKOrO Tporecca 10 MoMeHTa Bpemenn t. CemeiictBo (F: t > 0)
HA3BIBAIOT usbmparuet U OHO obamaer csoiicrBoMm F, C %, npu s < t.

SameTuM Temnepb, 9TO s Jirodoro a > 0 mporecc

Wo = (Wy(t) = W(t+a) —W(a): t > 0)

TAKXKe sIBJI€TCS BUHEPOBCKUM IIPOLIECCOM, YTO JIEIKO yCTAHAB/IMBAETCs IIPOBEPKOI
ceoiicts (i)— (iv) u3 ompemenenus 10.1. Kpowme roro, mpouecc W, He 3aBUCHT OT
o-anrebphl %,. DTO TaK HA3BIBAEMOE MAPKOGCKOE C60TICME0 BUHEPOBCKOTO MPOIIEC-
ca. Hapsimy ¢ aTuM BHHEDPOBCKHUI mporecc 06J1alaer ,,CTPOrUM MapKOBCKUM CBOIi-
crBom“. Ero dopmynupoBka CBsS3aHA C BayKHBIM MOHSATHEM MOMEHTA OCTAHOBKH.

OnPEJAEJEHUE 10.2. HeorpunarensbHas ciydaiiHas BEJIUYUHA T, ONPEILIEHHAS
HA BEPOATHOCTHOM mpocrpancrse (), %, P), Ha3biBaeTCAd MOMEHTOM OCTAHOBKH OT-
HocuresibHo duibrpanun (F;: ¢t > 0), eciu it Beex ¢ > 0 BBINOJHAETCS YCJIOBUE
{w: 7(w) <t} € F.

Yenosue {7 < t} € %, MOXKHO TPAKTOBATh KaK TO, ITO coObITHE {7 < ¢} 3aBHCHT
TOJIBKO OT NUCTOPWH BAHEPOBCKOTO MPOIECCa 0 MOMeHTa, Bpemenu t. Okas3bIBaercs,
9TO €CJIU T — MOMEHT OCTAHOBKHU OTHOCHTEJIbHO (dbuibrpanuu (Fy: t > 0), To

W, = (W.(t) = Wt+71)—W(r): t 20)

TakKe OyIeT BUHEPOBCKUM TMPOIECCOM. IDTOT PE3YJIbTAT, KOTOPBI MBI HE Oymem
JOKa3bIBaTh, COCTABJIAET TaK HA3BIBAEMOE CMP020 MAPKOBCKOE C680UCME0 BUHEPOB-
CKOT'O TIPOTIECCA.

OHIM 13 BayKHBIX MOMEHTOB OCTAHOBKH, CBSI3AHHBIX C BHHEPOBCKHMM TIPOIECCOM,
SABJISIETCS

To = inf{t: W(t) = a}, a>0,
— MOMEHT II€PBOTO JIOCTHZKEHUS] yPOBHS d.
JIEMMA 10.3. ITyems a > 0, t > 0. Tozda P(7, <t) = 2P(W(t) > a).

JIOKABATEJIbCTBO. JlomycTum, 910 BhINOIHEHO ycjosue W (t) > a. Torna B cu-
JIy HEIPEPBIBHOCTH TPACKTOPHUU BUHEPOBCKOTO IMPOLECCa OyIeT TAKKe BBITOTHAThCS
yCIioBHE T, < t. DTO 03HAYAET, 4TO

{W(t) > a} C{r, < t}, W) > a,1q <t} = {W(t) > a}.

Jlasee, B CHJly CHMMETPUHN U CTPOTO MapKOBCKOTO CBOMICTBA BUHEPOBCKOTO MPOIECCA
WMeeT MeCTO PABEHCTBO

POW(t) > alry < ) = PW(E) < alra < t) = %
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MTOCKOJIbKY TIPU BBIXOJE W3 TOYKHM 33 BpEMs OT T, /0 ¢ OpOYHOBCKasi JacTHUIA
PABHOBEPOATHO OKazKeTCs JieBee WJIN mpasee ToOUKu a. Ho Torma

PW(t) >a) = P(W(t) > a,7a <t) = P(ry, <t)P(W(t) > a|ry, <t) = %P(Ta <t)

u JJeMMa JOKa3aHa. O

Ilomydennstit pe3yIbTaT MO3BOJSIET HAWTH PACIPE/IeICHIE CyIaitHON BeTHIMHBI
Tq. HeficrBurenvro, ajs ¢ > 0 umeeM

F, (t) = P(r, <t) = 2P(W(t) > a)
2 7 2 /2 7 2
—z /th _ “ / —u /2d
e X (& U.
V2t / m
a a/\/i

Huddepentmpys moayIeHHoe BhIparKeHNe, HAXOIUM ILIOTHOCTD PAaCIpeIeTeHns

a _ 2
fr(t) = Et 82672 (g o) (1)

MakcuMyM BHHEPOBCKOrO Ipornecca Ha npomexytke [0,t]. Haitném re-
Ieph pacipesiesieHre BepOsSTHOCTEeH MaKCHMAaJIbHOTO CMEIIEHUs BIPABO OPOYHOB-
CKOM YacTHUIbl 33 (PUKCHPOBAHHOE BpPEMs, T.€. pacIpeieseHne CIydailHoil Ben-
YU HbI

M, = max{W(s): 0<s <t}

W3 onpenenenus Bumuo, uto M; > 0 u sBiasiercs neyoObBaomeit dbyHKInei mo t.
3ameTnM TakxKe, uTo Jyisg & > 0 UMeeT MeCcTO PaBeHCTBO

{w: Mi(w) 22} = {w: 7(w) <t}
CienoBaresbHO,

2 oo
P(My 2x) = P(rp, <t) = 4/ — / e 2 du,
™

OTKY/Ia TMOJIyYaeM IJIOTHOCTh PACIpeIesIeHIs

Fue) = 40P 2 ) = | 2 (o)

9TO TaK HA3LIBAEMBIH YIBOCHHBIH HOPMAJBHBIN 3aKOH PACIIPEIEJCHHs] BEPOSTHO-
creii. TIpu srom mjia Beex x > 0 BoinosHsieTcst paBencTso (Bamenne)

P(M; 2 x) = 2P(W(t) > x).
Amnaymornyno onpenesseTcs pacupeneaeHne BepOITHOCTEH CIIyIaiftHON BeJNIUHbBI

M, = min{W(s): 0<s <t}
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W3 coobpaxkenuii CHMMETPUN TIOJIYIaeM [JIOTHOCTH PACTPEIE/IEHNs ITOH CITy JaiiHOM

BeJINYUHBI
2 .
Tup @) = | =P (@)

Tonyuernbe pe3yabTATH IPUBOAAT K CIEYIONIEMY CBORCTBY TPACKTOPUI BHHEPOB-
ckoro mnporecca. as go6oro ¢ > (0 uMeoT MecTo paBeHCTBA

P(M; < 0) = P(M, >0) = 2P(W(t) > 0) = 1.

DTO 03HAYAET, YTO, BLIXO/s M3 HAYa/a KOOPAUHAT, OPOYHOBCKAs YaCTULA 33 CKOJb
YTOIHO MaJjioe BpeMs € BEPOATHOCTHIO 1 moObIBaeT Kak mpasee Todku x = (0, TakK u
JieBee 3TOM TOYKH.

§ 11. Cayuaiiible BBIGOPDKHY U OII€HKHU IIApaMeTpPOB pacipe/aeieHus

3amaua MaTeMaruIecKoil CTATUCTHKY — MOy YUTh ONPEAETEHHbBIE BBIBOIBI U3 IKC-
[EPUMEHTAIbHBIX JAHHBIX. B HEKOTOPOM CMBIC/IE 3TU 331a9H SIBJASIOTCA OOPATHDI-
MU 110 OTHOLIEHUIO K T€Opuu BepoaTHOCTEH. KOPOTKO MX MOXKHO OXapakTepu30BaTh
crepyionmM 00pa3oM. JlaHbl HEKOTOpBIE HAGMIONEHNs (CTATHCTUYECKUE JTAHHBIE),
[0 KOTOPBIM MbI XOTHM BOCCTAHOBUTDL BEPOSTHOCTHYIO MOJE/b, COOTBETCTBYIOIILYIO
NOJTyYeHHbIM JanibiM. OJHA U3 [MEepPBBIX 33189 MATEMATUIECKON CTATUCTUKE — 3TO
3a/1a4a OlEHWBAHUS TIAPAMETPOB pacipezesenuii. aine BCEro MCXOIHBIE JTaHHBIE
MPEICTABISIOT COD0M pe3yabTaThl HAOIIOAEHNN CIyYadHBIX BEJIUYMH. B cBa3m C
9TUM BO3HUKAET CJIEILyIOmAst TEPMHUHOJIOTHSI.

IMox (cayuaitnoit) ewboproti obbéma n, orsevatonieil GyHKIMU PacIpeleseHus
F, 6ynem nonuMarb HAaBOp (MM BEKTODP) U3 7 HE3ABUCUMbBIX CJIYYaiHbIX BEJIMYUH
X = (X1,...,Xp), KaKIasg U3 KOTOPBIX mMeeT pacupenenenue F, r.e. Fx, (z) =
F(z), i = 1,...,n. Peammsammio ciyuaitnoii Beibopkn X = (Xi,...,X,,) Gyaem
obo3Hauarh x = (21,...,o,). Ecan ¢: R™ — R— Gopesnesckas byHKIWMSA, TO CIIy-
vaitnas Bemmanna (X, ..., X, ) HazbBaeTcsa cmamucmukol Beioopku X. OmxmHolt
U3 OCHOBHBIX 33184 MATEMATHIECKONW CTATUCTUKY SABJISETCS MOCTPOCHUE TI0 CJLy daii-
HBIM BBIOOpKaM X CTATUCTUK, KOTOPbIE MOJIU Obl CJIy2KUThH OIIEHKAMU [apaMeTPOB

pacrpeneaeHuii.

Kaxmoit peanmuszarun z BHIOOPKH X MOXKHO TOCTaBUTb B COOTBETCTBHUE YIIOPSI-
JIOYEHHYIO [OCJIE0BATEJLHOCTD 3HAYEHU T(1) < T(2) < ... < T(n), A€ T(1) —
MUHUMAJIbHOE BHAYEHUE U3 T1,...,Tpn, & T(p) — MAKCUMAJILHOE. YLOPAIOIMBAHUE
KayKI0# peammsamut 2 = (1,...,2,) = (Z(1),...,%(n)) TPUBOINT K Mpeobpaso-
Barmio (X1,...,Xp) = (X(1),..., X(n)). Caywaiinerii sektop (X(1),..., X)) Ha-
3BIBACTCA 6PUALUOHHBIM PAJOM BBIOODKH X, a ciydaiiHble BemuauHbl X (), 1 =
1,...,n, Ha3BIBAIOTCA TMOPSIKOBBIMU CTATUCTUKAMU BbIOOpKM K. B uactmOCTH,
Xy = min{Xy,..., X, } 1 X(,) = max{Xy,..., X,,}. Bamernm, 910 MOPAIKOBbIE

CTATUCTAKNA UMEIOT KazKas CBOIO (DYHKIUIO PacCIpele/eHns
n
_ _ k k n—k
Fx, () = P(X(y <) = Y CF(F(x)*(1 = F(z))" "
k=1
3mech BuIpaxkeH TOT (GakT, 9TO B 1 HE3ABUCUMBIX UCIBITAHUAX CydaifHas BETUIUHA

X ¢ dyuknueit pacupenesenus F npuHsia He MeHee ¢ Pa3 3HAYEHUE, He IPeBbIIIa-
o1iee .
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Imnupuveckasn Pynryua pacnpedesenus |, dBISETCH ONEHKON it DYHKIMN

pacupegenenus F ciaygaitnoit seibopku X = (X1, ..., X,,). Ona onpeneisercs pa-
BEHCTBOM
1 n
Fn(z) = 52]1(_00’1]()(”7 —00 < T < 0.
i=

Samerum, 9TO IpU Kaxk oM = € R aMnupudeckas (PyHKIUS PACIPEIETEHUs ABIIs-
ercsd CciydaiiHoii Bejuuunoii. [ljisi KOHKperHOil peasusaiuu x = (Z1,...,%Ty) MbI
1oJry4aeM OObIYHYIO CTYIeH4YaTyI0 (DyHKIUIO PacIpeaeseHns

n
1
F,(x) = - E 1 (oo (4), —00 <z < 00.
i=1
Buavenue F),(x) BbIpaxkaer JOJIO TeX 3HAYEHUI T, ..., T,, KOTOPbIE HE IPEBOCXO-

a4t x. ng Bu3yaan3anun peasin3anny BEIOOPKH 9aCcTO UCIOIB3YIOT 2UCMO02PaMMY.
B nekoropom cMmbiciie OHA SBIISETCH AUCKPETHBIM AHAJIOIOM ILIOTHOCTU PACIIPE/ie-
JleHud.

[MPEJIOKEHUE 11.1. yems X = (X4, ..., X,) — ewbopka, omeexarou,as Pym-
rxyuu pacnpedeaenus F. Toeda das arwbozo x € R

Fo(z) = F(zx),
2de [F,, — amnupuneckas Gynryus pacnpedesenus 6vbopru XK.

JIOKABATENBCTBO. Ilycts # € R dukcuposano. Ob6osnauum & = Lix, <z}
Cayuaiiubie Beuaunb £1, €y, . . . ABISIOTCS HE3aBUCUMBIMU U UMEIOT PACTIPEIe/IeHre

P =1) = F(z), P =0) =1-F(x).

CrnemoBaTesbHO,
ES = F(z), D& = F(z)(1 - F(z)),

T. €. BBINOJHEHBI ycyroBus TeopeMsl 6.4. Ho Torma

Fo(z) = %Zgi OB = F(x).
i=1

O

BribopouHble MOMEHTBI. JMIMpUYECKas (DYyHKIMs PACIPEIETEHUs ABJISETCSH
HEKOTOPO# CBOJHON XapaKTepucTHKON BbuiOOpKu. Hapsimy ¢ atum ¢ Kaxk10il BbI-
OOPKOIl CBSI3BIBAIOT TAKYKE BHIDOPOUYHBIE MOMEHTHI, XapaKTEPU3YIOIIe BEIOOPKY B

nesioM. Iox swbopounvim momenmonm nopsaka r, r € N, Beibopkn X = (X1,...,X,)
TTOHMUMAETCST
1 n
X = - > X

i=1
Bo100poUHbIii MOMEHT MEPBOrO MOPSIIKA HA3BIBAIOT 6b100pOUHbBIM CPEOHUM T 000-
sHagaioT X. B kauecTBe 66100pouHol ducnepcut paccMaTpPUBAIOT

5% = Z(Xi - X)? nim S = %Z(Xi—Yf.
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15 BBIBOJA COOTHOINEHUH, CBA3BIBAIONINX PA3HbIE CTATUCTUKU, IIOJIE3EH CJIEILyIO-
YA pe3yJibTar.

JIEMMA 11.1. ITyem» x1,...,Ty U @ — NPOU3BOALHBIE BEULLCMBEHHDLE YUCAL U
— 1 n
T =%,z Tozda umerom mecmo credyrousue pasencmea

(i) i (i — a)® = iy (s — )2 +n(T —a)%;
(it) i (z; —T)* = Y0 22 — nz”.

JTOKABATEILCTBO. [Mockomsky .o, (z; — T) = 0, TO

n n n

dwi—a)? = (@i —F+T—a) =) (2. —7)° +n(@—a),

i=1 i=1 i=1
4ro nokaseiBaer (i). Pasencrso (ii) caemyer u3 (i) mpu a = 0. ]

[TPEUIOKEHUE 11.2. ITyemw ewbopra X = (X1,...,X,) omeeuwaem pacnpede-

ACHUIO C KOHEUHBIM MATMEMAMUYECKUM 0AHCUIGHUEM A U KOHENHOT aucnepcueﬂ 0'2.

Tozda
- — o2 2 2 =2 n—1,
EX =a, DX = —, ES* =0 ES = ——0".
n n
JTOKABATEJILCTBO. Pasencrso EX = a cieayer u3 cBoiicTBa JHHEHHOCTH Ma-
TeMaTUIeCKOro OXKumauus u yciaoBus EX; = a. U3 mHesaBucumocTn CrydaiiHBIX

BEJIMYMH B BBIOOPKE 1 ycioBus DX; = 02 mosy4aem

— 1 & 1 & 1
DX =D(=) X;| = =) DX, = =¢%

Jns soruncienus ES? socnonbayemcs pasencrsom (i) uz memmbr 11.1

n

1 _
2 _ 52
ES? = —E Z(Xz X)
=1
_ ! En: EX? - nEX"
 n—1\¢ g
i=1

1

= — (na2 + na? —o? — na2) = o2,
n—1
3aMmedast TAK¥Ke, UTO 5= 2=1G62 nosywaem TmOCIeHEE PABEHCTEO. ]

Yacto B IpHUIOKEHUIX OBIBAET M3BECTHO, 9TO BBHIOOPKA X OTHOCHUTCS K HEKOTO-
POMY KJIACCY paCUpeieeHnii, KOTOPbIHA ONPEJIEIsieTCs OIHUM U HECKOJIbKUMHE [1a-
pamerpamu (HapUMep, TyacCOHOBCKOE, MOKA3aTEIbHOE, HOPMAIbHOE U T. 1.). Ilpu
9TOM ANPUOPHU HEKOTOPbHIE MAPAMETPHI HEU3BECTHHI. BO3HUKAET 33,1249 OIEHUBAHS
nemssectHoro napamerpa 6. Ilon ouewkol HemsBecTHOro TapaMerpa f MoHWMaeT-
¢ PYHKIUS OT CIyJaifHbIX BEJIUYUH BHIOOpKH, T.e. craructuka. (OJHAKO HE BCE
OIIEHKHU B TAKOM TOHUMAHUU UMEIOT MPAKTUIECKYIO EHHOCTh. [loaTomy BBOAATCS
MOHSITHsI, KOTOPBIE BBLIEIAIOT TPAKTUIECKH 3HAYUMbBIEe OreHku. OJHUM U3 TaKuX
MOHSATUN ABJIAETCA HECMEIEHHOCTD.
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Crarnctuka ¢, (X) HasbiBaeTCs Hecmewénnol ONEHKON mapamerpa 6, ecan
Evn(X) = 6. U3 npepyoskenus 11.2 ciaemyet, 9To BHIGOPOUHOE CpejiHee X ABIAET-
Cs1 HECMEMIEHHON ONEHKON MaTeMaTHYeCKOrO OXKUIAHNS, & BHIOOPOYHASA JUCIEPCHST
S? — HecMemEHHO OTeHKOl JUCTIePCH PacTpe/ieIeHrst, KOTOPOMY COOTBETCTBYeT
BEIGOpKa. IIp; 3ToM S~ He ABIAETCA HECMEISHHOM ONEHKOH TUCTIEpCHH.

Jlpyroe MOHATHWE CBSI3aHO ¢ ACUMITOTHYECKAM MOBEICHUEM OLEHKW TNMpH 7. —

oo. Crarucruka @, (X) Ha3BIBAETCI COCMOAMEALHOT OLEHKON mapaMeTpa 0, eciu

P -H. %
on(X) = 6 npu n — co. B cayuae, korma ¢, (X) "3 60, rosopsar o cuavhol
COCTOATE/ILHOCTH OLEHKH.

SAMEYAHUE 11.1. I3 ycurennoro 3akoHa GOBIINX YHCEs CIeLyeT, 9To X B-
JISI€TCS CUJIBHO COCTOSTEIHBHON OIEHKON MAaTEMATUIECKOTO OXKWTAHUS, €CJIU BHIOOD-
Ka OTBEYAET PACIPEIETEHUIO0 ¢ KOHEIHBIM BTOPBIM MOMEHTOM.

[TPETOKEHUE 11.3. ITycmb X — evbopka, omeewarousan pacnpedeseruio ¢ Ko-
HeunvLm uemeépmoim momenmom. Tozda S? u S~ AGAAOMEA CUADHO COCTNOAMEND-
HOLMU OUEHKEAMU JUCTEPCUL 0 IMO020 Pacnpedesenus.

—2
S”, TO TOCTATOUHO TOKA3ATH COCTOSI-

JIOKABATEILCTBO. Ilockombky S? =

n—1

TeJILHOCTH JII000# 13 BHIOOPOUHBIX mAuctepcuii. Jlokaskem 310 jajis omenku S . U3
.. —2

pasenctsa (i) memmbr 11.1 u onpenenenus S~ ciemyer

—2 1 < —2
ST==) " X?2_X".

~- I.H. <2 n.H.
Kax oTMedanoch B 3aMeYaHUN BhIme, X — @ mpu n — oo. Ho torma X =3 a2,

O6osznauum X? = n;. Ilo yca0BHIO 11,172, . . . ABIAIOTCA HE3ABUCUMBIMH OJIMHAKOBO
pacmpeeéHHBIMU CTYYARHBIMY BEJIMIHHAMU ¢ KOHEYHBIMU BTOPBIMU MOMEHTAMHU.
Ho rorma mo ycumeHHOMY 3aKOHY OOMBIMNAX THUCETT

1 & 1 «
EZXE = 5Zm =B = ot +d
i=1 =1

~2 nm.
D10 BMecTe ¢ yeaoBueM X~ a? JOKa3bIBAET HAIIE YTBEPIKICHNE. O

MeToapl nosrydeHus OIEHOK. B HEKOTODBIX CIydasix MOXKHO JIOraaThCs O
Buze onenku. Hampumep, B Ka4ecTBe OIEHKU MATEMATHIECKOTO OXKUTAHUS PACIIPe-
JIeJIeHNsT eCTECTBEHHO B3ATh BHIOOpOUHOE cpentee. OnHako B GoJiee CIOKHBIX CUTY-
anusx Tpebyrorcs crenuanabibie Meronbl. OIHUM W3 MEPBBIX METOIOB MOy YeHUs
OIIEHOK HEU3BECTHBIX [MAPAMETPOB SIBJISIETCH MEMOd MOMEHMOS, KOTOPbIH BOCXOIUT
k Ilupcony u gocrarouno npocr. CyTb METOJA MOMEHTOB COCTOUT B TOM, YTOObI
CBS13aTh HEM3BECTHBIE MAPAMETDPHI PACIPEIEIEHNsT CUCTEMOM yPABHEHU C MOMEH-
TaMW HEW3BECTHON CJIyYIaiHOW BEJIUYMHBI. Pa3permuwB 3Ty CHCTEMY OTHOCUTETHHO
HEU3BECTHBIX MapPaMeTPOB U 3aMEHUB MOMEHTHI CIyJIaiiHOM BEJMIUHBI BHIOOPOUHBI-
MH MOMEHTAMMU, TTOJIy9aeM OIEHKYM HEU3BECTHBIX MAPAMETPOB.

IIpumep. Ilycrs & — auckperHas ciydaiiHas BeTHUWHA, PABHOMEPHO pPACIIpe-
nenénnasg va {1,2,...,0}, e. P(§ = k) =1/0, k = 1,...,6. Haiitu ouenku
napamerpa 6 u aucnepcun DE.
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g ymobcrBa Oymem cuutarh 61 = 6 u 05 = DE Hen3BecTHBIMEM TIApAMETPAMH,
JUIs KOTOPBIX Hy»KHO Haiiti onenkn. O6ozmatnm my = EE u my = E€2. Torma

146,
m= my = 0y 4+ mf,
OTKYy/Jda CJICAYIOT PaBEHCTBa
91 =2m1—1, 02 :mg—m%.

Takum obpazowm,

G.(X) =2X —1, B(X) = X® X"

st IpUMeHEeHHs 9TOr0 METO/A TPEDyeTCs CyIeCTBOBAHUE JOCTATOYHOIO KOJIU-
yecTBa MOMEHTORB. IIpuMepoM pacmpeesnenus, Ijisi KOTOPOro 3TOT METOI He pabo-
Taer, sBjsercs pacrnpeaenenue Korrn.

Meton Haubosvwezo npasdonodobus ABISETCS OTHUM W3 HanbOJee IIHPOKO MC-
MOJTb3YEMBIX METOJOB MOCTPOeHUsi OmeHoK. Jlomyctum X1, ..., X,, —BbiOOpKa u3
pacmpejesienus ¢ iaoTHOCTbIO f(x;0) 3uech 0 — ckangpHbLil WM BEKTOPHBII 1apa-
METp, KOTOPbIA HY>KHO oupeieaurb. lius x = (z1, ..., x,) — peasusanuu BbIOOPKU
CTPOUTCS TaK HasbIBaeMas PyHKUUs npasdonodobus

f(z0) = _Hf(xi;o).

B cayuae, eciu pacnpezesienue AucKperHoe, B Kadectse f(x;6) paccMaTpuBaeTcs
Py(£ = x) — BeposiTHOCTD 3HAYEHUsI T TIPU BEPOATHOCTHOM PACIPEIEJICHUN C Hapa-
meTpom 6.

IIycrs §(x) — 3HadeHue napaMerpa, Ha Koropom f(x;0) mocruraer mMakcumyma
kak dyskius 0 npu durcupoBanHoM %. OUEHKOW HauOOJBIIEro MPABIONOI00MS
napamerpa 6 torya nosaraior (X).

JloBepurenabHbIe MHTEPBAJIbI. JIpyToii OAXOI B ONMPEIETCHAN HEN3BECTHOTO
napaMerpa paclpee/ieHns CBA3aH C MOHATHEM JIOBEPUTEIHHOTO MHTEpBasa. 110
Boibopke X = (X1, ..., X,,) CTPOUTCA UHTEPBAJI, COAEPIKAIIMI HEM3BECTHBIN Tapa-
merp. Ilyers 0(X) u 6(X) — mBe byHKIEE OT CIydaifHOil BBIGOPKE X TaKwe, 9TO
0(%) < B(X).

Nurepsan (0(X),0(X)) HasbiBaeTcs do6epumesvHvlm UHMEPEaOM 171 HEH3BECT-
HOro napamerpa 6, orsedaionm doepumesvHotli 6epoAMHOCMU ¢ (MU yPOBHIO
Jl0Bepus ), eciu

P(O(X) < 0 < 0(R) > o

MeTO,ZLbI IIOCTPOEHUA JOBEPUTEIBHBIX HMHTEPBAJIOB OCHOBBLIBAIOTCA Ha HeHTpaHbHOﬁ
npelebHO TeopeMe.

JloBepuTenbHbIE MHTEPBAJIBI 1719 Hem3BecTHOro a = EX mpm m3secTHO# aucmep-
cun 02 = DX.

B cuny cBoiicTBa acHMMIOTOTHYECKON HOPMAJIbHOCTH BBIOOPOIHOIO CPEIHErO X

p (\/ﬁ (X—a) < a:) ~ B(x),

g

nMmeem
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rae $(x) — byHKIMS pacnpeenennst CTaHZaPTHOTO HOPMABLHOTO 3akoHa. OTcona
MOJIy YaeM
Vn

p <_z VX o)< z) ~ B(1) — B(—1),

g

nnn
lo

o _
P X—-—<a< X+ —| = 0(1) —d(-1).
*-7 S IRACES
Tockonbky ®(—1) = 1—P(1), ro (1) —P(—1) = 2®(1)—1, n ycaorue P(I) —P(—1) >
« OyzieT BBINOJIHEHO B Ciaydae | > ., rie ., — pemenne ypasuenns ®(z) = 7,
v = (14 «)/2. Takum 06pa30M, JTOBEPUTEJbHBINA UHTEPBAJ C YPOBHEM JOBEPUS (v

MOXKHO TIOJYy9HTh, OIIPEICTHB
— ox — — oxr
0K = X — —= (X)) = X + —=.
0(%) R
HoBepurenbubiit naTepBas s ¢ = EX npu Hen3BeCcTHOH JuUCIEpCHH €CTECTBEH-
HO BBIOpATH B BUIE

=2
=2

Y - P/
Q(X)_X \/777 -

rIe

§ 12. MapTuHrajbl

Kak ormedanoch BbIme, mof CIy4aifHBIM MPONECCOM MbI MOHUMAEM CEeMEHCTBO
CITy9aiiHBIX BEJIMYWH, ONPEJEIEHHBIX HA OJIHOM BEPOATHOCTHOM IIPOCTPAHCTBE. Xa-
pPaKTep CJydaifHOrO MPONECCa U METOABI €r0 U3y4YeHUsI BO MHOI'OM ONPEJIESAIOTCS
TEM, KaK 33/]aHa 3aBUCUMOCTb MEXK/y CJydailHbIMU BEJIMIMHAMH. BarkKHbIH K/acc
CIIy9aifHBIX MPOIECCOB, KOTOPBIH MBI PACCMOTPHAM B 3TOM maparpade, BbIIeaaeTcs
TEM, 9TO 3aBUCHMOCTH MEZKIy TPONIIBIM W OYIyIIAM ONpENeIseTCs MOCPEICTBOM
YCIOBHOTO MATEMATHYECKOTO OYKHIAHMS.

Bynmem caurarh Bpems IUCKPETHBIM U HAPSALY C BEPOATHOCTHBIM MPOCTPAHCTBOM
(Q,.Z,P) paccmarpuBarh HOCJIEA0BATENBHOCTD o-airebp (&, : n = 0) takyio, 410
Fm C F, CF,0< m<n. Barom ciyuae rogopsir, uro Ha (2, F#, P) oupeeiena
dunbrpanus (,), a BEPOATHOCTHOE LPOCTPAHCTBO € (uibrpanueii 0603Ha4AI0T
(Q, #,P,(%,)). NaryntnerHo %, MOXHO MHTEPNPETHPOBATH Kak MH(MOPMAINIO,
KOTOpasi CTAHOBWTCS JOCTYTIHOW B MOMEHT BPEMEHW 7, T.€. B MOMEHT BPEMEHH
7 CTAHOBUTCA M3BECTHO O KayKJIOM COOBITHU W3 .%, mpom3onuio ouo uim Her. C
TEeYeHNEM BPEMEHH 3Ta MH(OPMAIHASA PACIIAPSIETC.

OnPEAEJEHUE 12.1. Chyuaitasiit nponecc X = (X, : n > 0) OyueM Ha3bBaTh
corsyiacoBanubIM ¢ dusbrparueii (%, ), eciu X, aBisercs F,-u3MepuMoii Jjis BCex
n =0,1,2,.... Ecimm xe qms Bcex n > 0 caydaitabie BeTuduHbl X, ABJISIOTCS
Fp—1-u3MepuMbiMu (cuuraem, 4ro F_1; = Fy), 10 nporecc X Ha3bIBAETCH MPe-

CKa3yeMbIM.
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st wimrocTpanyuy BBOAUMBIX OIPEEIEHUI PACCMOTPUM CJIEIYIONIUI puMep.
IIpumep. IlpegcraBum cebe urpy B Ka3wHO, IJ/i€ UIPOK IEpeJ KaxKJO# Urpoit

MOXKeT JejaTh craBku. Jlomyctum, uto £71,&9, ... — HE3aBUCUMbIE OJMHAKOBO pac-
MPEIEEHHBIE CTYUIANHBIE BEJIMUWHbBI, Tae &, — CyMMa BBIUTDBINIA B N-TOH UTPE HA
equungHOM craBke. Torma Sy =0, 5, =& +...+&,, n=1,2,..., Oyzer BeipaxKarh

YUCTBIN BHIATPHINT (KOTOPbIH MOXKET IIPUHUMATH ¥ OTPULIATE IbHbIE 3HAUEHMS ) UTPO-
Ka TOCJIe N-TOH UTPHI, CTH OH JeaeT KaxkIblil pa3 equaudHyo crasky. C apyroii
CTOPOHBI, UTPOK MOXKET MPUIEPKUBATHCS HEKOTOPOW CTPATEeruu, JAejasi Ha N-TYIO
urpy craBgy H,, n = 1,2,.... Torma ero 4ucTblii BBIUIPHIII [TOCJIE€ N-TOH UT'PHI
cocraButr X, = H1& +...+ H,&,. B aTOM ipuMepe ecTeCTBEHHO BO3HUKAET (DUITb-
rpauus (F,), e Fo = {2, Q}, F, =0(&1,...,6n), n=1,2,.... B repmunonoruu
onpenenenns 12.1 .S = (S,: n > 0),n X = (X, : n > 0) Gyayr nporeccamu, coria-
coBaHHBIMHU ¢ dunbTparmeii %, a H = (H,: n > 0) — npejckasyemslii mpormecc,
MOCKONIBKY BBIOOp H,, dopMupyercs: 10 n-TOif UrPhl HA, OCHOBAHUU WHQOPMAIUNA O
pe3yabTaTax MmpeabLaIyInuX urp. 3/aech mnojgaraem Hy = 0.

OnPEAENEHUE 12.2. ITycts (2, %, P, (%#,)) — upocrpancrso ¢ dbuabrpanueii.
Ipounecc X = (X,,: n > 0), onpeneéHHbIli Ha 3TOM MPOCTPAHCTBE HA3BIBACTCS
MAPTMUHZAAOM, €CIIU BBIIOJHAIOTCS CJIE/LYIOIIAE YCIOBHUS.

(i) X sBistercst coryiacoBaHHbIM ¢ unbTpalmeii (%),);

(il) E|X,| < co must Becex n > 0;

(i) E(Xn|F#n-1) = Xn—1 1.H. gus Beex n > 1.

Ecsu B ycaosun (iii) pasencrBo 3amenntb Ha HepaeHCTBO E(X,|Fh_1) = Xp—1
(E(Xn|Fn-1) < X,—1), To mporiecc X HasbIBaeTCs cybmapmunzarom (cynepmap-
MUHZANOM).

Yenorwe (iii) MoxHO Takike sammcarh B Bume E(AX,|Z%,_1) = 0 m.H. (nam
E(AX,|Z#,-1) = 0 B ciyuae cyOmaprunrana), rae AX, = X,, — X,,_1.

3amernM, 9TO B MPUBEIEHHOM BbIlTe mpuMepe B ciaydae EE, = 0 mpomecc S =
(S, : n = 0) aBageTCs MAPTUHIAJIOM, & UTPA HA3bIBAETCs YeCTHOI. JleficTBUTENbHO,
U3 CBOMCTB YCJIOBHOI'O MATEMaTHYECKOIO OXKMJIaHus (Teopema 7.5) moydaem

E(ASnLanfl) = E(§n|fnf1) = 0.

B cayuae EE, > 0 (E&, < 0) mponece S sBsercsa cyOGMapTHHTAIOM (CymepMapTHH-
rajiomM), & Urpa CYUTACTCS TPEANOYTUTEIHHON (HEIPeINOYTUTEIHHOMN) Il UTPOKA.

W13 onpenenenns 12.2 rakxke BugHO, uro ecin X = (X, : n > 0) spasiercs cy6-
mapTunrajgom, 7o —X = (—X,,: n > 0) 6yaer cynepmaprunrajgom. CorjacoBaHHbIil
nporecc X ABJISIETCSI MAPTUHTAJIOM B TOM W TOJIBKO TOM CJIydYae, €CJIU OH OTHOBpE-
MEHHO SIBJISIETCS CyOMAPTUHTAIOM U CYHEPMAPTHHTATIOM. DTO YACTO UCIOTB3YETCS
upu goKasarenbcrse yreepxkaenuii. Hanpumep, nokazkem, uro ycsosue (iii) Bbinos-
HAETCA U [ HecoceauuX uHaekcoB. Ilycrs X — cybmaprumran mw m < n. Torma
HOCKONBKY Fy, C ., TO, HCHOIB3Ysl CBOWCTBA YCJOBHBIX MATEMATHYECKUX OXKH-
Januii (TeopeMa 7.5), TOIydaeM

E(X,|%m) = E(E(Xp|Zn-1)|Fm) = E(Xpn-1]|Fm)-
IIpomoskast 3T paccyKaeHus, TPUXOAUM K HEPABEHCTBY

E(X,|%n) = X,
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T.€. CBOHWCTBO CyOMApTHHTAJILHOCTH BBITIOJIHAETCA W JJIST BCEX MHIEKCOB m < 7.
Ilycts Teepp X — cynepmapruarasi. [Ipumenss qokazaHHOe CBOWCTBO A1 CyOMap-
runrana —X, nonyuaem E(—X,|.%,,) = —X,,, orkyaa cienyer E(X, | %) < X,
Hus maprunrana pasencrso E(X,|.%,,) = X, upu m < n cienyer renepb u3 roro,
YTO OH OJHOBPEMEHHO SIBJISETCS CyOMAPTHHIAIOM U CyEPMAPTHHIATIOM.

[TPEJIOKEHUE 12.1. Tyems X = (X,: n = 0) — mapmunean, a ¢: R — R —
sunyxsas Pynkyus. Jonyemum maxsce, wmo E|p(X,)| < oo daa ecex n > 0.
Tozda po X = (p(X,): n = 0) asasemea cybmapmunzarom. Ymeepocdenue ocma-
émesa 6 cune, ecau X — cybmapmunzan, a GYHKUUA © 6BNYKAG U He Yobeaem.

JOKABATEJILCTBO. Ilycts X —mapturaran m m < n. Vcnoas3ys HepaBeHCTBO
Uencena 7.4, momydaem

P(Xm) = @(E(Xn|Fm)) < E(p(Xn)|Fm),

9TO O3HAYAeT CyOMapTUHTAIBHOCTD mporecca o o X.
B cayuae, korma X — cybmaprunraii, a (¢ sABIsercs emg u HeyObIBaoIIel, nMeeM

O

CneacTBUE 12.1. Ecau X = (X, : n = 0) — mapmunzan, mo | X| = (| X, n >
0) — cyomapmunean. B cayuae, xozda X sasasemces K6a0pamuwHo unmezpupyemoim
mapmumnzarom, m.e. EX2 < 0o das ecexn >0, mo X2 = (X2: n > 0) — cybmap-
MUH2AA.

YTBep:KAEHUS CIEAYIOT U3 JOKA3AHHOTO MPEIJIOKEHUS W BBIMTYKJI0CTH (hyHKIUIT
|z| u 22

Ilycts temepnr H — mpeacka3yemblii mpoIrece, a X — COIVIACOBAHHBIN IIPOIECC.
Omnpenennm nponece Y = (Y,,: n > 0), monoxus

n
Yo =0, Y,=> HAXy, n=12...
k=1

IIponecc Y nazwiBator mpeobpasoBanunem X mocpenacrsom H u obosuadaior H e X =
(HeX),: n>=0),re. Y, =(HeX),. Eciu X —wmapruuramn, o H ¢ X Hazpsaior
MAPMUH2AABHBLM TEPEOOPA30BAHUEM.

TEOPEMA 12.1. IIyemv H = (H,: n > 0) — npedckasyemuiii ozparursenmoi
npoyecc, m.e. |H,| < M npu nexomopom gurcuposanmom M u ecex n. Toezda
UMENTM, MECTNO CACIYULUE YMBEPHCIEHUS,.

(i) Ecau X — mapmunzan, mo H ¢ X maxorce sasasemes mapmuneaiom.

() Ecau X — cyomapmunzan (cynepmapmunzan), a npedckasyemvii npovyecc H

donoanumenvro seasemca neompuyamesohom (H, > 0 das ecex n), mo
H o X — cybmapmunzas (cynepmapmunaan).

JLOKA3BATEJIbCTBO. Orpanudennocrs npouecca H Baeuér ycnosue E|Y,| < oo
s Beex n. Ocragéres mpoBepuTh YCIOBUE MApTUHTAILHOCTH JJIs Tporecca Y =
H e X. Ecnmn X —mapTunram, To

E(AY,|%n-1) = E(H,AX,|Fn1) = HE(AX,|Fno1) = 0,
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970 foKaskiBaeT (i).
B ciydae, korma X — cyOMapTUHrAJ, UCIOJIb3Ys HEOTPHIATEIBLHOCTE IPOIECCa
H, monywaem
E(AYnLan—l) = HnE(AXn‘ﬁn—l) = 0,

T.e. H ¢ X —cybmapruraran. Ecau X — cymepmapTurrai, TO MOCIeIHEee HEPABEH-
CTBO MEHsiercs HA IPOTUBOLOJIOKHOE U (i) JokazaHo. ]

Ilostygennbiit pe3yabraT HHOLAA HA3BIBAIOT TEOPEMOR 00 yCTOMIHUBOCTH, IIOCKOTb-
Ky H e X coxpangder cpoiicTBa mporecca X. B caydae mamiero nmpumepa 9uCTbIi
BBIMTDBIII UTPOKA, €CJU OH MPUIEPKUBAETCHA cTpareruu H, mpencrasisier coboii
npeobpa3osanne H e S. 113 TeopeMbr 00 yCTONYIMBOCTH CJIELYET, YTO JII00Ad CTpaTe-
U UT'DOKa He MeHdeT KadyeCTBa UTDHI.

MoMeHTHI OCTaHOBKY M OCTAHOBJIEHHbII nipotiecc. [TorsTue momenTa ocra-
HOBKH SIBJISIETCSI OJHUM W3 (PYHIAMEHTATLHBIX B TEOPUA MAPTHHIAJIOB. DTOT TEpP-
MUH IPHIIEST U3 TEOPUH UT'D U TECHO CBA3AH C MOHATHEM CTPATETWH, HAIPUMED, C
MOMEHTOM BbIXO/Ia U3 UIPHL.

OnPEAENEHME 12.3. Cayuaiinas Beauuuna 7: ) — Z U{cc} naspisaerca mo-
MEHMOM 0CMAHOBKY OTHOCHTENBLHO buibrpanyn (%, ), ecmm P(1 < 00) = 1 n nos
Bcex 1 > ( BBINOJIHAETCA yCIOBHUE

{r = n} € Fn. (12.1)

[TPEJJIOKEHUE 12.2. B onpedeaenuu momenma ocmanosry ycaosue (12.1) moorc-
HO 3AMEHUMD HA FKEUBAAEHMHOE

{r < n}eZn. (12.2)

dan ecex n = 0, Kpome mozo, daa momenma ocmanosxu T u 4106020 n € N 6winos-
HANMCA CAEOYOULUE COOMHOULEHUSA

{r >n} € %, {r <n}eF_1, {r=2n}eF_1.

JOKABATEJIBCTBO. IlycTh 7 — MOMEHT OCTAaHOBKH, T.€. JIjd Kaxkjaoro n > 0
BeInosHsteTcst yeopue (12.1). Torma w3 paBeHCTBA

u oupejeiienus GUiabTpaluu cielyer Bbliojasenue ycuosus (12.2).
O6parHo, ecqin 171 BeeX n BhIMoJHsIeTcst yeaorne (12.2), To 3 paBeHCTBA

fr=n}={r<m\{r<n-1)

crenyer BbITOIHEHHe ycaosust (12.1).
OcrasbHas 9acTh YTBEPXKACHUS CIEAYET U3 DABEHCTB

{r >n} = {r <n}, {r<n} ={r<n-1} {r=2n} = {r <n}.
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TEOPEMA 12.2. ITyems T u v — momenmuo, ocmanosku. Tozda TAv = min{r, v},
TVv =max{T,v} u T+ v makoce 6yoym MOMEHMAMU OCTNAHOBKL.

JOKABATEJIBLCTBO. Y TBEPK/IEHUE TEOPEMbI CJIEIYeT U3 COOTHOIIEHUN

{rAv<n} = {r<n}uU{v <n},
{rvv<n} = {r<n}n{v<n},

{r+v

Il
S
—
Il

=
—
\]
Il
o~
—
—
A
Il
S
\
=Nl
—

O

Bseném Temepnb momaTHE OCTAHOBJIEHHOTO Tporecca. Ilycrs X — cormacoBanHbIit
[POIECC, a T — MOMEHT OCTAaHOBKH. I10Ji OCTAaHOBIEHHDBIM MPOIECCOM OyJIeM MOHU-
marh X7 = (X]: n>0), rue

n—1

X! = Xoan = ZXk]l{T:k} + Xnl(rony-
k=0

TEOPEMA 12.3. ITyecmb X — cybmapmunzan, a T — momenm ocmanosku. Tozda
X7 maxowce 6ydem cybmapmuH2aiom.

JIOKABATEJLCTBO. 3aMeTuM BHaHase, 9TO

n—1 n
X5 = XeLprzny — Lispay) + Xalpzny = Xo+ ) AXpl o,
k=0 k=1

aH=(H,= Tiony:n2 1) — npescKasyeMplii OrpaHUYEHHBIH HEOTPUIIATEbHBII
npouecc (cM. mpemgokenue 12.2). Tlostomy X7 = Xg + H e X u yTBepKaeHUE
ciaemyeT u3 TeopeMbr 12.1. a

CHEACTBUE 12.2. Ecau X — cynepmapmunzan (mapmunzan), mo X makoice
bydem cynepmapmunzaiom (Mapmurzaiom).

Crenyromuii pe3y/bTaT MOKA3BIBAET, 9TO CBONCTBO MAPTUHTAJIBHOCTH COXPAHSI-
€TCd ¥ HA OTPAHUYEHHBIX MOMEHTAX OCTAHOBKH.

TEOPEMA 12.4. ITycmv X — cybmapmunzan, a T U UV — MOMEHIBL OCMAHOBKU,
ydosaemsoparusue ycaosuw v < 7 < N, ede N € N. Tozda EX, < EX..

JOKABATEJBCTBO. Ilokaxkem, aro Y = X7 — XV gBasgercd cyOMapTHHIATIOM.
HeiicrBuresibHO, ucuo/ib3ys g X, u X7 upejcrasienue u3 JOKa3are/bCTBa IPe ibl-
JyIIei TeopeMbl, moaydaemM Yo = 0 u

n

Yo = X0 =X =3 (Lroky = Lpsky) X,
k=1

n =1,2,.... I3 ycnosus TeopeMbl CI€IyeT, 9TO PH BCEX 1 AMEET MECTO BKIIOIEHUE
{v = n} C {7 = n}. Crenoparensno, C,, = L{;5,} — 1j,>p,) ABAACTCA HEOTPHIIA-
TENBHON %, _1-n3MepuMOil CaydaiiHoil BesmumHOl. 3amedas, uro Y = C e X, rie
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C = (Cp: n > 1) —npenckasyemblii OrpaHUYEHHBIH HEOTPUIATEIBLHBIN MpOIece,
MPUXOIUM K yTBEpP:KIeHu0, 9T0 Y — cyOmaprunran. Ho Torma

0 = EYy, < EYy = EX; —EX,
u TeopeMa JIOKa3aHa. O

CHAEICTBUE 12.3. Ecau 6 ycaosuaxr meopemovr X — cynepmapmunzan (mapmut-
2an), mo EX, > EX, (EX, =EX,).

HepaBencrBa. lIpruBeném HeKOTOpBHIE HEPABEHCTBA, CBI3AHHBIE C MAPTUHTAJIA-
MHU.

TEOPEMA 12.5. ITyems X = (X,,: n > 0) — cyobmapmunzas. Tozda dasn a00bix
a>0 uneN sunorniemesa nepasencmeo

1
P ( max Xp > a> < —EX;F. (12.3)
0<k<n a

JOKA3ATEJBLCTBO. Ilycts a > 0 un € N dukcupoBanbt. O603Ha4uM

A

0<k<n

{w: max Xj(w) > a}

u BBeéM B paccmorperme 7 = inf{k: X} > a} (inf @ = o0) mw v = 7 A n. Jlerko
BHJIETH, JITO V SIBJISIETCS MOMEHTOM OCTAaHOBKH. IlosTomy mo Teopeme 12.4 momydaem

EX, > EX, = EX, 14 +EX, 15 > aP(A) + EX, 1,
OTKYJa CJIeayeT HEePaBEHCTBO
aP(A) < EX, —EX,15 = EX,14.

Bameuas renepsb, uro X,14 < X7, npuxoaum kK nepasencrsy (12.3). O

TEOPEMA 12.6. ITycmv X — xeadpamuuno unmezpupyemuiti mapmurzas. To-
2da das 1066 a > 0 un € N ennosnaemes Hepasencmeo

1
P ( max |X| > a) < SEX?. (12.4)
0 a

<k<n

JIOKABATE/ILCTBO. Tlockombky X2 = (X2: n > 0) apasercs cyOMapTHHTAIOM,
TO, mpuMeHsig HepaBeHCTBO (12.3), noxydaem

1

P ( max | X| > a) = P(max X,f > a2> < —2EX721.
0<k<n 0<k<n a

O

TEOPEMA 12.7 (HEPABEHCTBO KOJIMOTOPOBA). [Tyems &1, . .., &, — nesasu-
CUMDBLE CAYYUATHDLE BEAUNUHDL € HYACBBLMU CPEOHUMY U KOHEUHDMY JUCTEPCUAMU
D¢ = o%, k=1,...,n. Toeda drs #106020 a > 0 66iNOAHAEMCA HEPABEHCTNEO

1 2
P (Orgggnlfl o & 2 a) < = of (12.5)
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JOKA3ATEJIBCTBO. Ilycts &1, &5 ... — HE3aBUCUMBIE CIIyYaifHble BEJIMYUHBI C HY-
JIEBBIMHM CDEIHMMHU ¥ KOHEYHBIMH BTOpbIMH MoMeHTamu. Ounpegenum busbrpa-
wuto (), Fo = {9,Q}, #, = 0(&1,...,€,), n > 1, u paccMoTpuM poLEce
S = (Sy: n > 0), momoxkus Sp = 0u S, =& + ... +&, n > 1. Ipouecc S
SIBJIAETCH MAPTUHIAJIOM OTHOCUTeNbHO dbusbrpanuu (F,) u

ES? = DS, = ) D,
k=1

T.e. S — KBaAPATUYHO MHTETPUPYEMbIii MapTUHTaj. IIpuMeHss K HEMY HepaBeH-
crBo (12.4), monygaem

1 1
P(max |Sk| > a) < EESZ = GTZD&“'
k=1

0<k<n

O

Hepagencrso KommMoroposa cofepKuT B KA4eCTBE YACTHOTO CIydasi HEPABEHCTBO
YebpIméBa 1 UCIOIB3YETCS I TOKA3ATETbCTBA YCUIEHHOTO 3aKOHA OOMBININX UH-
cen Konmoroposa.

§ 13. obaBieHue

IIpu paccmoTpeHwr BEPXHEIO W HUKHETO IPEIEsIOB IOCIeI0BATEIHLHOCTH CIIy-
YafHBIX BEJIUYIUH yJTOOHO PACIIMPUTDH IOHATHE Ciry4aitnoil Benmmumnasl. Kak u npu
olpeJe/leHUu TOYHOU BepXHel u HU2KHel I'paHell 4ucJa0BOI0 MHOXKECTBa lepeiigeM K
PACITIPEHHOH YHCIOBO# TpaMoit R = [—00, 00]. TToaromy MBI BymeM TOMycKaTh 3Ha-
qeHus 00 I CIyYaiiHON BeqnduHbL. BopesieBckas o-airebpa 8 eCTeCTBEeHHBIM
ecTecTBeHHBIM 06pa3oM JomomHseTcs 10 o-anrebpsr B(R) = P, a noxn pacwupen-
Hot CITydaifHON BesmumHOl 6yIeM IOHMMATh u3MepuMoe oTobpaxkenue &: € — R,
r.e. £71(B) € F nnsa seex B € A.

IIycrs Temepn &1, &s, . . . — MOCTEIOBATENBHOCTD PACIINPEHHBIX CTYIANHBIX BEJIH-
YKH, ONIPEJICJIEHHBIX Ha BePOSTHOCTHOM 1pocrpancTse (§2, F#, P). g soboro z € R

{w: sup&, >z} = U{w: &n >} eF.

n=1

IMockonbKy 7-cucTeMa moJyuHTEpPBAIOB Buaa (&, 00] MopoxkaaT o-anrebpy %, To
sup,, &, TakKe SBISETCS DPACIIUPEHHON CIyJaifiHONW BeamdnHON. AHATOrWIHO U3

paBeHCTBa
oo

{w: infg&, <z} = U{w: & <z}
n
n=1
caeayer, 4ro inf, &, sBJsgercs paclMpPeHHOl ciay4JaiiHoi BesnuuHOi. Papencrsa

lim &, = inf sup &, lim &, = sup inf &
n—00 " k>n n—o0 n k=n

MMOKA3bIBAIOT, 9T0 lim &, u lim &, TakxKe sBIASIOTCS PACIIUPEHHBIME CIy YAMHBIMA
n—oo

n—00
BeJIMYMHAMM.
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Ecsm £ — pacimmpenHnas ciydaiinast BeananHa, 10 yeaosne E|E| < oo Gyzer aBro-
MaTWYecKu mofipasymenarh, uto P(|¢| < oo) = 1. IlpuBemem Teneph J0Ka3aTENh-
CTBA TEOPEM O TPEIENHHOM TMEPEXOJE TIOM 3HAKOM MAaTeMATHYECKOTO OKHIAHWS,
KOTOpBIe ObLTH CHOPMYTUPOBAHBI PAHEE.

JIOKABATEILCTBO TEOPEMBI O MOHOTOHHOI CXOAUMOCTH. 5.4 B cuy cBoii-
CTBA MOHOTOHHOCTH MATEMATHYIECKOTO OXKHMIAHHA YUCI0BAd IOCTEIOBATETLHOCTD
{E¢,,} sBusierca neyboiBaromieii. Ilosromy eé npeznen (BO3MOXKHO GECKOHEUHBIIT) Cy-
HIECTBYET W

n—oo
Ocraercs g0Ka3aTh 0OPATHOE HEPABEHCTBO.
Jns xkaxjoit &, BeIOEpEM ANMPOKCUMUPYIOILYIO TOCTEI0BATETBHOCTh MTPOCTHIX
HEOTPHUIATEIbHBIX CIyIafiHbIX BETUYIHH Mk, k = 1,2,..., (Npx T &, mpu k — 00)
U OIPEIETUM

(; = max n; ;.
J ey Ti,j
ITockombky
(; = max 7;; < max ;541 < max 7;701 = (o1
TTRIG S GG Mt S G T T S
TO (5, § = 1,2,..., 00pa3yioT HEYOLIBAIONIYIO MOCIEAOBATEILHOCTD IPOCTHIX HEOT-

PHIATENIbHBIX CAydafiHbIX BequuuH. Ilosromy ¢ = lim;_,.o (; ABIAETCA HEOTPHU-
HaTesbHON (BO3MOYXKHO DACIIUPEHHON) caydaiinoil Benuuunoii. Ilo ompemereHuio
MaTeMaTHIeCKOTO OKUIAHNUA

EC = lim EG,.

n— oo
IIpu sTom s kKaxxkgoro n = 1,2, ... umeeM
gn = lim Tn,k < lim Ck: = C
k—oo k—o0

u, caegoBaTeabHO,
€= lim & < ¢  E€ < EC
n—oo

C n1pyroii CTOPOHBI, I KayKa0T0 j = 1,2, ... BBIMOJHSAIOTCS HEPABEHCTBA
;= max 7;; < max & < &
G = g S Xt <&

U3 KOTOPBIX cienyer, 910 EC; < EE;. Ho Torma ¢ y4eroM mOMydYeHHOTO BbIIIE
HEPABEHCTBA, MPUXOINM K CJI€IYIOIIEMY

E¢ < E¢ = lim ¢ < lim E¢;,
J]—00 J— 00
u TeopeMa JoKa3aHa. O

Crenyrommnii pe3yabTaT M3BeCTeH Kak jJeMva Dary.

TEOPEMA 13.1. ITyemw (£,: n € N) — nocaedosamesbrocms HeomMpuyamens-
HOLL CAYUatnmr sesuvun. Toeda

E lim &, < lim E§,.

n—oo n— oo
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JTOKABATEJLCTBO. Ilycts

= inf k-
Mn k>n§
Tlockonbky 7,, n = 1,2,..., 06pa3y0T HEYOBIBAOILYIO TOCJIEI0BATEIHHOCTD HEOT-

puimaTe/IbHbIX CJ'[y‘Ia.fIHbIX BEJIMYUH U

n = lim n, = lim &g,

n—oo n—soo

TO B CHJIy T€OpPeMbI 5.4 0 MOHOTOHHO# CXOJIUMOCTH

En = E lim ¢, = lim En,.
n—o0o n—00
C apyroit cropoHbl, jJisi Kaxka0ro 7 = 1,2, ... BbIIOJHIETCS HEPABEHCTBO 1, < &,
U, CJIeJI0BATEJILHO,
En = lim En, < lim E¢,.
n—oo

n—oo

O

JIOKABATEJIbCTBO TEOPEMBI JIEBETA O MAYKOPUPYEMOIl CXOAUMOCTH. 5.5
Tockonbky |€,| < 1, To 1 £ &, > 0 n npumenenne seMmbl Pary naer

En+E{ = E lim (n£¢&,) < lim E(n+&,),
n—0o0 n—oo

OTKY/1a CjiejlyeT, 4To
E¢ < lim E,

n—oo

n—oo

n— oo

Takum obpazowm,
E¢ < lim E¢, < lim EE, < E¢,
n—oo

n—o0
E¢ = lim E&,.
n— oo

Haiiee, nockombky |&, — & ™5 0 u |&, — &] < 21, TO i HOC/IEI0BATETLHOCTH]
(|€n — €]: n € N) Bomonnensr ycnoBus Teopembl. [103TOMY 1O JOKA3aHHOMY

lim E[§, —¢| = E lim [§, —¢| = 0.
n—oo n—oo
Od

JOKABATEJIBCTBO YCUJIEHHOT'O 3AKOHA BOJIBIITNX YUCEJ. 6.4 Kak y:ke pa-
HEE OTMEYaJIOCh, MPU T0KA3ATE]IbCTBE MOXKHO CIUTaTh, 9T0 &, > 0 u E§, = a > 0.
Onpenenmnm taxxke caydaiinbie semuaunbl &, = & lie <ny, n = 1,2, ..., u 0bo3Ha-

anm S, = & + ... + &,. Tlokaxkem BHaUaje, 4TO JTOKA3ATEILCTBO YTBEPIKICHUS
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TEOPEMbI MOXKHO [EPEHECTU ¢ CyMMbL S, = &1 + ... + &, Ha cymmy S,. ns sroro
3aMETHM, 9TO

> Pn#&) = > Pl >n)

n=1 n=1

VAN
hE
o
o~
\
Mg
b

= ZnP(nggl <n+1)
n=1

n=1 n=1
< ZE(flﬂ{n<§1<n+1}) < EB& < oo
n=1

Orcrona u w3 memmbt Bopens—Kanrenm 2.4 cneayer, aro P <lim{§n # én}) =0. Ho
n
rorga E = lim{¢, = én}, Kak mgornosHenue K lim{&, # én}, UMEeT BEPOSATHOCTH 1.
n n

ITpu srom, ecin w € E, 10 gucnosble nocienosarensaoctu {Sy, (w)/n} u {S,(w)/n}
OZHOBPEMEHHO b0 CXOJATCA K OZHOMY M TOMY 2Ke MPeesLy, Tub0 PacXOmaTcs.
Creayrommuii IyHKT JOKA3aTEIbCTBA CBA3AH € BHIOOPOM HO/HOCICA0BATCLHOCTH

{ni} HATYpaSBHBIX YHCen TaK, 9TOOBI BBIIOJHSJIOCH YCIOBHE n%Snk % 4 upn
k — co. @uxcupyem npomssosibHo « > 1 u g k = 1,2, ... onpejenum ng = [aF]

— maubospiee nesoe aucao < o,
IMycts € > 0 dbuxcuposano. Ucnonn3ys HepasencTso Yebbiména (5.5) u nesanu-

CUMOCTH CIYyYAMHBIX BeJUYIUH &1, &s, . . ., TTOTyIaEM
S, ES, DS, 1
P(n n > <52n2:€2n22D£k
k=1

1 <~ 1 <
< 22n2 ZE&% T o2p2 ZE (fiﬂ{EkSk})
k=1 k=1
1 n
= 550 E(Ele<wn)

Orcioma u m3 HepaBeHcTBa 1y, > oFf /2, KoTopoe mMeer Mecto as Beex k € IN,
cresryeT

ES 1 & 1
P =k <= E(—¢1
z ( = ) 52 (e o)

1 =1

= —E — & (e, <y
&2 <k=1 nk€1 {&1< k})
1 267 2 &

< 2E( > =Bl X ok

ki ng =6 ki ak>€,

2 > 61 2E§1
g2 (Z ol e2(1-1/w)
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B cuny nemmbr Bopeng—Kanrennn 2.4

I An EA'I‘L
P [ lim Sy —L >c = 0.
k Nk ng

\

D10 ¢ yuérom Jsiemmbl 6.1 o3na4vaer, 410

Sn ESn m.H.
b S0 npu k — oo.

ng ng

IMockonbKy (3TO Claeayer W3 TeopeMbl 0 MOHOTOHHOI cxomumoctu) EE, — a mpm
n — 00, TO

ESn, 1 & s
= — E¢, — a mpm k — oo.
ng nk; J

Takum obpazowm,

H

1 n
—S,, - a u —S, — a mpu k— oo
Ng
Mycrs E (o) — nogmuo)kecTBO §) TeX 3J1eMEHTapHBIX COObITHUI w, JJIs KOTOPBIX

. 1
khﬁrgo n—kSnk(w) = a.

Dukcupyem w € E(a) u nycrs n € N. Iockosbky cirydaiinble BeJMIuHbL &, HEOT-
PHUIATENBHBL U N /' 00, TO N < N < N1 IPU HEKOTOPOM k H

ng . ‘S”I’Lyc _ S’I’Lk < Snk+1 _ Snk+1 . Tk+1

X
Ng+1 Nk NEg+1 ng Nkg+1 n
Bamedvast, 9T0 k — 00 M M1 /N —> @ TIPH N — 00, MIPUXOANUM K HEPABEHCTBAM

a . Sn I S’I’L
— < lim — < lim — < aa.
(07 n—oo N n—oo N

) ) ; * _ Moo )
Hycrs Temeps a; > 1w a; N\ 1 mpu j — oo. Muoxkectso E* = N2, E(a;) nveer
BeposaTHOCTH 1. Ilpu sToM miist 11060r0 w € E™ BBIMOTHSAIOTCS HEPABEHCTBA,

a . Sn . Sn
— < lim — < lim — < qja.
&%} n—oo T n—oo N
IIpu j — oo momywaem
. S’V‘L 1 Sn
lim — = lim — = a,
n—oo 1 n—oo 1
1 II.H.
T.e. S, —' @ u Teopema JOKazaHa. m]
TEOPEMA 13.2. ITycms £1,&s, ... — He3a8ucCuMble 00UHAKOBO PACTPEIENEHHBLE

CAYUATIHDLE BEAUNUHDL U %(fl +...4+6) ™8 a npun — co. Tozda E|&| < co.
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JTOKABATEILCTBO. O6o3maunm S, = & + ...+ &,. Io ycrosuio £S5, = a.

3 paBencTBa

1
n

fn Sn n—1 Snfl

n n n n—1

II.H.
TaK2Ke CjeJyer, 4To % =" 0. B cuy nemmnr 6.1

P<1'171Ln{ % 21}) = P (T {lgal > n}) =

ITockonbKy cobbitust {|&,| > n}>2 | He3aBucnMBbI, TO 10 eMMme Bopens—Kanrenn 2.4

Z (|€n| = 0.

Orcrona crenyer, ato -, P(|&1] = n) < co. Bameuas rakske, 910

€1l = DKl fnigia<nt < D nlnoigiei<ny,
n=1 n=1
MOJIy YaeM
El¢] < D _nP(n—1< 4] <n) Z (1&] > 0.
n=1 n=1



96 B.B. 'OPSIIHOB

§ 14. Tabiuna HOPMaJIBHOTO pacHpe/IeJIEeHUs

BakHoCTh HOPMaJILHOrO (MJIM I'ayCCOBCKOIO) PACHpPEIEIeHUs CJIEAyeT U3 IeH-
TPaNTbHON TpeaenbHOM TeopeMbl. ET0 MOmymsipHOCTh TaK BETHKA, 9TO HA OJHON W3
CaMbIX PACIPOCTPAHEHHBIX KYIIOP B JIECATh HEMENKUX MapOK (10 BBOJA eBpPO) ObL
n3obpazken moprper l'aycca u mpuBeseH rpaduK ITIOTHOCTH HOPMATLHOTO PACIpe-
JeJIeHUs.

GN4480100S8 Z
=
ot
o=
O
=
>

. W
[
. Z
=
wi
N

Deutsche Bundesbank %

[selins véou)f ®

Frankfurt am Main - [0000]

1.September 1999

Puc. 1. 10 DM Serie4 Vorderseite

HamomuawnM, 9T0 HOpMaIbHOE pacpeiesieHne OpeaeaaeTcs ABYMs mapaMeTpaMu
a € Ru o > 0 mocpeacTBOM MJIOTHOCTH

fla) =~
xr) = e 20
oV 2w

Cayuait ¢ = 0 u ¢ = 1 OTHOCHTCSI K CTAHIAPTHOMY HOPMAJIBHOMY HOPMAJIHLHOMY
pacnpenenennio. Ero dyHKINS pacnpeaeaenns

x
1 2
O(x) = — / e 2 du
ous
— 00
cBsi3ana ¢ GyHKnueil pacnpenenenus F(x), OTBEYAOMEro mapaMeTrpaMm a W 0 pa-

BEHCTBOM
r —Qa
F = o .
(@) ( . )

Hwmxke npuBoauTcs Tabiauna 3HadeHmit OyHKIMNI

z

1

@0(.’17) = \/—2_7T/GU2/2dU, x> 0.
0



B rabuune npusossites 3uadenns Gyakmun ()

Tabanuiia HOPMAJILHOTO paclpeaeeHnsd

JIAIOIIEro COThIe JI0JIN apryMeHTa T.

Ecim  ~ N(0,1) — cayuaiinas BeI4mHEA CO CTAHAPTHBIM HOPMAJBHBIM pacmpeenenneM, To Pla < n < b) =

1 T
=— e
V2T /0

dyukmun P () HaXOAUTCS Ha MEPecedeHnn CTPOKH, JAOIIEl eIy 9acTh U JAecsIThie J0JIN apryMeHTa T, # CTOJIOIa,

—v*/2 dy nns aprymentos x € [0; 3,99]. 3nauenne

®g(b) — Do (a). Pynuxuus $o(z) ormruaercs or GyHKIMM pacupe/esenus n Ha Koucranty 3. re. P(n < x) = 1+ ®o(z).
D@yunkuus Pg(x) aBisercs neuernoi, r.e. Po(—xz) = —Pg(x). B npakruiecknx pacuerax 3navenus Po(z) npu z > 4
MOPKHO CUHTATH DABHBIMU .

[= [ 000 [ 001 [ 002 [ 0038 | 004 | 005 | 006 | 007 | 008 | 009 [ = ]
0,0 || 0,00000 | 0,00399 | 0,00798 | 0,01107 | 0,01595 | 0,01994 | 0,02302 | 0,02790 | 0,03188 | 0,03586 || 0,0
0,1 | 0,03983 | 0,04380 | 0,04776 | 0,05172 | 0,05567 | 0,05962 | 0,06356 | 0,06749 | 0,07142 | 0,07535 || 0,1
0,2 || 0,07926 | 0,08317 | 0,08706 | 0,09095 | 0,09483 | 0,09871 | 0,10257 | 0,10642 | 0,11026 | 0,11409 || 0,2
0,3 || 0,11791 | 0.12172 | 0,12552 | 0,12930 | 0,13307 | 0,13683 | 0,14058 | 0,14431 | 0,14803 | 0,15173 | 0.3
04 || 0,15542 | 0,15910 | 0,16276 | 0,16640 | 0,17003 | 0,17364 | 0,17724 | 0,18082 | 0,18439 | 0,18793 || 0.4
0,5 || 0,19146 | 0,19497 | 0,19847 | 0,20194 | 0,20540 | 0,20884 | 0,21226 | 0,21566 | 0,21904 | 0,22240 || 0,5
0,6 || 0,22575 | 0,22907 | 0,23237 | 0,23565 | 0,23891 | 0,24215 | 0,24537 | 0,24857 | 0,25175 | 0,25490 || 0,6
0,7 || 0,25804 | 0,26115 | 0,26424 | 0,26730 | 0,27035 | 0,27337 | 0,27637 | 0,27935 | 0,28230 | 0,28524 || 0,7
0,8 || 0,28814 | 0,29103 | 0,20389 | 0,29673 | 0,29955 | 0,30234 | 0,30511 | 0,30785 | 0,31057 | 0,31327 || 0,8
0,9 || 0,31594 | 0,31859 | 0,32121 | 0,32381 | 0,32639 | 0,32894 | 0,33147 | 0,33398 | 0,33646 | 0,33891 || 0,9
1,0 |[ 0,34134 | 0,34375 | 0,34614 | 0,34849 | 0,35083 | 0,35314 | 0,35543 | 0,35769 | 0,35993 | 0,36214 | 1,0
1,1 || 0,36433 | 0,36650 | 0,36864 | 0,37076 | 0,37286 | 0,37493 | 0,37698 | 0,37900 | 0,38100 | 0,38298 | 1,1
1,2 || 0,38493 | 0,38686 | 0,38877 | 0,39065 | 0,39251 | 0,39435 | 0,39617 | 0,39796 | 0,39973 | 0,40147 | 1,2
1,3 || 0,40320 | 0,40490 | 0,40658 | 0,40824 | 0,40988 | 0,41149 | 0,41308 | 0,41466 | 041621 | 0,41774 || 1,3
14 || 0,41924 | 042073 | 0,42220 | 0,42364 | 042507 | 0,42647 | 0,42785 | 0,42022 | 0,43056 | 0,43189 || 1,4
1,5 0,43319 | 0,43448 | 0,43574 | 0,43699 | 0,43822 | 0,43943 | 0,44062 | 0,44179 | 0,44295 | 0,44408 1,5
1,6 0,44520 | 0,44630 | 0,44738 | 0,44845 | 0,44950 | 0,45053 | 0,45154 | 0,45254 | 0,45352 | 0,45449 1,6
1,7 || 045543 | 0,45637 | 0,45728 | 0,45818 | 0,45907 | 0,45994 | 0,46080 | 0,46164 | 0,46246 | 0,46327 | 1,7
1,8 || 0,46407 | 0,46485 | 046562 | 0,46638 | 0,46712 | 0,46784 | 0,46856 | 0,46926 | 0,46995 | 0,47062 | 1,8
1,9 || 0,47128 | 0,47193 | 047257 | 0,47320 | 0,47381 | 0,47441 | 0,47500 | 0,47558 | 0,47615 | 0,47670 | 1,9
2,0 || 0,47725 | 0,47778 | 0,47831 | 0,47882 | 0,47932 | 0,47982 | 0,48030 | 0,48077 | 0,48124 | 0,48169 || 2,0
2,1 || 0,48214 | 0,48257 | 0,48300 | 0,48341 | 0,48382 | 0,48422 | 0,48461 | 0,48500 | 0,48537 | 0,48574 || 2,1
2,2 || 0,48610 | 0,48645 | 0,48679 | 048713 | 0,48745 | 0,48778 | 0,48809 | 0,48840 | 0,48870 | 0,48899 || 2,2
23 || 0,48928 | 048956 | 0,48983 | 0,49010 | 0,49036 | 0,49061 | 0,49086 | 0,49111 | 0,49134 | 0,49158 | 2.3
24 || 0,49180 | 0,49202 | 0,49224 | 0,49245 | 0,49266 | 0,49286 | 0,49305 | 0,49324 | 0,49343 | 0,49361 | 2.4
2,5 0,49379 | 0,49396 | 0,49413 | 0,49430 | 0,49446 | 0,49461 | 0,49477 | 0,49492 | 0,49506 | 0,49520 2,5
2,6 || 0,49534 | 0,49547 | 0,49560 | 0,49573 | 0,49585 | 0,49598 | 0,49609 | 0,49621 | 0,49632 | 0,49643 || 2,6
2,7 || 0,49653 | 0,49664 | 0,49674 | 0,49683 | 0,49693 | 0,49702 | 0,49711 | 0,49720 | 0,49728 | 0,49736 || 2,7
2,8 || 0,49744 | 0,49752 | 0,49760 | 0,49767 | 0,49774 | 0,49781 | 0,49788 | 0,49795 | 0,49801 | 0,49807 || 2,8
2,9 || 0,49813 | 0,49819 | 0,49825 | 0,49831 | 0,49836 | 0,49841 | 0,49846 | 0,49851 | 0,49856 | 0,49861 || 2.9
3,0 || 0,49865 | 0,19869 | 0,40874 | 0,49878 | 0,49882 | 0,49886 | 0,49880 | 0,49893 | 0,49896 | 0,49900 || 3,0
3,1 || 0,49903 | 0,49906 | 0,49910 | 0,49913 | 0,49916 | 0,49918 | 0,49921 | 0,49924 | 0,49926 | 0,49929 || 3,1
32 || 0,49931 | 049934 | 0,49936 | 0,49938 | 0,49940 | 0,49942 | 0,49944 | 0,49946 | 0,49948 | 0,49950 | 3.2
33 || 0,49952 | 049953 | 0,49955 | 0,49957 | 0,49958 | 0,49960 | 0,49961 | 0,49962 | 0,49964 | 0,49965 | 3.3
34 || 0,49966 | 0,49968 | 0,49969 | 0,49970 | 0,49971 | 0,49972 | 0,49973 | 0,49974 | 0,49975 | 0,49976 | 3.4
3,5 || 0,49977 | 0,49978 | 0,49978 | 0,49979 | 0,49980 | 0,49981 | 0,49981 | 0,49982 | 0,49983 | 0,49983 || 3.5
3,6 || 0,49984 | 0,49985 | 0,49985 | 0,49986 | 0,49986 | 0,49987 | 0,49987 | 0,49988 | 0,49988 | 0,49989 || 3,6
3,7 || 0,49989 | 0,49990 | 0,49990 | 0,49990 | 0,49991 | 0,49991 | 0,49992 | 0,49992 | 0,49992 | 0,49992 || 3,7
3,8 | 0,49993 | 0,49993 | 0,49993 | 0,49994 | 0,49994 | 0,49994 | 0,49994 | 0,49995 | 0,49995 | 0,49995 || 3,8
3,9 || 0,49995 | 0,49995 | 0,49996 | 0,49996 | 0,49996 | 0,49996 | 0,49996 | 0,49996 | 0,49997 | 0,49997 || 3,9

[« ] 000 [ 001 [ 002 | 008 | 004 | 005 | 006 | 007 | 008 | 009 [ =z ]
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